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Abstract

The aim of this thesis is to propose new estimators of copula-based measures
of multivariate association and extreme risks. The estimation of the distortion risk
premiums for heavy-tailed losses was proposed by Necir and Meraghni (2009). Their
considerations are based on the Hill estimator (Hill, 1975) of extreme tail index and
Weissman’s estimator (Weissman, 1978) of the high quantile. It is well known, in the
extreme value theory, that Hill’s estimator exhibits an important bias which leads
to an over/under estimation the aforementioned estimators of the distortion risk
premiums. Several reduced biased estimations of the tail index are now available in
the literature that solves this problem. In this thesis, we choose the kernel estimation
method to derive a new estimator of the distortion risk premiums for large claims
and establish its asymptotic normality. From the simulation study, it is clear that
the newly estimator has a reduced bias, vis-a-vis to the existing ones, for any choice

of the kernel function.

Keywords: Copula, Dependence, Measure of association, Extreme values theory,
Tail index, Kernel estimator, Heavy-tailed, Risk premium, Bias reduction, Asymp-

totic normality.
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Résumé

L’objectif de cette thése est de proposer de nouveaux estimateurs de mesures
d’association multivariées et de risques extrémes. L’estimation des primes de risque
de distorsion pour les distributions a queue lourdes a été proposée par Necir et
Meraghni (2009). Leurs considérations sont basées sur les estimateurs de Hill (Hill,
1975) de 'indice de queue et des quantiles extrémes (Weissman, 1978). Il est bien
connu, dans la théorie des valeurs extrémes, que ’estimateur de Hill présente un
biais important qui conduit & une sur/sous-estimation des estimateurs des primes de
risque de distorsion. Plusieurs estimateurs a biais réduits de I'indice de queue sont
maintenant disponibles dans la littérature qui permet de résoudre ce probléme. Dans
cette these, nous choisissons la méthode du noyau pour obtenir un nouvel estimateur
des primes de risque de distorsion pour les grandes pertes et établir sa normalité
asymptotique. Une simulation, montre que notre estimateur & biais réduit, vis-a-vis

ceux qui existent déja, pour tout choix du noyau.

Mots-clés: Copule, Dépendance, Mesure d’association, Théorie des valeurs ex-
trémes, Indice de queue, Estimation & noyau, Queue lourde, Prime de risque, Réduc-

tion du biais, Normalité asymptotique.
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Intorduction

The problem of measuring the amount of association between two or more variables
is an important issue in actuarial practices. Generally, the pairwise dependence is
measured by the canonical Pearson’s correlation coefficient. But this coefficient
may not be the best measure of dependence when dealing with extremes (see Joe,
1997) because it does not exist for heavy-tailed variables with infinite variance and
only involves a linear kind of dependence. Therefore, the copula models are becoming
increasingly popular to measure the relationship of dependences between two or more

variables.

The extreme events such as natural disasters, industrial catastrophes and financial
crashes are the worst thing that could occur in insurance. These extreme events
are responsible for the biggest losses of the insurance and reinsurance companies.
For this reason, the statistical methods that deal with extreme losses have become
necessary for actuaries. Extreme value theory (EVT) has become one of the main
theories in developing statistical models for extreme insurance losses. EVT is also
becoming widely used in many other disciplines such as hydrology, finance, structural
engineering and biostatistics, see Reiss and Thomas (2007), Beirlant et al. (2004)
and Castillo et al. (2005).

Historically, EV'T was pioneered by Tippett that was employed by the British Cotton
Industry Research Association, where he worked to make cotton thread stronger. In
his studies, he realized that the strength of a thread was controlled by the strength of
its weakest fibres. With the help of Fisher, Tippet obtained three asymptotic limits
describing the distributions of extremes in 1928. In 1958, Gumbel codified the EVT

in his book "Statistics of Extremes".

XVvil



INTRODUCTION xviii

Risk premiums are used to quantify insurance losses. In actuarial insurance
literature, there exist several premium calculation principles (see Goovaerts et
al., 1984, Denuit et al., 2005 and Furman and Zitikis, 2008). The net premium,
the expected value premium, the variance premium, the value at-risk, the conditional
tail expectation and the proportional-hazards transform are the most popular
premiums. Many of the premiums are a special cases of the distortion premium

(see Wang, 1996).

In this thesis, we are interested in the generalization and improvement of the
estimator of distortion risk premiums for a heavy-tailed losses by using the EVT.
Since, the classical estimators of these premiums are seriously biased under the
second order regular variation framework, many authors proposed the use of so-
called second order reduced bias estimators for both first order and second order
tail parameters to reduce the bias. We have generalized a kernel-type estimator
and present a number of results on its distributional behavior and compare its

performance with the performance of other estimators.
The organization of the thesis is as follows:

Chapter 1

Copulas are used to evaluate the relationship of dependences between two or
more variables. In this chapter, we introduce some basic notions concerning the
concepts of copulas and give the most important families of copulas: the elliptical
copulas and the Archimedean copulas. Also, we give the empirical copula and

weak convergence of the empirical copula process.
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Chapter 2

In the literature, several copula-based measures of multivariate association have
been proposed. This chapter constitutes a survey on these measures. Wolff
(1980) introduced a class of multivariate measures of association which is based
on the Li-, Ly and L.-norms of the difference between the copula and the in-
dependence copula. Multivariate extensions of Spearman’s rho were considered
by Nelsen (1996) and Schmid and Schmidt (2006, 2007a, 2007b). Multivariate
version of Blomqvist’s beta was proposed by Ubeda-Flores (2005) and Schmid
and Schmidt (2007c) whereas a multivariate version of Gini’s gamma was pro-
posed by Behboodian et al. (2007). Gaifler et al. (2010) proposed a multivariate

version of Hoeffding’s phi-square.

Chapter 3

In this chapter, we present the concept of heavy-tailed distributions and different
classes of this type of distributions. The heavy tailed distribution allows to model
several phenomena encountered in different disciplines such as finance, hydrology
and geology. Several definitions were associated with these distributions as a
function of classiffication criteria. The characterization the most simple and one
based on comparison with the normal distribution. A distribution has a heavy
tail if and only if its kurtosis is higher than the normal distribution that is equal
to 3. We also provide an overview of the essential definitions and results of

univariate EVT.
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Chapter 4

The thickness of the tail of a distribution is measured by the so-called tail index
or extreme value index (EVI). The estimation of the EVI is a central problem
in EVT. Various estimators are available in the literature. In this chapter, we
describe analytically four semi-parametric methods of estimation of tail index:
Pickands (Pickands, 1975), Hill (Hill, 1975), moment (Dekkers et al., 1989) and
kernel-type estimators (Csorgd el al., 1985). High quantile and other related
estimations are also presented. The methods of selecting the optimal number of

upper order statistics to be used in estimation are given.

Chapter 5

Risk measures and premium calculation principles lie at the heart of actuarial
science. This chapter is devoted to the presentation of the concepts of risk
measures and premium calculation principles. We start this chapter by giving
a definition of risk measures and premium principles. Desirable properties of
premium calculation principles are discussed. We also list many well-known

premium principles and tabulate which of the properties they satisfy.

Chapter 6

In this chapter, we use the results of previous chapters to introduce a new kernel-
type estimators for the distortion risk premiums and reinsurance premium of
heavy-tailed loss distributions. Using a least-squares approach, a bias-reduced
version of these estimators is proposed. The asymptotic normality of the given
estimators is established under suitable assumptions. A simulation study is

carried out to illustrate the performance of our method.
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Chapter 1
Copulas

The term copula was first introduced by Sklar (1959) and is derived from the
latin word "coptlae", to connect or to join. Initially, copulas were mainly used
in the development of the theory of probabilistic metric spaces. Later, it used to
define non-parametric measures of dependence between random variables (rv’s),
and since then, they became an important tools in probability and mathemat-
ical statistics. For a comprehensive introduction on the theoretical aspects of
copulas, we refer to Joe (1997) and Nelsen (2006) and for a practical approach,
we refer to Salvadori et al. (2007) and Jaworski et al. (2010).

1.1 Definitions, properties and examples

Definition 1.1.1 (Copula)
A copula or d-dimensional copula C : [0,1]" — [0,1] is a multivariate distribution

function (df) on the unit cube with standard uniform marginals.

Definition 1.1.2 A copula is a function C : [0,1]" — [0,1] satisfying the con-

ditions:

1. For all (uy,...,uq) in [0, 1]d, if at least one component u; is zero, then
C’(ul,...,ud) =0.

2. Foru; € 10,1, C(1,...,L,u;,1,...,1) =w; forallie {1,2,...,d}.
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3. C'is d-increasing, for all [uiy, uia] X [ug1, Usa] X . .. X [ugy, Uge] d-dimensional
rectangles in [0, l]d, the following inequality holds:
2 2 ‘ ’
Z fe Z (=) C (uniy s -5 ag,) > 0,

11=1 tg=1

Examples

In the following examples, we give three simplest examples of copulas.

1. Independence Copula
The function 17 : [0,1]" — [0, 1], given by

d
H(ul,...,ud):Hui, Uy, ..., ug € [0,1],
i=1

is called the independence copula. To see that actually is a copula, consider
a probability space (€2, F,P) supporting independent identically distrib-
uted (iid) rv’s Uy, ..., Uy with Uy ~ U [0, 1] . The random vector (Uy, . .., Uy)
then has U|[0, 1]-distributed margins and joint df

d d
P Sunye Vs ug) = [[PW<w) = Tu
; =1

= II(uy,...,uq), ui,...,uq€[0,1].

2. Comonotonicity Copula

Considering a probability space (2, F,[P) supporting a single rv U ~
U0, 1], the random vector (Uy,...,Uy) = (U,...,U) € [0,1]¢ has UJ0, 1]-

distributed margins and joint df
P(U; <uyy...,Us<wug) = PU <min(uy,...,uq))
= min (u1,...,Uq), U,...,uqg € [0,1].
Consequently, the function M : [0, 1]d — [0, 1], defined by
M (uq, ... uq) = min (ug,...,uq), ug,...,uq € [0,1],

is a copula called the copula of complete comonotonicity (also called the

upper Fréchet-Hoeffding bound, see theorem 1.3.1).
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3. Countermonotonicity Copula

Considering a probability space (€2, F,P) supporting a single rv U ~
U0, 1], the bivariate random vector (Uy,Us) = (U,1—U) € [0,1]* has
perfectly negatively associated components, i.e., if U; is large then U is
small, and vice versa. This random vector has U|0, 1]-distributed margins
and joint df

P(U; <up,Us <wg) = P(1—uy <U <)
= (w4 ug—1)1p_yy<ury, U1, u2 € [0,1]
= max(u1+u2—1,0), u1,u2€[0,1].

Consequently, the function W : [0, 1]2 — [0, 1], defined by
W (uq,u9) = max (u; +ug — 1,0), ug,us € [0,1],

is a bivariate copula called the copula of complete countermonotonicity
(also called the lower Fréchet-Hoeffding bound, see theorem 1.3.1). For
any d > 3, we have the function W : [0,1]? — [0, 1], defined by

W (uq,...,uq) =max (ug + -+ +ug+d—1,0), ug,...,uq €[0,1],

is not a copula.

A
X5
K
S
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K
s

A

()
(X0
KAROON

u"t"x"‘:’t’:‘!

()
4

St

Figure 1.1: Graphs of the bivariate (a) countermonotonicity copula, (b) inde-
pendence copula and (¢) comonotonicity copula.
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Proposition 1.1.1 (Smoothness of a Copula)
Let C : [0,1]" — [0, 1] be a copula.

1. For every (ui, ..., ug), (v1,...,v4) € [0,1]* it holds that

d
C (ur, ..y ug) = C (v, v < g — v
i=1
In particular, C' is Lipschitz continuous with the Lipschitz constant equal
to 1.

2. Fork=1,...,d and fived (u1, ..., U1, Ugs1, . .., uq) € [0,1]7", the partial
derivative uy, +— %C (ui,...,uq) exists (Lebesgue) almost everywhere on
[0,1] and takes values in [0,1].

1.2 Sklar’s theorem

Sklar’s theorem is the basic tool of copulas theory and is the foundation of most,
of the applications of that theory to statistics. Is show the role that copulas play

in the relationship between multivariate df’s and their univariate margins.

Theorem 1.2.1 (Sklar’s theorem)

Let F be a d-dimensional df with univariate marginal df’s Fy, ..., Fy. Then there

exists a d-dimensional copula C such that for all x = (xq,...,14) in RY,
Flan, . 14) = C (Fy (1), Fa (). (L1)

If Fy, ..., Fy are continuous, then C' is unique. Conversely, if C is a d-dimensional

copula and Fy, ..., Fy are univariate df’s, then the right-hand side of (1.1) is a

d-dimensional df with univariate marginal df’s Fi, ..., Fy.

The proof is given in Sklar (1959). It follows from Sklar’s theorem that a mul-
tivariate df can be separated into the univariate (continuous) marginal df’s and
the multivariate dependence structure, which is represented by the copula. De-

heuvels (1978) refers to copulas as "dependence functions".
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Corollary 1.2.1 (Sklar’s inversion)
Let F be a d-dimensional df with univariate marginal df’s Fi, ..., F,; and corre-
sponding copula C' satisfying (1.1). Assuming that Fy, ..., Fy are continuous, an

explicit representation of C'is given by
C(w)=F(F ' (w), ., F; (ug)), welo, 1"

This result is a direct consequence from theorem 1.2.1 and is important for the
construction of copulas from multivariate distributions. If not stated otherwise,

we always assume that the univariate marginal df’s F}, ..., F,; are continuous.

1.3 Fréchet-Hoeffding bounds

Each copula C is pointwise bounded from above by the comonotonicity cop-
ula M. This is intuitive, since the comonotonicity copula implies the strongest
positive association possible between components. In dimension d = 2, the coun-
termonotonicity copula W is a pointwise lower bound. In contrast, in dimensions
d > 3 there is no "smallest" copula. The explanation for this fact is the follow-
ing: for d = 2 that the two components in a random vector (Uy,Us), defined
on (2, F,P), are perfectly negatively associated. More clearly, it holds almost
surely that U; = 1 — Us, i.e. the minus sign implies that if one variable moves in
one direction, the other moves precisely in the opposite direction. However, for
d > 3 there are at least three directions and it is not clear how to de ne three di-
rections to be perfect opposites of each other. Nevertheless, the following result

provides a sharp lower bound for arbitrary copulas.

Theorem 1.3.1 (Fréchet-Hoeffding bounds)
If C is any d-copula, then for every u € |0, 1]d

Wi (u) < C(u) < M (u),
where W2 (1) = W (uy,...,uq) and M (1) = M (uy, ..., uq).
Sometimes it is more convenient to describe the distribution of a random vector

(X1,...,Xy) by means of its survival function instead of its df. Especially when

the components X, are interpreted as lifetimes, this description is more intuitive.
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Let (Uy,...,Uy) d-rv’s with joint df C. We denote by C the joint survival

function of C', then
Cu)=PU >uy,...,Us > ug).

Analogously to Sklar’s theorem (see theorem 1.2.1), a d-dimensional survival

function can be decomposed into a copula and its marginal survival functions.

Theorem 1.3.2 (Survival analog of Sklar’s theorem)
Let F be a d-dimensional df with univariate marginal df’s Fy,...,F4. Then

there exists a d-dimensional copula C' such that for all x = (1, ..., x4) in RY, it
holds that

F(x1,...,29) = C (F1(z1),...,Fa(zq)). (1.2)

IfFy, ..., Fq are continuous, then C is unique. Conversely, if C is a d-dimensional
copula and F1, . .., Fy are univariate survival functions, then the function defined

via (1.2) is a d-dimensional survival function.

1.4 Copulas and random vectors

In this section, we discuss some probabilistic properties of copulas that can be
inferred from Sklar’s theorem. These results appeared already in Joe (1997) (for
the proofs see Nelsen, 2006). First, we state the invariance of the copula of the

random vector X with respect to any increasing rescaling of the components of
X.

Proposition 1.4.1 Let X = (Xy,...,Xy) be a random vector with continuous
joint df F and copula C. Let Ty, ..., Ty be strictly increasing functions from R
to R. Then C' is also the copula of the v (T1(X1), ..., Tu(X4))-

Thus, copulas that describe the dependence of the components of a random
vector are invariant under increasing transformations of each coordinate. The
next results characterize some special structures of rv’s in terms of the basic
copulas IT¢ = IT (uy, ..., uq), M?% and W?2.

Proposition 1.4.2 Let X = (X1,...,Xy) be a random vector with continuous
joint df F. Then the copula of (X1,...,Xq) is 1% if and only if X1,..., X, are

independent.
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Proposition 1.4.3 Let (Xi,...,X4) be a random vector with continuous joint
df F. Then the copula of (X1,...,Xq)) is M? if, and only if, there exists a Tv
Z and increasing functions Ty, ..., Ty such that X = (T1(Z),...,T4(Z)) almost

surely.

Proposition 1.4.4 Let (X, X3) be a random vector with continuous joint df
F. Then (X1, X3) has copula W? if, and only if, for some strictly decreasing
function T', Xo = T(X7) almost surely.

1.5 Families of copula

Copulas play an important role in the construction of multivariate df’s and, as
a consequence, having at one’s disposal a variety of copulas can be very useful
for building stochastic models having different properties that are sometimes
indispensable in practice such as heavy tails and asymmetries. Therefore, sev-
eral investigations have been carried out concerning the construction of different
families of copulas and their properties. In this section, we present just a few of
them, by focusing on the families that seem to be more popular in the literature.

Different families or construction methods are discussed in Nelsen (2006).

1.5.1 Elliptical copulas

Elliptical copulas are the copulas of elliptical distributions. The class of elliptical
copulas has an unfavorable property when talking about application in the field
of finance. The dependence structure in financial data cannot be represented
correctly. For instance, the asymmetry of the lower and upper tail of a distri-
bution cannot be described properly by an elliptical copula. This is because

elliptical copulas exhibit "radial symmetry" which has the property that
C (u,v) = C(v,u) and C(u,v)=C(u,v)=u+v—-1+C(1—-u,1-0).

Another fact that elliptical copulas do not have closed form expressions. The
class of elliptical distributions provides a rich source of multivariate distribu-
tions which share many of the tractable properties of the multivariate normal
distribution and enables modelling of multivariate extremes and other forms of

non-normal dependences. Simulation from elliptical distributions is easy, and as
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a consequence of Sklar’s theorem so is simulation from elliptical copulas. Fur-
thermore, we will show that rank correlation and tail dependence coefficients
can be easily calculated. For further details on elliptical distributions, we refer
to Fang et al. (1990) and Cambanis et al. (1981).

Examples of elliptical copulas

1. Gaussian or Normal copulas

The copula of the d-variate normal distribution with linear correlation
matrix R is

C% ) = % (" (w1),..., 2 " (ua)),
where ®% denotes the joint df of the d-variate standard normal df with
linear correlation matrix R, and ®~! denotes the inverse of the df of the
univariate standard normal distribution. Copulas of the above form are
called Gaussian copulas. Equivalently, the following definition is often

used:
The family of the d-dimensional Gaussian copulas is defined as

ot (ua) >~ (ua) p L
CC (u) = / g / (2m) % |R % exp (—x"R ) da ... dea.

o0 —00

In the bivariate case the copula expression can be written as

2 H(u1) o (uz) 1 22 — 2R 19w 9 + T2
oG _ I X 122122 2\ dodo.
(w) /_oo /_oo 2r(1—RZ,) P ( 2(1— R3,) nen

Note that R, is simply the usual linear correlation coefficient of the cor-

responding bivariate normal distribution.

2. t-copulas

The family of d-dimensional t-copulas is defined by
Ot (u) - tE,l/ (t;l (ul) g ut;l (ud)) )

where t5,, denotes the multivariate t-distribution with v degrees of free-
dom, location vector zero and correlation matrix and corresponding uni-
variate marginal df ¢, with generalized inverse function ¢;!. Equivalently,

the following definition is often used:

G W) T (v +d) /2) (1+ WS 'w/v)
O ) = /oo R '/w S[Y2T (v/2) (vr)*?

dws ... dwyg,



1. Copulas 10

where |X| stands for the determinant of 3, w = (wy,...,wy) and I is the

Gamma function. For more details, see Hult and Lindskog (2002).

1.5.2 Archimedean copulas

In this subsection we focus on a very important class of copulas called Archimedean

copulas. The adventages of this class are

(1) Ease in construction.

(#7) Rich of great variety of families of copulas belonging to this class.
(737) Nice properties of copula belonging to this class.

(1v) Reduce the study of a multivariate copula to a single univariate function.

The word Archimedean was employed the first time by Ling in 1965 for Archimedean
t-norms (every Archimedean copula is also an Archimedean t-norm). And the
term «Archimedean copula» was first appeared in the statistical literature in
two papers by Genest and Mackay (1986a, 1986b). Archimedean copulas also
appear in Schweizer and Sklar (1983) but without the name. For some back-
ground on bivariate Archimedean copulas and a discussion on other statistical
questions we refer to Genest and MacKay (1986b), Joe (1997) and Nelsen (2006).
Here we present the basic properties and examples of the Archimedean class of
copulas. Basically, we follow the approach in Nelsen (2006). First, we introduce

some notations.

Definition 1.5.1 (Pseudo-inverse)
Let ¢ be a continuous, strictly decreasing function from [0,1] to [0,1] such that

©(1) = 0. The pseudo-inverse of ‘o is the function pl=:0, 0o] — [0, 1] given by

)T, 0t <p(0),
! (t)_{ov ©(0) <t < oo.

Note that =Y is continuous and decreasing on [0,00], and strictly decreasing

on [0,(0)]. Furthermore, p!=1p(0) = u on [0, 00] and
t, 0<t<0),
p(0),  ¢(0) <t < oo

Finally, if p(0) = oo, then o= = o1,
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Theorem 1.5.1 Let ¢ be a continuous, strictly decreasing function from [0, 1]
to [0,1] such that p(1) = 0, and let !~ be the pseudo-inverse of ‘p. Let C be
the function from [0,1]* to [0,1] given by

C (u,0) = o (p (u) + 0 (v)). (1.3)

Then C s a copula if and only if ¢ is convex.

Proof. See Nelsen (2006, p. 111). m

Definition 1.5.2 (Archimedean copulas)

Copulas of the form (1.3) are called bivariate Archimedean copulas.

The function ¢ is called the generator of the copula C. If p(0) = oo, the generator

© is said to be strict. In this case, ™1 = ¢ land

C (u,v) = ¢~ (p(u) + ¢ (v))
is said to be a strict Archimedean copula.

The approach in formula (1.3) can naturally be extended to d (d > 2) dimensions
by imposing additional assumptions on ¢. With continuous, strictly decreasing
function ¢ such that ¢(1) = 0 and ¢(0) = oo, a d-dimensional Archimedean

copula is given by

Cu)=¢! (Zw(w)) , uelo,1]’,

1

if and only if the inverse ¢! is completely monotone on [0, 00), i.e., if it has

derivatives of all orders which alternate in sign, formally,

e d s
(1) e () 20

forallt > 0 and all £k € N.
Examples of Archimedean copulas

1. Clayton copula

The Clayton (1978) copula, originally studied by Kimeldorf and Sampson
(1975), takes the form:

C(w) = (uy? + o’ —d+ 1)
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where 6 > 0 is the dependence parameter. The limiting case # = 0 corre-

sponds to the independent case. This strict copula family has generator

(- )

Sﬂ(t):T-

2. Gumbel copula
The d-dimensional Gumbel copula (1960) takes the form:

C% (1) = exp {_ [(_ nuy)’ + -+ (- lnud)a} 1/9} )

where 6 > 1 is the dependence parameter. Values of 1 and oo correspond
to independence and the Fréchet upper bound, but this copula does not
attain the Fréchet lower bound for any value of . The Gumbel copulas are

strict Archimedean with generator
o (t) = (=Int)”.

3. Frank copula
The bivariate Frank (1979) copula function is defined as

—Ou __ —6v __
C’Fr(u,v):—llog{1~l—(e 61)(6 1)}, —00 < 0 < 0.

0 -0 —1
For 6 = 0, the Frank copula is the independence copula.

In general, there exist several methods to generate random numbers from a given
Archimedean copula, if needed, we use the method proposed by Marshall and
Olkin (1988). For the discussion of the general class of hierarchical Archimedean

copulas and related random number generation, we refer to Hofert (2008).
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1.6 Empirical copula

There exist three methods for the estimation of copula functions: paramet-
ric, semi-parametric and non-parametric methods. The parametric and semi-
parametric estimation methods are usually based on maximume-likelihood meth-
ods, see Genest et al. (1995), Joe and Xu (1996), Joe (2005), Malevergne and
Sornette (2005) and Kim et al. (2007). In this thesis, we solely consider non-
parametric estimation methods for which the joint and the marginal df’s are
assumed to be unknown. In particular, this method is not exposed to possible
misspecifications of the underlying distributions. Non-parametric estimation of
copulas was first considered by Riischendorf (1976) and Deheuvels (1979) pro-

posed the so-called empirical copula as a non-parametric estimator.

1.6.1 Definition

Let X be a d-dimensional random vector with df F', continuous univariate mar-
ginal df’s F;, © = 1,....,d, and copula C'. Suppose that F', F; and C' are com-
pletely unknown and let Xy,...,X,, be a random sample from X. We can
construct the empirical copula in two steps. First, every univariate marginal df

F; is estimated by its univariate empirical df, i.e.,

Fip(z) = %Zl{XUSx}’ forj=1,...,nand z € R.

j=1
Then, the estimated marginal df’s are used to obtain the so called pseudo-
observations [/J\'wn = ﬁm (X;;) with ﬁj,n = (ﬁljﬁn, e ﬁdjm) ,fori =1,...,d
and j = 1,...,n. Second, an estimate of the copula C is given by the empirical
df of the sample IAJLH, . ,ﬁnm. This is called the empirical copula and was in-
troduced by Deheuvels (1979) under the name "empirical dependence function".

Then, we have the following definition:

Definition 1.6.1 (Empirical copula)
Let X be a d-dimensional random vector with df F, continuous univariate mar-
ginal df’s F;, 1 =1,...,d, and copula C. Based on a random sample Xq,...,X

n

from X, the empirical copula is defined as

n d
~ 1
Cn (ll) = E Z H 1{(7”_7719“}, fO?“ u e [0, 1]d :

j=1 i=1
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where ﬁl]n = Em(XZ-j),fori =1,....dand j=1,...,n, and
~ 1 <&
Fin(x) = n Z Lixij<ay-
j=1

Since (zjn = 1/n(rank of X;; in Xji,...,X,,), the empirical copula represents
a rankbased estimator for the copula C, i.e., only the (normalized) ranks of the
observations are included in the estimation. According to definition 1.1.1, the
empirical copula itself is a copula. In particular, it is invariant under strictly
increasing transformations of the margins (see proposition 1.4.2) due to the in-
variance property of the ranks with respect to such transformations. Accord-
ing to Genest and Favre (2007), the ranks associated with the random sam-
ple Xj,..., X are the statistics that retain the greatest amount of information

among all statistics fulfilling this invariance property.

1.6.2 Weak convergence of the empirical copula process

The weak convergence of the empirical copula process /n (én — C’> can be
established by using the functional delta-method (see van der Vaart and Wellner,
1996, p. 389). This convergence has been investigated, e.g., by Riischendorf
(1976) and Tsukahara (2005). Fermanian et al. (2004) established the weak

convergence in the following theorem.

Theorem 1.6.1 Let X;,...,X, be a random sample from the d-dimensional
random vector X with df F', continuous univariate marginal df’s Fy, ..., Fy, and
copula C'. Under the assumption that the i-th partial derivatives D;C(u) of C

exist and are continuous fori=1,..., d, we have
NG (én (w) — C (u)) 2 Ge (u).

Weak convergence takes place in £>° <[O, 1]d> and

Ge (u) =Be (u) = Y D;C(u)Be ().

i=1
The vector u* denotes the vector where all coordinates, except the ith coordinate
of u, are replaced by 1. The process Beo is a tight centered Gaussian process on

[0, 1]* with covariance function

E (B (w)Be (v) = C(uAv) - C () O (v),
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i.e., Bo is a d-dimensional Brownian bridge.

The non-parametric estimation of the survival function, see (1.2), can be estab-
lished analogously. The following result is discussed and proven in Schmid and
Schmidt (2007a).

Theorem 1.6.2 Let X;,...,X,, be a random sample from the d-dimensional
random vector X with df F, continuous univariate marginal df’s Fy, ..., F,, and
copula C'. Using the same notation as in theorem 1.3.1, a non-parametric esti-
mator for C is given by

- 1 n d

= d

Co(w)==>"T] 1, o) Joruelo,1]".

n
j=1 i=1

Under the additional assumption that the i-th partial derivatives D;C(u) of C
exist and are continuous fort=1,...,d, we have

~

Vit (Co(w) =T w) 2 G (w),

in 0> ([0, 1]d> and

Gz (u) = Bg (u) — Z D,C(u)Bg (u').

The vector u* denotes the vector where all coordinates, except the ith coordinate
of u, are replaced by 1. The process B¢ is a tight centered Gaussian process on

[0,1]% with covariance function

EBz(u)Bs(v))=C(uAv)—C(u)C(v).



Chapter 2

Copula-based measures of

multivariate association

Copulas are functions that capture the dependence structure between two or
more rv’s. However, when analyzing the strenght of association in a random
vector, this concept does not suffice. Measures of bivariate association, such as
Pearson’s linear correlation coefficient, fill this gap by aggregating the complete
dependence structure to a single numbre. Although measurement of bivariate
association has been thoroughly studied and is widely applied, generalizations
of the bivariate concepts and measures to dimensions d > 3 have only recently
gained more attention. In this chapter, we introduce and discuss some important
measures and concepts of multivariate association. For more details, we refer the
interested reader to Joe (1997) and Nelsen (2006).

2.1 Proprieties of measures of multivariate as-

soclation

A measure of multivariate association quantifies the degree of association be-
tween the components of a d-dimensional (d > 2) random vector X with df F'

and copula C'. We think of it as a map
0: Cd—>D g R,

which we denote by §(C) or equivalently by §(X) = 0(Xy,...,Xy) where Cy4

set of copulas. Desirable properties of bivariate measures of association are

16
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well-established and have been discussed, e.g., by Rényi (1959) and Scarsini
(1984). However, the extension of those properties to the multivariate case is
not always straightforward as the study of multivariate association is generally
more complex. An example is the fact that, in contrast to perfect positive
dependence, the notion of perfect negative dependence does not generalize to the
multivariate case. In this section, we confine ourselves to giving a selection of
various properties of measures of multivariate association, which are considered

desirable in the literature.

P1. Well-definedness: The measure 0 is well-defined for every random vector
X = (Xy,...,Xy) with continuous marginals and is a function of the copula
C € Cy,ied(Xy,...,Xq) =6(C).

P2. Invariance with respect to permutations: For every permutation m we have

5(X1, o 7Xd) - 5 (Xﬂ'(l)7 e ,Xﬂ-(d)) .

P3. Normalization:

(a) If I is the copula of X, then § (X) =6 (/1) = 0.
(b) If § (X) = 0, then X has copula II.
(c) If ¢ is the copula of X, then 6 (X) = 4§ (M) = 1.

(d) If 6 (X) = 1, then X has copula M or W in dimension d = 2. If
d(X) =1 then X has copula M in higher dimension.

Multivariate measures of association further support different notions of order-
ings in the set of copulas. Here, we consider the partial order <, where C; < Cs
if and only if C;(u) < Cy(u) for all u € [0, 1]%.

Pj. Monotonicity and concordance:
If X has copula Cx and Y has copula Cy such that Cx < Cy, then
d(X) <(Y).

P5. Behaviour under transformations:

For strictly increasing (or decreasing) and continuous transformations T

we have

§(X1, .., Xg) =06(Ty (X1),..., Ty (Xa)).
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P6. Continuity:

If (X, )nen is a sequence of random vectors with copulas C,, and lim,, ., C,(u)
C(u) for all u € [0,1]* and some copula C of the random vector X, then
lim,, . 0(X,,) = §(X).

P7. Addition of an independent component:

0(X1,...,Xq) > 0(Xq,..., X4, Xgr1) if Xgyq isindependent of (X, ..., Xy).

P8. If the joint distribution of X is multivariate normal and all pairwise corre-
lations p;; of X; and X; are either non-negative or non-positive, then ¢(X)
is a strictly increasing function of the absolute value of each of the pairwise

correlations.

2.2 Spearman’s rho

Spearman’s correlation coefficient or Spearman’s rho was first studied by Spear-
man (1904) and represents one of the best-known measures to quantify the degree
of association between two rv’s. For the two rv’s X; and X, with bivariate df F’

and continuous univariate margins F}, Fy, Spearman’s rho is defined as

_ Cov (F1 (X1), F5 (X2)) .
VVar (Fr (X0))/Var (Fy (X))

p (X1, Xz)

If X; and X5 have copula C, then this is equivalent to

zuudC’(u,u)—l2
p(C) = f[O,ﬂ 1U2 1 1, U2 (2) _ 12/ C () oty iy — 3
(33) [0,1)?
f 112 C (Ul, Ug) duldu2 - f 112 I (U17 UQ) duldu2
[0,1] [0,1]

= T , 2.1
f[071}2 M (u17 UZ) duydug — f[07112 7 (ul, Ug) duydus ( )

because f[o M (u1,uz) duyduy = 1/3 and f[o g2 1 (uy,us) duyduy = 1/4 where
f[071]2 is fol fol. Then, p (C) can be interpreted as the normalized average differ-

ence between the copula C' and the independence copula II.

Multivariate extensions of Spearman’s rho and their estimation have been dis-
cussed, by Wolff (1980), Nelsen (1996), Joe (1990) and Schmid and Schmidt
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(2007a). Motivated by equation (2.1), the following multivariate version of p

can be derived

f[o e € () du j‘[071]d II (u) du

o | _
p1(C) f[o’l]d M (u) du — f[o’l]d II (u) du

= hp(d){Qd/[m]dC(u)du—l},

where

By using

f[oJ}Q C (uly U/Z) duldUZ - f[0,1]2 17 (Ul, ’U,Q) duldUQ
f[o,u? M (u1, ug) durdug — f[OJ]z I (uy, ug) dusdusg

p(C) =

f[o,lf urudC (uy, ug) — f[071]2 uyuodIl (uy, us)
Jioap uru2dM (ur, uz) — [io 42 uruadIl (ug, uz)’

another multivariate version of Spearman’s rho can be similarly defined, which

is given by

Jioje udC (w) = [ 0 udII (u)
f[m]z udM (u) — f[m]d udll (u)

- hp(d){2d4)71]dud0(u)—l}.

In particular, p, (C') and p, (C) are the same if the copula C' is radially symmet-

P2 (O) =

ric. Nelsen (1996) further considers the average of the two versions, i.e.,

1 (C)+py(0)
p3 (C) = 9 .

All three measures satisfy P3(a), P3(c), P3(d), P4, and P7. In addition, P5 can

be verified for p5 (C), which, thus represents a multivariate measure of concor-

dance according to Taylor (2007).

Statistical inference for p, (C'), i = 1,2, based on the empirical copula is in-
vestigated in Schmid and Schmidt (2007a). By replacing the copula C' with
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the empirical copula @, we obtain the following non-parametric estimators for
Pi (0)7 =12

5 (G) = n {2

and

Under the assumptions of the theorems 1.6.1 and 1.6.2, Schmid and Schmidt

(2007a) proved that
NG (ﬁi (@n) —p (C)) EN(0,62), i=1,2

where

o2 =2%p, (d)? / / E (G (u) Ge (v)) dudv,
0.1 J0.1)¢

o3 = 2%p, (d)? / / E (Gg(u) Gg (v)) dudv,
[0,1)* /[0,1]¢

and Gaussian processes G¢ and G as defined in the theorems 1.6.1 and 1.6.2.

Asymptotic normality of p (@L) can analogously be established based on the

joint weak convergence of the process \/n (@ - C, 6n — C’). If the copula C'is
radially symmetric, it follows that 03 = 2. For a few copulas of simple form, the
asymptotic variances can be explicitly computed, e.g. in the case of stochastic
independence (i.e. C' = IT) Schmid and Schmidt (2007a) obtain

(d+ 1) (3 (4/3)" —d — 3)
3(1+d—29)?
The asymptotic variances can consistently be estimated by a non-parametric

bootstrap method (see Schmid and Schmidt, 2006). Quessy (2009) investigated

statistical hypothesis tests for stochastic independence based on various mul-

2 2
01 =09 =

tivariate versions of Spearman’s rho with regard to their asymptotic relative

efficiency.
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2.3 Spearman’s footrule

Spearman’s footrule, named after Spearman (1906) is a non-parametric mea-
sure of association between two variables X; and X,. This measure has been
used in several research areas such as bioinformatics, genomics, information sci-
ence, management science, litigation and aggregate rankings for search engines.

Spearman’s footrule is given by

3 n
@nzl—rﬂ_lzm—%\a
i=1

where p; and ¢; denote the ranks of n observed values of two variates X; and

X5, respectively.
If X; and X5 have copula C, then

e (C) = 1—3/ |uy — uo| dC' (uq, uz)
[0.1]

1
= —2+6/ C (t,t)dt.
0

From the identity |u; — us| = uy 4+ ug + 2min (ug, us), Genest et al. (2010) got

L 5 pi G 2n+1
= J _
n n—lizl: (n—l—l’n—i—l) n—1"

where J (uy, u3) = 6 min (uy, us) . Genest et al. (2010) showed that ¢,, is asymp-
totically unbiased estimator of ¢ (C).

By assuming that the bivariate copula C' admits continuous partial derivatives
on (0,1), Genest et al. (2010) showed that

Vi (g, — ¢ (C) BN (0,02), asn — oo,
where

ol = 36/[01}2 cov {C (s,s),C (t,t)} dsdt, with C =/n (@Z - C’) .

Various generalisations of Spearman’s footrule have been proposed. Cifarelli et

al. (1996) considered

£ (C) = bt (/Olhﬂul —w)dC <u1,U2>) ,
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where h : [0,1] — [0,1] is a strictly increasing and continuous function. If
h (t) = t?, we obtain Spearman’s rho as special case. The asymptotic distribution
of the empirical version of ¢, (C) is studied by Cifarelli et al. (1996) and proved
how to estimate its variance by the jackknife method. But, it is not clear how h

should be chosen in practice.

Ubeda-Flores (2005) proposed another multivariate version of Spearman’s footrule
as follows
oy d+1/{0 )+ C(t,. t)}dt—di,
-1
where C is the df of 1 — U with U = (Uy, ..., U,) distributed as C. Ubeda-Flores
(2005) proved ¢, (C') = 0 at independence and ¢, (C) = 1 at the Fréchet—
Hoeftding upper bound.

For a random sample (Xi1,...,X14),..., (Xn1, ..., Xpq) from some continuous
d-variate distribution and (Ry1,..., Riq), ..., (Rn1,--., Rnq) the associated vec-
tors of componentwise ranks, the empirical version of ¢, (C') was given by Ubeda-
Flores (2005) as follows

d+ 1 u max (Rih .. de) — min (Rih .. de)
=1— .
Pn d—1iZ n?— 1

By assuming that the d-variate copula C' admits continuous partial derivatives
n (0,1)%, Genest et al. (2010) showed that

Vi (fan — 94 (C)) B N (0,02,), asn — oo,
where

o2y = (%) {F(D,D) +T(D,D)+2> (-1 F(A,D)} ,

ACD

where for arbitrary A, B C D, one has
I'(A,B) = / cou {C (1), C (t5)} dsdt,
[0.1]?

and

(A, B) = /[0 e (C0) Tt} st

with the process C is defined in theorems 1.6.2, |A| denote the cardinality of
any set A C D = {1,...,d} and ty is the vector (t1,...,ts) such that ¢, =
t1gpeay) + tlppgay for all v € {1,...,d}, for example tp = (¢,...,1).
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2.4 Kendall’s tau

The non-parametric correlation coefficient or measure of association known as
Kendall’s tau was first discussed by Fechner and others about 1900, and was
rediscovered, independently, by Kendall in 1938.

Let (X1, X3) and (Y3,Y2) be independent and identically distributed bivariate
random vectors with df F'. The population version, 7, of Kendall’s tau is defined

as the probability of concordance minus the probability of discordance. Then
T=P((Xi Y1) (X2 —Y3) > 0) - P((X1 — 1) (X2 — ¥2) <0).

If C' is the bivariate copula of F', then
7(C) = 4/ C (u,v)dC (u,v) — 1. (2.2)
[0,1)

Multivariate versions of Kendall’s tau are discussed in Nelsen (1996), Joe (1990),

and Taylor (2007). Formula (2.2) implies the following multivariate version:

(C) = %Tl_l {2d | Cacw - 1} |

A natural non-parametric estimator of 7 is given by

T(Cn> — 2d1_1{2 /[0 71]dC’n(u)dC’n(u) 1}

1 2d n n d
= 2d—1 _ 1 E . 1{ﬁij,n§fjik,n} o 1 ’

=1 k=1 i=

with empirical copula én Non-parametric estimation and statistical inference
for 7 based on the empirical copula process is the focus of an ongoing work.
For further non-parametric statistical analysis of Kendall’s tau, which is also

frequently considered in the context of tests for stochastic independence.

2.5 Blomgqvist’s beta

Blomqvist’s beta or the medial correlation coefficient was introduced by Blomqvist
(1950). Let X; and X5 be two continuous rv’s having medians ; and Z5, then

the population version of Blomqvist’s beta is given by

B=P((X1—71) (Xo—T2) > 0) = P((X, — F1) (Xo — F) < 0).
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If X; and X5 have copula C, then [ can be expressed in terms of C' as follows
B(C) = 2P((X1 —71) (X2 = T2) > 0) —1=4C(1/2,1/2)

C(1/2,1/2) — 11 (1/2,1/2) + C (1/2,1/2) — II (1/2,1/2)
M (1/2,1/2) — II (1/2,1/2) + M (1/2,1/2) — IT (1/2,1/2)

(2.3)

Blomqvist’s beta can be interpreted as a normalized difference between the
copula C' and the independence copula at (1/2,1/2). Various extensions of
Blomqvist’s beta to the multivariate case have been considered in Joe (1990),
Ubeda-Flores (2005) and Schmid and Schmidt (2007c). The following multivari-

ate version is motivated by equation (2.3)

5(C) = C(1/2)—I(1/2)+C(1/2)— I (1/2)
M (1/2) — I (1/2) + M (1/2) — 1T (1/2)
= hs(d){C(1/2) - C(1/2) - 2"}, (2.4)

where hg (d) =241/ (2471 — 1) and 1/2 =(1/2,...,1/2) . The multivariate ver-
sion of /3 satisfies the properties P3(a), P3(c) and P5. Further, 5 (C') equals the
average of pairwise Blomqvist’s beta in dimension d = 3. Note that if the copula

C is radially symmetric, i.e. C' = C, the expression in (1.8) reduces to

240 (1/2) — 1
2d-1_1

which coincides with the multivariate version originally introduced in Nelsen
(1996). Schmid and Schmidt (2007c) studied more general extensions of Blomqvist’s

beta, which measure the association in the tail region of the copula and which
include g (C) as defined in (2.4).

A natural estimator for 5 (C') is obtained by replacing the copula C' and the

survival function C' in (2.4) with their empirical counterparts, i.e.

B(Ca) =hs(d) {Cu(1/2) - C,(1/2) - 211},
Under weak assumptions on the copula C' and the survival function C, Schmid
and Schmidt (2007c) established the asymptotic normality and consistency of
@(@l) Namely, if the i-th partial derivatives D;C and D;C exist and are

continuous at the point 1/2, we have

Vi (3(G) -8) 2N (0,0%),
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where

0® = hy (d)° E ({Ge (1/2) + G (1/2)}7)
and Gaussian processes G¢ and G as defined in the aforementioned theorems.
One main advantage of Blomqvist’s beta over other copula-based measures is that
the asymptotic variance of its estimator can explicitly be calculated whenever
the copula and its partial derivatives are of explicit form see Schmid and Schmidt

(2007c¢) for related examples. For example if C' = II, we have

2.6 Gini’s gamma

Gini’s gamma was introduced by Gini (1910). If p; and ¢; denote the ranks in a

sample of size n of two continuous rv’s X and Y respectively, then

:n2/2 {Z’pz"i_% n_1| Z|pz+%}'

If C is the bivariate copula of F', then
7€) = 2 (utv=1]~Ju=vl)dC ()
0,112
= 4/ {M (u,v) +W (u,v)} dC (u,v) — 2. (2.5)
0,1

A multivariate extension of Gini’s gamma has been considered by Behboodian
et al. (2007). By defining the function A(u) = {M(u) + W(u)} /2, u € [0, 1]¢,

with corresponding survival function A, the expression in (2.5) is equal to
7(0)—4(/ {A(u,v) +A(u,v)} dC (u,v)
[0,1]

{Auv—i—Auv}dHuv))

0,12

as A (u,v)+A (u,v) = 1—u—v+2A (u,v) for every (u,v) € [0,1]%. A multivariate

version of Gini’s gamma is then defined as

1 _
1O = e (L A Awiacw —e@). @29
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where normalization constants a(d) and b(d) of the form

a(d) = o {A (u) —|—Z(u)} dIl (u)
1 d 1
R ES d+1 +; <> 2(i+ 1)

and

b(d) = /w [A(u) + A (u)} dM (u)

d—1

T

— 44
From the above definition we have v (C) =0if C = Il and v (C) =1if C = M,
then, P3(a) and P3(c) hold. In the context of multivariate measures of concor-
dance, Taylor (2007) discussed another multivariate generalization. Behboodian
et al. (2007) also provide a sample version for v (C') as defined in (2.6). In the
bivariaste case, a sample version based on the empirical copula is considered
in Nelsen (2006) which coincides with the traditional sample version of Gini’s
gamma. The latter plays an important role in the context of tets for stochastic
independence and has been discussed by many authors. Under suitable condi-
tions, Cifarelli et al. (1996) established the asymptotic normality of a generalized
class of bivariate statistics including Gini’s gamma. An asymptotic theory for

d > 3 is not yet available to our knowledge.

2.7 Hoeffding’s phi-square

Hoeffding (1940) was the first to consider measures of association based on a
L,-type distance between a copula C' and the independence copula II. His work
focuses on p = 2 and was extended by Schweizer and Wolff (1980) who introduce

Li- and L.-based measures of bivariate association.

The Hoeffding’s phi-square (Hoeffding, 1940) measure of association between the
components of the two-dimensional random vector X with copula C' is defined
by

P? = 90/ {C (u,v) — ww}® dudv.
0,12
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GaiBer et al. (2010) introduced a multivariate version of Hoeffding’s ®? defined
by

?(C) = hy (d) /[ O () an (2.7)

where )

2 1 d! 1\
ha (d) = (d+1)(d+2)_ﬁm+<‘>

i=0
Due to their structure, all L,-distance-based measures share a set of common
properties. Irrespective of the particular choice of p, the measures satisfy P1
and P2. They further possess the strong property that they are zero if and only
if II is the copula of X, thus P3(a) and P3(b) hold. Normalizing by means of
the upper Fréchet-Hoeffding bound, P3(a) is assured. Consider a multivariate
normal random vector X for which all pairwise correlations p;; of X; and Xj
are either non-negative or non-positive. Analogously to Wolff (1980), it can
be shown that all L,-distance-based measures are a strictly increasing function
of the absolute value of each of the pairwise correlations. In general, the L,-
distance-based measures further satisfy P4, P6 and Pj.

In the particular case that an independent component X;.; is added to a d-
dimensional random vector X = (X3, ..., X4) with copula C, ®? (X, ..., X4:1)

can be expressed as a function of the d-dimensional measure:

Lhy(d+1)

P2 (Xy,.... X == =/
( 1, ) d-‘rl) 3 hg(d)

P (X1,..., Xq) < ®*(Xy,..., X,).

Thus, criterion P) is satisfied, meaning that an independent variable X;,; re-
duces overall association in the enlarged vector.
A non-parametric estimator for ®2 is obtained by replacing the copula C, in

formula (2.7), by the empirical copula C, , that is

2 (C,) = ha(d) /[0 ) {én(u>—n(u)}2du

1) &= -1 0. O
= hy(d) {(E) <]_—maX{Uij7n,Uik,n}>

=1 k=1 =1

S Ee-m)- ()}

7j=11=1
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The estimate is therefore easy to calculate even for large d. A bias reduction for
2 (@l) has been suggested in Gaifler et al. (2010). Simulations have shown

that the estimator works well for various copula families. Obviously, we obtain
an estimator for the alternative measure ® by ® <én> = +4/ P2 <6n>

The asymptotic theory for ®2 <6n> is derived from the asymptotic behaviour of
the empirical copula process v/n (én (u) - C (u)) as provided by theorem 1.6.1.

~

Then, asymptotic normality of the estimator ®2 (Cn> can be derived by means
of the functional delta method. Under the assumptions of theorem 1.6.1 and the
additional presumption that C' # II it follows that

Vi (02 (G,) = 22(C)) BNV (0,0%).
where

02, = (2hy ()’ /[0 ) /[O @) =11 () G () G (v){C (v) = 1T (v)) dud.

The proof is given in Gaifler et al. (2010). The above assumption C' # II
guarantees that the limiting rv is non-degenerate as implied by the form of the

variance 0?1)2, the limiting behaviour of ®2 (@) in case C' = II is considered in
GaiBer et al. (2010).

2.8 Schweizer and Wolff’s sigma

Wolff (1980) generalized the L;-distance-based measure of Schweizer and Wolff
(1981) to the multivariate case. It is defined by

PO =) [ 100~ W)

where the normalizing factor h; (d) is given by

= ().

The measure satisfies P3(d). With regard to P8, an explicit form of the function
is derived in Schweizer and Wolff (1981) for the bivariate case. Except for taking

the absolute value, this functional form matches the one that can be derived for
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Spearman’s p, illustrating that the two measures are closely related. A similar

calculation shows that o satisfies P/,

1hy(d+1
U(X1,---,Xd+1)=5%0()&---,)@)<U(X1,-~,Xd)-

The estimation of o (C') has not yet been considered in detail. Various estimators
for this measure can be obtained by replacing C' in the defining formulas with
the empirical copula (7,1 However, no explicit expressions as e.g. for ®2 (@n>
are available and the estimate must be determined numerically, which can be

demanding for large dimension d.

2.9 L -distance-based measure

A L.-distance-based multivariate measure is derived in Wolff (1980) and in-
vestigated in detail by Ferndndez-Ferndndez and Gonzalez-Barrios (2004). This
measure is defined by
Loo(C) = hoo (d) sup [C(u) — I (u)].
uel0,1]¢
Fernandez-Ferndndez and Gonzélez-Barrios (2004) do not normalize the popula-
tion version of the measure. An addition a normalization factor h. (d) in order

to assure comparability with alternative measures, which is given by

wo=((3)7(0-)

Wolff (1980) proved that this measure satisfies all normalization criteria except
for P3(d). This is due to the fact that there exist other copulas than the upper
Frechet-Hoeftding bound for which the measure attains its maximal value. With
regard to P8, an explicit form of the function is derived in Schweizer and Wolff
(1981) for the bivariate case. With respect to the addition of further components,
the measure behaves differently than the measures discussed before. It generally
holds that

0 < Loo(X1,X2) < Loo( X1, X3, X3) < -+ < Loo(Xy, ..., Xa).

In particular, the measure satisfies P7 if an independent component is added to

a d-dimensional random vector X, i.e.

Loo<X17 e 7Xd+1) - Loo(Xla e 7Xd)-
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The estimation of L. (C) can analogously be performed by replacing all df’s

with their empirical counterparts
=~ d
SUDPuelo,1] ‘Cn (w) = [Ty Un (wi)
i i\d ’
maxo<i<n {ﬁ - () }

where U, denotes the, univariate, df of a uniformly distributed rv on the set

LOO(an) =

{1/n,...,n/n}. In order to reduce bias, the independence copula is replaced by
its discretized version H?Zl U, (u;). For the unnormalized statistic, Fernandez-
Fernédndez and Gonzalez-Barrios (2004) proved a strong law of large numbers.

~

While, the explicit asymptotic theory for L. (C,,) is not available yet.

2.10 Tail dependence

Tail dependence is used in the modeling and measurement of association between
extreme values such as extremely negative asset returns and plays an important
role in financial theory, see Joe (1997). Let X; and X, be two rv’s with bivariate
df F' and continuous univariate margins £}, F5» and let u be a threshold value,

then the upper tail coefficient, A\, is defined as

Ay = 11%111]?(}7’1 (X1) > ul|Fy (X2) > u),
and the lower tail coefficient, A;, is defined as

AL = lui{glP(Fl (X1) <ulFy(Xa) <u),

provided that the above limits exists. Note that 0 < A\, Ay < 1. If Ay € (0, 1],
X, and X are asymptotically dependent in the upper tail and if Ay = 0, X; and
X, are asymptotically independent in the upper tail.

The tail dependence coefficients Ay and A, expressed in terms of copula function

C as follows

o 1 =2u+C (u,u)
e =iy A

I

and C (u. )
A (O) = lim —2
ul0 u
The natural non-parametric estimator for Ay and A\ from a random sample

(Xy,...,X,) of X is

>\L,k,n =
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with suitably chosen parameter k = k(n). The statistical properties of /):L7k7n
have been investigated by several authors using techniques from extreme value
theory (see chapter 3 in this thesis).

Various generalisations of tail dependence coefficients proposed. Frahm (2006)

considered the following multivariate generalization of A\p

L C (ul)
Au(C) =lim 7 —C(ul)

Schmid and Schmidt (2007a, 2007b) proposed, another multivariate generaliza-

tions of A\;, which are based on conditional versions of Spearman’s rho as follows

. . d+1
pr (C) = lim p, (€)= lyiﬁ)lpdT/[o’l]dC(u) du,

if the limit exists. The natural estimator for p; (C) is

AOENGY

with appropriate value k = k(n), chosen by the statistician, and

(@) - {%iﬁ(p_@jm)g (%>}/{§+1 - <%)}

where, 27 = max (z,0) .

Under suitable conditions, Schmid and Schmidt (2007b) proved that

~

N (ﬁp (C’n> -y (C)) 2N (0,0%), as n — oo,

where

or = (d+ 1)/ G (u) du,

[0.1)¢
with G, is a centered tight continuous Gaussian random field (see Schmid and

Schmidt, 2007b). We can estimate the asymptotic variance o3 by using boot-

strap techniques. The tail dependence measures verify the following properties
P1, P3(a), P3(c) and P5.



Part 11

Extreme Risks
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Chapter 3

Univariate heavy-tailed
distributions and extreme value

theory

In this chapter, we give the basic definitions and properties of heavy-tailed dis-
tributions and EVT. Heavy-tailed distribution are often used when, in a certain
phenomenon, the probability of events is relatively big. These distributions
was first noticed by Pareto in 1896 in income distribution. After that, many re-
searchers have argued that such distributions can be found not only in economics,
but also in other domains such as finance, insurance and network topology. EVT
is concerned with probabilistic and statistical questions related to very high or
very low values in sequences of rv’s and in stochastic processes. The subject has
a rich mathematical theory and also a long tradition of applications in a variety
of areas. Among many excellent books on the subject, Embrechts et al. (1997)
give a comprehensive survey of the mathematical theory with an orientation

toward applications in insurance and finance.

3.1 Heavy-tailed distributions

3.1.1 Definitions

Let X be an insured risk, a non-negative rv defined on a probability space
(Q, A,P) with continuous df F' = P (X <z). We define the tail function F

33
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by
F(r)=1-F(x).

The tail of a distribution represents probability values for large values of the vari-
able. When large values of the variable appear in a data set, their probabilities

of occurrence are not zero.

Definition 3.1.1 A distribution F' > 0 is heavy-tailed if and only if

lim e F (x) = oo for all A\ > 0.

r—00

Definition 3.1.2 A distribution F' is heavy-tailed if and only if it has no expo-

nential moment, i.e.,

/ eMdF (z) = oo for all A >0,
0

Definition 3.1.3 A distribution F' is said to have a heavy tail if and only if
F(z)~27% as x — o0,

where the parameter o > 0 1is called the tail index.

Remark 3.1.1 Any heavy-tailed distribution has right-unbounded support F (z) > 0

for all x.

3.1.2 Examples of heavy-tailed distributions

We mention, among other, the following distributions:

1. Pareto Distribution on R,

This distribution has tail function F given by

o= (52

for some scale parameter x > 0 and shape parameter @ > 0. It is clear

that we have F (r) ~ (v/k)”"" as * — oo, for this reason the Pareto
distributions are sometimes referred to as the power law distributions. The
Pareto distribution has all moments of order p < « finite, while all moments

of order p > « are infinite.
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2. Burr distribution on R,

This has tail function F given by

Fon= ()

for parameters a, k, 7 > 0. It is clear that we have F (1) ~ k%2~

™™ as xr —

o0, then the Burr distribution is similar in its tail to the Pareto distribution,
of which it is otherwise a generalisation. The Burr distribution has all
moments of order p < T« finite, while all moments of order p > 7« are

infinite.

3. Weibull distribution on R,

This distribution has tail function F given by
F(z) = exp{— (2/r)"},

for some scale parameter £ > 0 and shape parameter « > 0. This is a
heavy-tailed distribution if and only if @ < 1. All moments of the Weibull

distribution are finite

4. Cauchy distribution on R
This distribution has tail function F given by

— 1 arctanz
Fa)=5————.

we have F (z) ~ (7x)”' as © — oo, its tail goes to zero like the power
function z—!. All moments are infinite.
5. Log-normal distribution on R’

This is most easily given by its density function f where

)= ! exp{_w},

oz 2T 202

for parameters o and p > 0. Then, the tail of the lognormal distribution

* F(z) ZE(WT_“)

where @ is the tail of the standard normal rv. All moments of the lognormal

distribution are finite.
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There exist important classes of heavy-tailed distributions that are regularly
varying function, intermediate regularly varying and subexponential distribu-

tion. For more detail on these distributions see, Foss et al. (2011).

Definition 3.1.4 (Dominated-varying distribution)
We say that F' is a dominated-varying distribution if there exists ¢ > 0 such that

F(2z) > cF () for all .

Definition 3.1.5 (Intermediate regularly varying)

A distribution F' on R is called intermediate reqularly varying if

lim lim inf M =
€10 z—oo F (5(;)
Definition 3.1.6 (Subexponential distribution)
Let (X,,) be iid positive rv’s with df F with support (0,00), the df F is a subex-
ponential distribution if
Fr (@)

im — =n, forn>2,
= F (1)

where F= (v) = P (X, + -+ + X,, > 1), the tail of the n-fold convolution of F.

Remark 3.1.2 Any regqularly varying distribution is intermediate regularly vary-

ing and any intermediate reqularly varying distribution.

3.1.3 Regularly varying functions

In the heavy-tail analysis, one of the most important classes of distributions is
the regular variation class. This class has been widely used in modeling heavy-
tailed phenomena. The notion of regular variation was discovered by Karamata
(1930). In this subsection, we introduce these functions with some of their most
important properties. For further details on theory of regular variation and II-
variation, we refer to Bingham et al. (1987) and Geluk et al. (1987). For the

connection between regular variation and EVT, we refer to de Haan (1970).
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Definition 3.1.7 (Regularly varying function)

o A Lebesgue measurable function h : Ry — R, is regularly varying at infin-
ity with index p € R, notation h € RV,, if and only if for any x > 0

I h (xt)
2o T ()

= z”. (3.1)

The number p in the above definition is called the index of reqular variation.

A function satisfying (1.1) with p =0 is called slowly varying at infinity.

o We say that h is reqularly varying at 0 with index p € R, notation h € RV?,,
if and only if function h(1/x) is reqularly varying at infinity with index
(=p) . In other words, reqular variation at 0 is defined by replacing t — oo
byt — 0 in (3.1).

e h is regularly varying at any point a > 0, notation h € RV}, if h(a —1/x) € RV,

Example 3.1.1 The functions z*, x*log (1 + x) and (zlog (1 + z))” are RV,.
The functions positive constants, logarithms and iterated logarithms are slowly
varying.at infinity with index p. The functions 2 + sinx and exp (log x)are not

reqularly varying.

If one only assumes that the limit in (3.1) exists and is positive for all z > 0,
then it can be shown that the limit is necessarily of the form z” for some p € R
(see Embrechts et al., 1997). The following (immediate) result is about writing

regularly varying functions in terms of slowly varying ones.

Proposition 3.1.1 (Regular and slow variations)
h € RV, if and only if h(z) = xPl(x), where { € Rvg.

The following theorems are used to restate the definition of regular variation and

to introduce a new concept called II-variation.

Theorem 3.1.1 Ifh: (0,00) — Ry is measurable such that

L h(tw) — k(1)
e aln)
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exists and is not constant, where x > 0 and a is a positive function, then

_ p_
lim h(tx) —h(t) _ 17
tmooal(t) p

for some p € R and ¢ # 0, with the convention that the right hand side reads
clogx if p = 0.

Theorem 3.1.2 (Restatement of regular variation)
Assume that theorem 3.1.1 holds with p # R and ¢ > 0.

1. If p> 0, then f € RV,.
2. If p <0, then tlirn h(t) exists and <t1im h(t)—h (x)) € RV,.

Definition 3.1.8 (II-varying function)
A Lebesgue measurable function h : R, — R, is [l-varying at infinity with
auziliary function a > 0, notation h € I1, if

L () — ()

Jim o () =logx, x > 0.

h is said to be Il-varying at 0, notation h € 11°, if h (1/x) is U-varying at infinity.

Some of the basic properties of regularly varying functions are given in the fol-

lowing results.
Proposition 3.1.2 (Proprieties of reqularly varying functions)
(i) If f € RV,, then log f (t) /logt — p as t — oo. This implies

}me(t):{ 0 if p<O0,

oo if p>0.

(i) If f € RV, and g € RVj then f+ g € RV where ¢ = max(p, 3).If
moreover lim; .., g (t) = 0o, then the composition f og € RV,z.

(iii) If f € RV,, then f* € RV,.

(w) If f € RV, with p > 0 (p <0) then f is asymptotically equivalent to
a strictly increasing (decreasing) differentiable function g with derivative
g E€RV,1if p>0and —g' € RV, if p<O.
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(v)

(vi)

(vii)

(viii)

If f € RV, with p > 0 and f is increasing, then the inverse function
ffl S R‘/l/p'

If f € RV, is integrable on finite intervals of R, with p > —1 then
fo s)ds € RV,1. If f € RV, with p <0, then [~ f(s)ds exists for t

sufficiently large and is reqularly varying with exponent p + 1.
Suppose that f € RV,. If 61,02 > 0 are arbitrary, there exists ty =
to (01,09) such that for t > to,tx > to,

(1 —61) 2” min (2°2,27%) ff<§t$)) < (1+6;) 2* max (2%, 27) .

Note that conversely, if f satisfies the above property, then f € RV,.

If fe RV, with p>0 and f(t) = f(t) +ft (s)ds for t > to with ¢ is
monotone, then

i 2P _

=0 f (1)
Hence in case p > 0 we have ¢ € RV, 1. Moreover, if p < 0, and

j;oo @(s)ds < oo with ¢ is non-increasing, then

i P _
t=oo f (1)

Hence in case p < 0 we have ¢ € RV,_;.

Theorem 3.1.3 (Uniform convergence)

If f € RV,, then for 0 < a < b < oo relation (3.1) holds uniformly for
(1) © € [a,b] if p=0.
(17) x € [0,0] if p > 0.
(13i) x € [a,00] if p <O0.
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Theorem 3.1.4 (Karamata representation)
If h € RV, then for x > A

h(z) = ¢ () exp{/j #dt},

where A > 0, ¢ and € are measurable functions whith

lim ¢(z) = ¢y € (0,400) and lim e(z) = p.

r—00 T—00

The following result, known as Karamata’s theorem, says that one can take

slowly varying functions out of integrals.

Theorem 3.1.5 (Karamata’s theorem)
Let | € RVy.be locally bounded in (A, o0) for some A > 0. Then

(1) for 6> —1

/m Plt)dt ~ (B+ 1) 2P H(z)  as 2 — .
A

(i) for p < —1
/OO tPl(t)dt ~ — (B+ 1) 2% U(z)  as z — oo.

Finally, some of the results that are useful for the theory of extreme values are

summarized in the following proposition.

Proposition 3.1.3 (Regular variation for distribution tails)

Suppose that I is a continuous df (with pdf f) such that F(z) < 1 for all x > 0.
(1) Ifjlrgo zf (v) /F (z) =p >0, then f € RV_,_, and consequently F € RV_,.
(¢1) If f € RV_1_, (p>0), then zlggo xf () /F (z) = p. and consequently F €
RV _,.The latter statement also holds if F € RY_, and f is ultimately monotone.
(i31) If X is a non-negative rv with distribution tail F € RV_, (p > 0), then

E(X?) < ooifp<p,
E(X?) = ocoifp=p.
(iv) If F € RV_, (p > 0), then forv > p

, 2V F (1) v—p
lim — =
T—00 fv tvdF (t) 1Y
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3.2 Extreme value theory

EVT is a statistical and theoretical framework, which deals with modelling the
behaviour of sample extremes, such as the sample minimum and the sample
maximum. The behaviour of such order statistics may be assessed by their exact
df or by their limiting df, the asymptotic df, if we increase the sample size towards

infinity.

3.2.1 Order statistics

In EVT, the order statistics are very instrumental because they, more precisely
the upper ones, provide information on the distribution (right) tail. Despite the
fact that the definition of order statistics does not require common distribution
nor independence of the Xs we will only consider the case where the Xs is are
elements of a sample (Xi,...,X,) from a rv X with df F. For a comprehensive
study, including a list of areas where order statistics might have a significant
role, we refer the reader to Arnold et al. (1992).

Definition 3.2.1 (Order statistics)

The order statistics of a random sample (X7, ..., X,,)are the sample values placed
in ascending order. They are denoted by Xi,, ..., X, and the rv X, _j41, s
called the kth upper order statistic for k = 1,2,...,n. Order statistics satisfy
Xip << X, Then

Xin =min(Xy,..., X,) and X, = max(Xy,..., X,).

Definition 3.2.2 (L-statistics)
L-statistic is a statistic that is a linear combination of order statistics; the "L"

is for "linear". For (ai,...,a,) € R™. The L-statistic is

n

Tn = Z aiXi,n
i=1
This statistic plays a major role in non-parametric statistics by providing ro-
bust estimators for location and scale parameters. For convenience in the study
of the asymptotic behavior of T,,, the weights a; are usually defined as a; =

(%) J <(ni1)>, where J is a real application on (0,1).
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By using order statistics, the empirical df of the sample (X1, ..., X,,) is evaluated

as follows
0 T < Xl,n7
F,(x)=1 i/n Xin <2< Xjpqp, fori=1,...,n—1,
1 x> Xyn.

Definition 3.2.3 (Quantile and tail quantile functions)
The quantile function of df F is the generalized inverse function of F defined by

Q(s)=F (s)=inf{x eR:F(x)>s}, 0<s<l,

with the convention that the infimum of the empty set is co. In EVT, a function,

denoted by U and (sometimes) called tail quantile function, is used quite often.

It is defined by
Ut)=Q(1—-1/t)=(1/F)" (1), 1<t<oo.

Definition 3.2.4 (Empirical quantile and tail quantile functions)

The empirical quantile function of the sample (X1, ..., X,,) is defined by
Qn(s)=F; (s)=inf{z e R, F,(x) > s}, 0<s<Il.
The corresponding empirical tail quantile function is
U,t)=Q,(1—-1/t), 1<t<oo.

The empirical quantile function @), may be expressed as a simple function of
the order statistics pertaining to the sample (X1, ..., X,). Namely, we have, for
0<s<1

Qn(s)=Xin if <s<—, i=1,...,n. (3.2)

Then, for 0 < s <1,

Proposition 3.2.1 (Quantile transformation)
Let (Uy,...,U,) be a sample from the standard uniform ro U and (Uyp, ..., Upy)

the corresponding ordered sample.
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(1) For any df F, we have

Xi,n:FH(Uim), 2:1,,n

(1) When F is continuous, we have

F(in):U%n, ’L:]_,ﬂ’L

)

In this case the rv’s F(X3),...,F(X,) are iid standard uniform.

3.2.2 Limit law for maxima and GEVD

In this subsection, we will focus only on the results about the sample maximum,
since the corresponding results for the sample minimum can be obtained from
those of the sample maximum. Then, consider the sequence of maxima M, =
X,.n = max (Xy,...,X,) obtained from the sequence of iid rv’s X;,..., X,,. All
the results obtained for maxima of course lead to analogous results for minima

through the obvious relation
min (Xq,...,X,) = —max (—Xy,...,—X,,).

The exact distribution of M,, can be obtained from the df F. Indeed, for all
reR,

Fu, (z) =

But the interest of this thesis relies on the behaviour of the sample maximum,

when the sample size increases towards infinity.

Theorem 3.2.1 Let F be the underlying df of a sequence of rv’s and xp its right
endpoint, i.e., vy :=sup{x: F(x) < 1} < oo which may be infinite. Then

Fu, () L 2p asn— oo
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Therefore, M,, has a degenerate asymptotic distribution. So, in order to do some
kind of inference, we need to have a non-degenerate behaviour for M,,. Then,
as with the Central Limit Theorem (CLT), a normalization is required. This

theorem is concerned with the asymptotic behaviour of the sequence of sum

Sn - Z?:l Xz

Theorem 3.2.2 (CLT)
Consider a sequence of iid. ™’s X1, ..., Xy, with p = E(X1) ando* = Var(X;) < cc.
Therefore,

Sy —
T:'ug/\f((),l) as n — oo.

In order to look for an appropriate non-degenerate limiting distribution for the
sequence of sample maxima, we need a similar theorem, that is, we look for
normalizing sequences a,, > 0 and b,, real such that
M, —b
o B H asn— oo (3.3)
Qn

with H non-degenerate, i.e.,

lim P (M, < a,x+b,) = lim F" (b, + a,z) = H(z), v € R. (3.4)

n—oo n—oo

The first problem is to determine which df’s H may appear on the limit in (3.3).

These distributions are called extreme value distributions.

The problem of finding the extreme value distributions has been solved by Fisher
and Tippett (1928), completed by Gnedenko (1943) and later revived and stream-
lined by de Haan (1970). They demonstrate that, if (3.1) holds, the limiting
distribution H must be one of just three types. Formally,

Theorem 3.2.3 (Asymptotic distribution of the sample mazimum,)
If df F satisfies assumption (3.3), then df H is the same, up to location and

scale, as one of the following distributions:

Type 1 A(z) =exp(—e™), zeR, v=0.
exp (—z77) r >0

Type 11 V., (z) = < 0.

P (@) { 0 <0

exp (— (—x)") <0

> 0.
1 2>0 !

Type I11 CIDW(x):{
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Definition 3.2.5 (Standard extreme value distributions)
The three df ’s of theorem 3.2.3 are called standard extreme value distributions.
A is known as Gumbel or double exponential type, V., as Fréechet or heavy-tailed

type and ®., as reverse Weibull type.

Proposition 3.2.2 (Relations between A, V. and ®.)

Let Z be a positive rv (Z > 0), then the following assertions are equivalent:

() Z~@,
(i)  InZ'~A
(iil) —1/Z ~ W,

Definition 3.2.6 (GEVD)
The GEVD 1is a df H defined, for all x € R such that 1 4+ vyx > 0, as follows

(3.5)

H»y ) — exp{_(l—i_/}/x)il/’y} lf ’77&07
€xp (_e—l‘) Zf Y= 07

where the shape parameter is known as the extreme value index (EVI).

The parametrization in (3.5) is due to von Mises (1936) and Jenkinson (1955).

The corresponding location-scale family can be derived by replacing x in theorem

3.2.3 by (z — u) /o, which are given below

@ :{ exp{—(1+~y5L)"7}  if 4 #£0,

H g T—p
" exp (—€_< o )) if y=0.
The corresponding pdf A, ,, and quantile @, , , are defined by
T — T — —1/v-1
H ]_ ) O, 1 > 0’
Py o (z) = K ( o ) < + o 7) if # T
exp (= (%5#) —exp (*54)) if 7=0,z€R

and

Jou—oy (1= (logp) ") if v#0,
Qrner () = { p — o log(—logp) if ~v=0.
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Figure 3.1: (a) df’s of the Gumbel (solid line v = 0), Fréchet (dotted line v = 1)
and Weibull (dashed line v = —1) distributions, (b) corresponding pdf’s and (c)
corresponding quantiles.

3.2.3 Domains of attraction

The second problem: assuming H as a possible limiting df for the sequence
(M,, —by,) /an, what are the necessary and sufficient conditions that F' must
satisfy in order to belong to the domain of attraction of H? von Mises (1936)
provided a set of conditions that ensures that F' belongs to the domain of at-

traction of H. These conditions are known as von Mises’ conditions.

Definition 3.2.7 (Domain of attraction)
We say that F belongs to the domain of attraction of of a non-degenerate df H,
denoted by F € DA (H), if assumption (3.3) or (3.4) holds.

Proposition 3.2.3 (Characterization of DA (H))
The df F € DA (H) with norming constants a, € R and b, > 0 if and only if
lim nF (b, + a,v) = —log H(x), x € R. (3.6)

n—oo

When H(x) = 0, the right hand side is interpreted as co.

In addition to formulations (3.3), (3.4) and (3.6) for the domain of attraction
assumption, there exist other alternative assertions stated in the following propo-
sition. The first one illustrates the restriction on the upper distribution tail, the
second form is in terms of function () and the third assertion is in terms of

function U.
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Proposition 3.2.4 (Characterizations of DA (H.))

For v € R and for all x > 0, the following assertions are equivalent.
(a) F e DA(H,).
(b) For some positive function g and (1 + ~yz) >0

L F(ag() [ (a0 iy £,
toxe F (1) =2 if v=0.

(c¢) For some positive function a

r =1 ,
Q) Q1 -s) if 740
= = ol
o0 a(s) log if v=0.
(d) For some positive function a (t) = a (1/t)
7 —1 .
th(tx)—U(t): 5 if v#0,
fmee a(t) log x uf v=0.
(e) Fory>0,y#1
7T =1 ,
i, QU= s7) —Q(1—5) _ T if v#0,
im =
s%OQ(l—Sy)—Q(]_—S) ogzx Zf7:0
logy
(f) Fory>0,y#1
7 —1
_ if v#0,
i D) U@ ) -1 (3.7)
t—oo U (ty) — U (¢) 08T if v=0.
logy

von Mises (1936) provided a set of conditions that ensures that /' belongs to the

domain of attraction of H. These conditions are known as von Mises’ conditions.

Theorem 3.2.4 (von Mises’ sufficient conditions for ' € DA (H.,))
Let F be an absolutely continuous df. Existing the pdf, f(x) = F'(x), and the

second derivative F"(x), let h(z) = %((3;)) represent the hazard function or hazard

rate from Reliability Theory.
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1. Suppose h(zx) # 0 and differentiable for x next to xp (or for large x, if
rp=00). If
d 1
lim = (——) =
roor dr (h (x)) 0

2. Suppose xp = oo and F' exists. If, for some v > 0,

then '€ DA(A).

lim zh () = —,
i b () =~

then F € DA(®,).

3. Suppose xp < oo and F' exists for x < xp. If, for some v < 0,

lim (xp —x)h(x) = ——,
lim (e — ) (@) =

then F € DA (V).

These three conditions may be unified in a unique sufficient condition for F' to
belong to any of the only three domains of attraction, also derived in von Mises
(1936).

Theorem 3.2.5 (von Mises’ sufficient conditions for ' € DA (H.,))
Under the conditions of theorem 3.2.4, if

then F '€ DA (H,).

von Mises’ conditions are very easy to check, requiring only the existence of the
first or second derivative of F', but are only applicable to absolutely continu-
ous df’s F. These conditions are only sufficient conditions, and not necessary.
Gnedenko (1943) given a set of necessary and sufficient conditions for maximal

attraction to the three types of limit laws:
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Theorem 3.2.6 (Gnedenko’s necessary and sufficient conditions for F' € DA (H.,))

1. F € DA(A) if and only if

F t
rr < oo and lim w:e_t, x € R,

where g(t)is a continuous and monotone positive function.
2. F € DA(®,) if and only if, for v > 0,

F (tx)

rp =00 and lim — =7, t>0.

3. F'e DA(V,) if and only if, for v <0,

rp < oo and lim M =t Y7 t>0.
=0t F(zp — x)
According to theorem 3.2.3, the Fréchet-type distribution ®. only attracts df’s
where F(z) < 1, Vz, i.e., where xp = oo, and the Weibull-type distribution
VU, only attracts df’s where F'(zp) = 1, for p < o0, and F(z) < 1, Vo < zp.
However, Gnedenko refers that the conditions for the Gumbel domain are neither
definitive nor convenient for practical use. For this case, the von Mises’ condition

is better, but not necessary.

3.2.4 Choice of the normalizing sequences

The third and last problem is the choice of suitable normalizing sequences a,,
and b, for the basic limit relation (3.3). This choice is not unique. This is a
consequence of Khintchine’s theorem whose proof is to be found in, e.g., Resnick
(1987). The choice of such sequences depends on the df H that appears on the

limit. The most common choices are indicated in the following theorem.
Theorem 3.2.7 (Convergence to Types, Khintchine’s theorem,)

1. Let W and W be two rv’s with non-degenerate df’s G and G respectively.
Suppose that { Xy}, oy s a sequence of 4id rv’s with df F and that we have

real sequences a,,a, > 0 and b,,b, € R, such that

X, —b

n D 157
=W, asn — oc.

X, —b
Sn 7% Doy oand
(079 G,
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Then, there exist constants A > 0 and B € R such that

Qn Qn

— B asn— oo,

and

G(z) =G (Az + B),

for every continuity point x of G and G.

2. Conversely,

it o, b pang e be
an an an,

D
— W, asn — oo,

then

X,—b, p W-B
H
an A
with G (z) = G (Az + B) and for every continuity point z of G and G.

as n — 0o,

Theorem 3.2.8 (Normalizing constants)
If F e DA(H,), then

1. Fory=0
lim F" (b, + a,z) = exp (—exp (—x)) = A,

n—oo

holds for all x € R with

a, =U(ne) —U(n) and b, =U (n).

2. Forv>0
lim F™ (b, + a,x) = exp (—x_%) =P,

n—oo

holds for all x > 0 with

a, =U(n) andb, = 0.

3. For v <0

Y

lim F" (b, + a,x) = exp (— (—x)_%> =U_

n—oo

holds for all x < 0 with

2=

a, =xp —U(n) and b, = zp.
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von Mises’s sufficient conditions also include normalizing sequences a,, and b,
for the general case F' € DA (H,), rewritten by de Haan (1970), with the tail

quantile function U.
Theorem 3.2.9 (Normalizing constants for F' € DA (H.,))

Under the conditions of theorem 3.2.7, we have
1
bn:Q<1——) =U(n),
n

1
h(bn)  nf(bn)
It must be emphasized that these latter sequences are distinct from the nor-

and

=nU" (n).

Ay =

malizing sequences presented in theorem 3.2.8. They are used to normalize
the sample maximum M,,, when F belongs to the domain of attraction of the
GEVD. However, the sequences presented in theorem 3.2.8 are used to normalize
the sample maximum when F' belongs to the domain of attraction of one of the

three standard types of theorem 3.2.3.



Chapter 4

Tail index and high quantile

estimation

Tail index or EVI measures the degree of heaviness of the distribution tail: the
heavier the tail, the larger v. Various EVI estimators proposed after the work
of Pickands (1975) and Hill (1975). A summary of many existing tail index es-
timators and their properties can be found in Brazauskas and Serfling (2000),
Beirlant et al (2004) and Markovich (2007). In this chapter, we present some
of the most well-known estimators with their asymptotic properties. Also, we
review some of the classical methods to construct estimators for high quantiles
and distribution tails. These estimators are based on the number k of upper
statistics. We present some algorithms on how to determine this number. The
asymptotic normality of these estimators, require that the underlying df F' sat-
isfies another condition, apart from those mentioned. This additional condition

is known as the second order regular variation condition.

4.1 Second order regular variation

In a semi-parametric approach, apart from the first order condition, we often
need a second order regular variation condition, to guarantee desirable properties
for the estimators of the EVI. The only assumption in this approach is that
F e DA(H,), which is equivalent to assume that the first order extended regular

52
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variation property is satisfied, i.e., from proposition 3.2.4, we have

U(tx)—U ol 0,
FeDA(H,) e lim 2 =U@ oy ] 50 07
t—00 a(t) logz, ~v=0,
for every x > 0 and some positive measurable auxiliary function a, where neces-

sarily we have a € RV, according to definition of extended regular variation.

As mentioned before, an increase of the sample size implies an increase of k, the
number of intermediate order statistics used to estimate . However, this rise of
k may introduce some bias in the EVI-estimators, which can be controlled if we
have additional information about the tail of F', in order to control the speed of
convergence in the first order condition, i.e., the speed of convergence of the df of
the sample maximum, linearly normalized, towards the limit law H. Therefore,
the choice of k£ will also be decided by the second order condition. We must
then quantify the speed of convergence, imposing a precise rate. For that, we
need to assume that there exists a function A, not changing sign eventually, such
that lim; .., A (t) = 0, which measures not only the speed of convergence of the

sequence of maximum values to a non-degenerate limit law but also the bias of

the estimators. As A measures the speed of convergence of W towards
Do Ulta) V()
O (4.1)
t—o0 A (t) ’ )

must exist, for all x > 0. Let be H(x) the limit function of (4.1). We can now

define the second order condition as follows:

Definition 4.1.1 (Second order condition)
The function U or the associated df F' is said to satisfy the second order condition
if, for some positive function a and for some positive or negative function A, with
lim; o A(t) =0,

lim IU(ma)(;)[U(w) — D, (z)

t—o0 A (t)

As for the function a of the first-order condition, we call A the second order

= H(x). (4.2)

auziliary function.

Definition 4.1.2 (Second order regular variation assumption)
We say that, the tail of F € DA ((I>1 /7) , v > 0, is second order reqularly varying

at infinity if it satisfies one of the following (equivalent) conditions:
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(a) There exist some parameter p < 0 and a function A* tending to 0 and not

changing sign near infinity, such that

, 1 1 — F(tz) TN e
tlirgo yen ( T—F @ — =x T, for any x > 0. (4.3)

(b) There exist some parameter p < 0 and a function A** tending to 0 and not

changing sign near zero, such that

, 1 Q (1 — sx) _) P —1
lim —x ) =a" , for any x > 0.
M A () ( Q-3 ’

(¢) There exist some parameter p < 0 and a function A tending to 0 and not

changing sign near infinity, such that

, 1 (U(tx) N\ L1
tIH&M(U(t) —x)—a: ; , for any x > 0. (4.4)
, P —1
If p =0 interpret as logz.

We need now to determine which functions H(x) are eligible for the limit relation
in (4.2). Following de Haan and Ferreira (2006), we can then state the following

result for the function H(x):

Theorem 4.1.1 (de Haan and Ferreira, 2006)
Suppose relation (4.2) holds and the function H is not a multiple of D. (z) and
is not identically zero. Then, there exist functions a, positive, and A, positive or

negative and a parameter p < 0 such that

U(tz)-U(z) D»Y (.I’)

. a(t)
1 (27t -1 27— 1)
= - — , for x> 0. 4.5
p ( Ytp Y (49)

p is a second order parameter controlling the speed of convergence of the first
order condition. For the cases v = 0 and/or p = 0, H,,(x) is understood to be
equal to the respective limit in (4.5), by continuity arguments. Moreover, A(t)
is such that

Al(tx)

lim =’

t—oo A (t)

for z > 0, that is, |A| € RV,.
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Note that the second order condition implies the domain of attraction condition.
Dekkers and de Haan (1989) showed that the second order condition holds for

most of well-known df’s: Normal, Gamma, Exponential, Uniform and Cauchy.

Hall’s class of df’s.
Hall’s class of models (Hall and Welsh, 1985) is an example of heavy tailed

distributions satisfying the second order condition, where
F(x) = ca™ /" (1+ dz?" + o (mp/“’)) as r — 00,
or equivalently, in terms of functions () and U,
Q(l—s5)=c277 (14+yd’s " +o0(z")) ass— 0,

and
U(t) = 7t (1 4 vdc’t? + o (t?)) ast — oc.

This class contains most of the heavy-tailed models important in insurance math-
ematics, like Fréchet, Pareto, Burr and t-Student df’s. Straightforward compu-
tations show that, in the case of Hall model, functions A(t) and A*(t) are re-
spectively equivalent to ydc’t” and ydcPt?/7 as t — oo, whereas function A**(s)

is equivalent to ydc’s™ as s — 0.

4.2 Tail index estimation

The EVI or tail index is an important measure to gauge the heavy-tailed behavior
of a distribution. Estimating this index in heavy-tailed distribution plays a
central role in EVT.

4.2.1 Pickands’ Estimator

Pickands (1975) was the first to present a semi-parametric estimator for a real
EVI, v € R, and thus it can be used to estimate the shape parameter of any one
of the three types of extreme value distributions. But, as it is rather unworkable
in practise for small or moderate samples, several refinements were introduced
mainly by Drees (1996) and Segers (2005). The derivation of this estimator is
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based on an equivalent condition to F' € DA (H.,), namely assertion (3.2), which
for =2 and y = 1/2 yields

L U@y -UE

SO

Furthermore, for any positive function ¢ such that lim; .., ¢(t) = 2, we have

o U -V _

t=o0 U () — U (t/c(t))

Combining this with some basic results related to the ordered (Y1,,...,Yn.)
from a standard Paretorv Y with df Fy (y) = 1—y, y > 1, namely (k/n) /Yy_pp1n - 1

and Y, x+10/Yn—2k+1.n £ 92 asn — 0o see e.g., Fraga Alves (1995), yields

lim U (Ynflﬁ»l,n) -U (Ynf2k+1,n)
t=00 U(Yy—akr1,0) — U (Yo-aki1,n)

Finally, we use the distributional identity

=27

Xn—i+1,n 2 U (Yn—i—i—l,n) s 1= ]-7 s, n,
to get the following definition.
Definition 4.2.1 (Pickands’ estimator)

;}\/P o 1 1 Xn—k+1,n - Xn—?k—i—l,n
nk .
log 2 Xn—2k+1,n - Xn—4k+1,n

The properties of ?5 . were mainly explored by Dekkers and de Haan (1989).
They showed, under certain conditions, weak and strong consistency, as well as

asymptotic normality.
Theorem 4.2.1 (Properties of ﬁf,ﬁ)
Suppose that F' € DA(Hv),v € R, k — oo and k/n — 0 as n — oo.

(a) Weak Consistency:

~p P
Yk =7 @S M — 0.
(b) Strong consistency: If k/loglogn — oo as n — oo

~P a.s.
Vi — Y @S m — 00.
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(c) Asymptotic normality: Assume that U has a positive derivative U' and that
+t1U (t) is H-varying at infinity with auxiliary function a > 0. If k =
0 (n/g (n)), where g () = 527 (U’ (£) /a (£))?, then

\/Eﬁik—v) g./\/'(O,a2) as n — 0o,

where
3
_ ) =0,
52 _ 4 (log 2)4 U
- 1 + 227—&—1 ,.}/2 .
( ) if v#0.

(2(27 —1)log2)*

0 50 400 450 200 250 300
k
Figure 4.1: Plot of Pickands’ estimator, as a function of the number of extremes

(solid line) with 95%-confidence bounds (dashed lines), for the EVI of the stan-
dard uniform distribution (v = —1) based on 100 samples of 3000 observations.

The Pickands estimator is quite volatile as a function of %, and its asymptotic
variance is large. Ways of improvement were therefore sought after and discov-
ered by many authors, all of whom realized somehow that this estimator is a
linear combination of log-spacings of order statistics. Among improvements, we
refer Fraga Alves (1995), Drees (1996) and Segers (2005).

Fraga Alves (1995) proposed a generalization of the Pickands estimator, with
the introduction of a tuning or control parameter M, defined as follows

~P 1 1 Xl,n_XMl,n l k—i—n
= O = _—
Tk M= 906 M 2% Xytin — Xagzin M2

], k=1,...,nand M € N\{0,1},

which involves k + 1 of the top observations, for £ > M? — 1. The traditional

. . ~P
Pickands estimator corresponds to 7, ;.
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4.2.2 Hill’s estimator

A few months after the publication of Pickands estimator, Hill (Hill, 1975) pro-
posed another estimator restricted to the Fréchet case v > 0, i.e., this estimator
is applicable only to regular varying df’s. In other words, Hill’s estimator is only
suitable for data exhibiting heavy tails such as those encountered in (re)insurance

and finance. It is the most popular tail index estimator.

Definition 4.2.2 (Hill’s estimator: v > 0)

k
1
~H
=7 lo Xn—i n_lo Xn— ns
Vn,k k; g +1, g k,

or, equivalently

k

~ 1 .
/}/Zk = E Z 2 (log Xn—i-l—l,n — IOg Xn—i,n) .

i=1
The original derivation of Hill’s estimator relied on the notion of conditional

maximum likelihood estimation method. Let FF € DA (@1/7) and let Y, =

X
— | X > u> denote the relative excesses over a threshold u. The conditional
u

distribution of Y,, satisfies

— o L(uy
FYu(y):y 1/7%“))7 YZL

where L € RVy. Then it immediately follows that

Fy, (y) = 1—y 7 as u — oo,

i.e., Y, is asymptotically Pareto(1/v) distributed. Assuming that this approx-
imation holds for the k relative excesses X, ,/u, ..., X,_k+1,/u above a high

threshold u = X,,_ , leads to the conditional maximum likelihood estimator
1< p

- 1 n—i+1ln

e (%),

which is exactly ﬁf k-

One of the appealing features of Hill’s estimator is that it can be derived even
if we start from very different motivation points. Apart from the likelihood ap-

proach described above, the Hill estimator can be derived via a regular variation
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approach (see Embrechts et al., 1997) as well as via a graphical approach using

mean excess function or QQ-plots (see Beirlant et al., 1996).

The regular variation approach is in the same spirit as the construction of
Pickands estimator, i.e. we base the inference of v on a reformulation of F' €
DA(®.,) v > 0. According to the characterization property of F' € DA (®,)
v > 0 if and only if the tail of F', 1 — F| is regularly varying with index
—a =1/ >0, that means that

I (tx)
P F(t)

—Q

Partial integration of the above and use of Karamata’s theorem (see chapter 1)

leads to the relationship

1 > 1
m/t (logx —logt) dF (z) — o T (4.6)

To turn this into an estimator we replace F' by the empirical df (X, ..., X,)

1 n
F,(z) = - 1;1 Lix,<a}s

and replace t by a high data dependent level X}, ,,. Then

k
1 /Oo 1
_ (logx — log Xj,,,) dF,, (x) = — log X,—iv1n — log Xp—gn-
Fn<Xk,n> Xkn k ZZI "

If k — oo and k/n — 0 as n — o00., then Xj,, “> co. as n — oo and by (4.6)

k
1 1
I ;1 log X, i1 — log Xppn, L P n — o0.

This gives us the Hill’s estimator.

Hill did not investigate the asymptotic behavior of ;y\fk in his paper.The weak
consistency was was proved by Mason (1982) while Deheuvels et al. (1988)
proved the strong consistency. The asymptotic normality was established by
several authors such as Csorgd and Mason (1985), Davis and Resnick (1984) and
Héusler and Teugels (1985). Beirlant et al. (2006) derived a local asymptotic
normality result showing that the asymptotic variance of Hill’s estimator attains

a lower bound.
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Theorem 4.2.2 (Properties of ﬁf,ﬁ)
Suppose that F € DA(®,) v >0, k — oo and k/n — 0 as n — oo.

(a) Weak Consistency:

ﬁfk LA v as n — oo.
(b) Strong consistency: If k/loglogn — oo as n — oo

~H a.s.
Yok — Y aS M — O0.

(c) Asymptotic normality: Suppose that F satisfies (2.4). If nh—{go VEA(n/k) = X
as n — oo, then

A
\/E(?fk—v)gf\f<1—,72) as n — 00
’ —p
20
T 1 G Al Lo LT T T PP
E e
':'ﬁ .-'r-.-.
= N
il

0 50 100 150 200 350 300
k

Figure 4.2: Plot of Hill’s estimator, as a function of the number of extremes (solid
line) with 95%-confidence bounds (dashed lines), for the EVI of the standard
Pareto distribution (v = 1) based on 100 samples of 3000 observations.

4.2.3 Moment estimator

The moment estimator, denoted by aﬂfk, was proposed by Dekkers et al. (1989)
as an adaptation of the Hill estimator for v € R and not only for v > 0.
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Definition 4.2.3 (Moment estimator: v € R)

2
PRV P G
=M 12 1=

where

Ed

n—

M = MW (k) = (log Xppi11.0 —log Xy 1), 7=1, 2. (4.7)

ilng

1
k

i

Weak and strong consistency, as well as asymptotic normality of a?f » have been

proven by its creators Dekkers et al. (1989).
Theorem 4.2.3 (Asymptotic properties of /y\%g)
Suppose that F € DA(H,) v € R, k — oo and k/n — 0 as n — oo.

(a) Weak Consistency:

~M P
Yok — Y @S N — 00.
(b) Strong consistency: If k/ (logn)’ — 0o as n — oo,for some & > 0, then

~M a.s.
VYnr — 7Y as n— oo.

(¢) Asymptotic normality: Suppose that F satisfies (4.3). If nhi& VEQ (n/k) =0,

then
\/E(/v\fyk—v) EN(O,UQ) as n — oo,
where
1+72 if >0,
n? = 1-2y  (5-11y)(1 —2y)

(1-7)1—=29) |48 if v<0.

1=3y  (1-37)(1—4y)
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Figure 4.3: Plot of the moment estimator, as a function of the number of ex-
tremes (solid line) with 95%-confidence bounds (dashed lines), for the EVI of
Gumbel distribution (y = 0) based on 100 samples of 3000 observations.

4.2.4 Kernel-type estimators for v > 0

All the estimators of EVI are based on the k largest observations. A major
drawback of these estimators is the discrete character of the behavior of these
estimators: adding a single large-order statistic in the calculation of the esti-
mator, that is, increasing k£ by 1, can change the actual value of the estimate
considerably. Plotting these estimators as a function of the order statistics used
therefore often results in a zigzag figure. Using a kernel function K, Csorgd
el al. (1985) proposed a smoother version of Hill’s estimator, denoted by ﬁy\ff L
where h = h(n) is a bandwidth parameter. In the same paper, it was shown
that it is possible to improve on the asymptotic variance of the estimator by
choosing appropriate kernels. In this kernel-type estimator, the bandwidth A
plays a similar role as the number of order statistics k£ in the aforementioned
estimators: approximately nh order statistics will be used to calculate the es-
timate. Consequently, the estimator now depends in a continuous way on the
fraction of order statistics used. Hence, plotting the estimator as a function
of the bandwidth h then yields a smooth figure. Other attempts to construct
smoothed versions of the Hill estimator can be found in Schultze and Steinebach
(1996), Kratz and Resnick (1996) and Csorgd and Viharos (1998), which con-
sider classical least-squares estimators for the slope v > 0 in a Pareto quantile

plot.
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To define the kernel-type estimators for v > 0, we need the following conditions
about the kernel K.

Condition (K). Let K be a function defined on (0, 1].

KC1. K(s) >0 for 0 < s < oc.
KC2. K(-) is non-increasing and right continuous on (0, 00) .
KC3. fol K(u)du = 1.

KCA4. fol w2 K (u)du < oo.

Then the estimator is defined as

1/h
( /0 log,, Qu (1 — hu) d (uK (u)))

( /0 Y e du)

where h > 0 is called bandwidth, ), is the empirical quantile function and

~K
,yn,h -

b

log, = = log (max (z,1)). Routine manipulation show that ?ff 5, can be written

in the equivalent form

n—1 7 7
” (; EKh (%) (log aniJrl,n - IOg an,n))

e ( /0 Y e du)

where Xo; = 1. Notice that, using the uniform kernel K = 11y and h = k/n

? (4'8)

in (4.8) yields Hill’s estimator ’y\f . @s a special case.

To be able to state the consistency and asymptotic normality of ?ff s We will

need some additional conditions on the kernel K:

KC5. There exists an M; < oo such that K (u) = 0 for u > M;.

KC6. There exists an My < oo such that the kernel K has a derivative k (u) for
u > My and such that lim,, . u%2k (u) = 0.

Also, we will need these conditions on the df F':



4. Tail index and high quantile estimation 64

FC1.

FC2.

1. The function @ (1 — -) is regularly varying at 0 with index —v, i.e., the
quantile function satisfies the representation
1
b
Q(1l—s)=s"c(s)exp </ (—u)du) , 0<s <1, (4.9)
s U
where ¢ is function with ¢(s) — ¢ € (0,00) as s — oo and b a function

with b(s) — 0 as s — o0.
2. With out loss of generality, Q (0) = 1.

1. In the representation (4.9), one has that either KC5 is satisfied and
¢(s) = ¢ (constant) for 0 < s < ¢ for some € > 0 or ¢(s) = ¢ (constant)
for 0 <s<1.

2. One has either KC6 is satisfied or the function b in (4.9) may be chosen
to be bounded on (0,1).

For a discussion of these conditions on F', we refer to Csorgd et al. (1985).

Theorem 4.2.4 (Properties of ﬁfl{ i)
Let KC1-KC4 and FC1 be satisfied. Then, as h = h(n) — 0 and nh — oo as

n — oQ.

(a) Weak consistency:

~K P
Yoon — 7Y a8 n — OQ.

(b) Asymptotic normality: Moreover, if in condition FC2 is satisfied, then, for

h="h(n) — 0 and hn — oo as n — oo.
Vih (i =7 = Be () = N (0,%0%)  as n— o0,
with B (h) and 0% given by

1/h 1/h
Bo(h) = (/ b(hum(u)du)/(/o K(u)du),

o = / K2 (u) du.
0
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4.2.5 Kernel-type estimators for v € R

Unfortunately, the kernel estimator ﬁf ;, is only valid for v > 0. Groeneboom et
al. (2003) introduced a new kernel type estimator for v € R, denoted by /V\ZV b
that inherited the smooth behavior of /y\f « as well as the general applicability of
aﬁfk It should be emphasized that the estimator ﬂf/ , 1s not a smoothed version

of the moment estimator, but is based on the von Mises conditions

i (7)) -

The estimator of Groeneboom et al. (2003) for v € R is defined as follows

)

0S qn
Fon = A0 =1+ =55
O
qnh
where
gy i
w9 = N K, (—) (log Xp—is1.0 — 10g Xnin) ,
—'n n
i\ i
qr(zl,})z = (_) Kh (_> (10g XTL*?H’I,TZ - log ani,n)v
i—1 \" n
and
n—1 d
an,zz = @ [ OH_l[(h (u)]u:z/n (IOg Xn—i+1,n - IOg Xn—i,n) 5

=1

with K}, (u) = K (u/h) /h and a > 0. Here K : [0,1] — R, is a kernel function

satisfying the following conditions:
(CK1) K (u) =0, whenever u ¢ [0,1) and K (u) > 0, whenever u € [0, 1).
(CK2) K(1)=K'(1)=0.
(CK3) fol K(u)du =1 and .fol u* K (u)du # 0.

(CK4) K, K’ and K" are bounded.

The full description of the way %vlvh is derived, is given by Groeneboom et al.
(2003) where weak consistency and asymptotic normality are established. More
recently, Necir (2006) proposed a functional law of the iterated logarithm for

this estimator and proved its strong consistency.
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Theorem 4.2.5 (Properties of %vlvh )

(a) Weak consistency: Assume that ' € DA(H,) for some v € R. Let K be
a kernel satisfying conditions (CK1)-(CK}4) and for arbitrary o > 0. If

h = h(n) is such that h — 0 and nh — oo as n — oo, then

~w P
Ynoh — 7Y as$ N — Q.

(b) Asymptotic normality: Let K be a kernel satisfying conditions (CK1)-(CK4).
Then, for any o > 1/2 and h = h(n) with h — 0 and (nh) “logn =
@) ((nh)_l/Q) as n — 0o,

where
1 B N ~ 2
v = / (a0k () + K@ (u) = KD (w)) du,
0
with
. 1
K(u) = /tld s 'LLG(O,l],
RO (n) = /tl RO GK® (1), w e (0,1],
and

ap = 7\/07

1

T 1// t~1=0N0 g (1) dt,
0

Ay = (1"‘(’7/\0))@1

4.2.6 Automatic bandwidth choice

In the case of kernel-type estimators, the problem becomes a matter of choos-
ing an optimal bandwidth h,, for which a consistent estimate ﬁopt has to be
adaptively computed. For instance, Groeneboom et al. (2003) follow a similar
approach as in Draisma et al. (1999) and Cheng and Peng (2001). They base

their estimators fyn »and 5 ’y 7 on the following respective kernels:

15
K1 (u) = g (]_ — u2)2 1(0’1) (U) s
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and 9
Ky (u) = 1 (1—u?)’ 101) (u).

The five steps algorithm leading to ﬁopt is as follows:

e Step 1: Select a bootstrap sample X7,..., X of size n; < n from the
original sample (Xi,...,X,) and compute ?ZV}L and /V\Z/i in terms of the
order statistics X7, < --- < X  pertaining to the bootstrap sample.

1,n1, ni,ni

Next compute

Ny ~W3
5”1 - vn,h o fyn,h'

e Step 2: Repeat step 1, r times independently. With the obtained sequence
5* 17 ceey 5*

n, n, compute

NSE (5,) = - 30 (55,4)

r -
e Step 3: Compute
h* (ny) = arg min MSE (65.) -

o Step 4: Repeat steps 1-3 independently with ny = [%%] instead of n;.

Let
h* (ny) = arg min M SE (075) -

o Step 5: Estimate the optimal bandwidth A, by

o (m))’ |

opt = h* (n2)

>)

where 1) is a function of h* (ny) and h* (ny) depending on kernels K; and

K5 and sample sizes n; and ns.

4.3 Optimal sample fraction selection

All the estimators of EVI are crucially depend on the choice of the sample fraction
k that is used for estimation, i.e., the number of extreme order statistics on which

the estimation is based. However, the choice of the optimal threshold is a difficult
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problem. If k is too large, then the estimators have a large bias, while on the
other hand, their variance is large if k is small. In this section, where we mostly
concentrate on Hill’s estimator /if w» We present some of the proposed methods
to balance between these two vices in order to get an optimal number k& which

locates where the distribution tail really begins.

It seems reasonable that minimizing the MSE allows for a compromise between
the bias and variance components yielding the most accurate estimate possible.
That is, the optimal choice of £, denoted by k,p, corresponds to the smallest
MSE, i.e,

kopt = arg mkin MSE (7,)
= arg mkin E.(#H, — 7)2 ,
where F., denotes the expectation with respect to the limit distribution.

Hall and Welsh (1985) proved that the asymptotic MSE of Hill’s estimator is

minimal for epi1)
2 14
ke~ 20/ @p+D) C*(p+1)
opt 2D?2 p3 ’

Since parameters p > 0,C > 0 and D # 0 are unknown, this result cannot be

applied directly to estimate k.

4.3.1 Bootstrap method

The number k,,; that are fitted to the tail corresponds to the minimum of MSE

MSE(d,) = Euw@n—7)°
= bias*(7,) + Var (3,) ,

where the bias is given by

and the variance is determined by

Var (3,) = Boo (70 — B (1)) -
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Since 7 is unknown and MSE cannot be evaluated, the bootstrap approach pro-
poses replacing in the MSE by an average calculated over some amount of re-
samples. These resamples are drawn from the initial sample (X7, ..., X,). This
implies that some observations from (Xj,...,X,,) will be represented in a re-
sample with repetitions and others will not be represented at all. As a result,
in order to estimate k£ one takes the value that minimizes a bootstrap empirical
estimate of the MSE. More precisely, the bootstrap estimate of the bias is given
by
b* (n1, k1) = Ea (V" (n1, k1) | (X3, X5)) =7,

and the bootstrap estimate of the variance is determined by

Var (3,) = Bae (3" (m,bn) — B (3" (m1, k) | (X, X)) | X7)

To construct these estimates, a smaller sample size ny < n is used. It is de-
termined by the resample (Xf, . ,X;l) drawn randomly from (X3,...,X,)
with replacement, where X7, < ... < X;  are the order statistics of the
sample (X7,..., X7 ). In the bootstrap estimates considered (Xi,...,X,,) is
fixed and the expectation is calculated among all theoretically possible resam-
ples (X e, Xr 1) practice, the expectation is replaced by the average over the
underlying resamples. The reason for using smaller resamples is that the clas-
sical bootstrap with resamples of the same size n as the initial sample leads to
underestimates of the bias. Using a smaller sample size n; < n and k; data may
help to avoid the situation where the bootstrap estimate of the bias is equal to

zero regardless of the true bias of the estimate.

4.3.2 Double bootstrap method

The double bootstrap, proposed in Danielsson et al. (1997), improves the boot-
strap method (Hall, 1990). Instead of estimation of the MSE we use the auxiliary
statistic
MSE (z,1) = E ((an - Z;k)2> ;
where
k

~ 1
2ok = My —2(F,)7, My = z > (log Xpis1,n — log Xpopn)?,
=1

and and 2 ; is a bootstrap estimate of z,;. Since M, /27, and 7, are con-

sistent estimates of v, then z,; — 0 as n — oo. Therefore, the asymptotic



4. Tail index and high quantile estimation 70

MSE of z, is defined by AMSE (z,;) = E (szk) Hence, the value k,,; of k,
which minimizes AMSE (z,), has the same order in n as k,, , the value that
minimizes MSE (7,,) .

The double bootstrap algorithm is as follows:

e Step 1: Draw B bootstrap subsamples of size n; € (n, v/n) (e.g., ny ~ n3/4)
from the original sample and determine the value /k?,*L . that minimizes the
MSE of 2z, -

e Step 2: Repeat this for B subsamples of size ny = |n?/n] and determine

the value E;; , that minimizes the MSE of z,, ;.

e Step 3: Calculate Eopt by the formula

where

4.3.3 Sequential procedure

Drees and Kaufmann (1998) proposed the following algorithm:

e Step 1: Obtain an initial estimate 7, = /V\;H) (24/n) for the parameter v by

Hill’s estimator.

e Step 2: For r,, = 2.57,n"%, compute

k (rn) :min{kEQ,...,n—l : IIlaX\/Z‘/’}\/;H) (i) — 7D (k:)‘ >7°n}-

2<i<k

If 7, is too large and maxo<;<i Vi b

AU () — 3 (k:)) > 1, is not satisfied,
it is recommended to repeatedly replace r, by 09r, until %(rn) is well
defined.
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e Step 3: Compute, for e = 0.7,

R 1/(1=¢)
~ 1 k (r¢
k - (2’70)1/3 ()

opt — 3 <7€\ (Tn)>€

The method is sensitive to the choice of r,. For a complete description of
this sequential approach, we refer to Danielsson et al. (2001) where it is
mentioned that the procedure also works for a much broader class of tail

index estimators including Pickands’ estimator, the moment estimator.

4.3.4 Cheng and Peng procedure

By minimizing the absolute coverage error for confidence intervals of level (1 — «),

Cheng and Peng (2001) proposed an optimal sample fraction as follows:

1/(1-9)

PP 14 222 ~

n—?/(0-7) (M) if 3>0,
30 (1 —2p)

2\~ 1/0-9)
/(1) (_(1 +32§'a)) if 3<0,

kopt =

where z, is defined by P (N (0,1) < 2) =1 —a, i.e., 2, is the (1 — a)-quantile of

the standard normal distribution,

([ 6 eviogm) 2 {0l (o) (2viogm) |
log 2 M® (n/ (@))—Q{MS) (n/\/m)}2

p=

Y

and

R R = M (n/ (\/logn)) -2 {Mél) (n/\/logn)}2
6:=(1+p)(logn)™” - 5
~2p{ M (n/ogn) |

with, M (k), (r = 1,2), as defined by (4.7).

Y

4.3.5 Reiss and Thomas approach

Reiss and Thomas (1997) proposed a heuristic method of choosing the optimal

number of upper extremes used in the computation of the tail index estimate.
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For Hall’s model, this methodology selects the value /k?opt of ko which minimizes

the quantity

k

1

=i [, () — median (7, (1), 3, (K)], 0<0<05.
=1

Considering Hill’s and the moment estimators, Neves and Fraga Alves (2004)
discuss and evaluate the performance of this methodology by substantially re-
ducing the domain of variation of the weight # of the penalty term . Depending
on the prior information one might have about the value of the EVI, the authors
provide, for each estimator, suitable values of 6 and indicate which expression,
out of the two above, to minimize. On the light of a thorough simulation study

they come up with the overall conclusion that the most proper choice for 6 is 0.

4.3.6 Example

We apply the algorithms of Cheng and Peng (2001) and Reiss and Thomas
(1997) on 2000 simulated observations from the standard Pareto distribution.

The results are summarized in Table 3.1 and illustrated by Figure 3.4.

Algorithm # of extremes | % of extremes | Estimate EVI
Cheng and Peng 123 6.15 1.05
Reiss and Thomas | 212 10.60 0.99

Table 4.1: Optimal numbers of upper order statistics used in the computation of
Hill’s estimate of the EVI of Pareto(1) distribution, based on 3000 observations.

4.4 High quantile estimation

This section discusses estimators of the high quantiles for heavy-tailed distribu-
tions, i.e, quantiles of order (1 — p) with 0 < p < 1 and p tending to zero as the
sample size increases. The quantile of order (1 — p) or (1 — p)-quantile of df F'
is defined to be the solution, denoted by x,, of the equation 1 — F' (z) = p. We
define, by using the functions introduced in definition 3.2.3, the (1 — p)-quantile
of F as

z, = Q(1—p)=U(1/p).
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Figure 4.4: Hill’s estimator of the EVI of the standard Pareto distribution, based
on 3000 observations. The horizontal line represents the true value of the tail

index whereas the vertical lines correspond to the optimal numbers of extremes
of Cheng and Peng (dashed) and Reiss and Thomas (solid).
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The estimation of high quantiles great interest in many applications such as
insurance, finance, hydrology and statistical quality when the parametric form of
the underlying distribution is not available. The main difficulty of this estimation
is due to the fact that when p is very small, the point x, is beyond the range of

the sample (X7, ..., X,) withdrawn from an unknown df F.

As we use asymptotic theory, p must depend on the sample size n, i.e., p = p,.
Two cases are possible for z,, within and outside the sample. If p, — 0 with
np, — ¢ € [1,00] as n — oo, the (1 — p,)-quantile is within the sample and
if p, — 0 with np, — ¢ € [0,1) as n — o0, the (1 — p,)-quantile is outside
the sample. In other words, the within-sample estimation is possible up to the
(1/n)-quantile whereas for p < 1/n, quantile estimates are beyond the range of

the data. The latter case is the most relevant for purposes of real-life applications.

For the first situation, we apply result (3.2) with s =1—p=1— (i — 1)/n for

t=2,...,n and we get

n

1—1
Qn (1 - > = aniJrl,n-

In the second case, we have to infer beyond the limits of the sample by extrapo-
lating from intermediate quantiles. Obviously, this cannot be done without some
kind of information on the tails of the distribution. An accurate modelling of

the distribution tails is then needed. In other words, a good estimate of the tail
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index is essential to the process of extreme quantile estimation. Since estimating
high quantiles is directly linked to estimating the EVI, one would expect to find,
in the literature, as many quantile estimators as there are tail index estimators.
Moreover, confidence intervals for the quantile estimates are easily constructed
since the proposed estimators are asymptotically normal. Finally, endpoints in

case they are finite are estimated as quantiles of order 1.

Here, we discuss the simple approach proposed by Weissman (1978) based on
the Hill estimator. If F' € DA (H,,) with v > 0, then

1—F(z)=2""YL(x),

where L is a slowly varying function at infinity, that is, L (tx) /L (t) — 1 as

t — 00, x > 0. In terms of the quantile, we have

Q(1—s)=s"L(s),

where LL; is a slowly varying function at infinity, that is, L (As) /L (s) — 1 as
s — 0, A > 0. Which allows to obtain

Q(1— As)

Q_s

then
QL —=Xs)=XN"Q(1—5).
By setting As = p and s = k/n, we obtain

Q(l—m:cz(l—%) e

Then, the quantile estimator is

?L'\p = @(1_10)
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4.5 Bias reduction

The problem with Hill’s estimator of the EVI, is that they usually exhibit a
substantial bias for large values of the number %k of upper order statistics used in
the estimation. This bias arises from taking asymptotic approximations as exact
equalities, which is sometimes overoptimistic. To solve this problem, several bias-
reduced estimators have been introduced in recent literature mainly for heavy-
tailed distributions. The advantage of such estimators is that, not only they
reduce the bias to a large extent but they preserve the variance level with respect
to the classical estimators as well (see Feuerverger and Hall, 1999). Furthermore,
the following asymptotic distributional representation holds true for any one of
them (denoted by 77¢)

~BC D Ui

n +
v v NG

where 7, is an asymptotically standard normal rv, A is the function defined

Zi+op(A(n/k)) as n — oo,

in (4.3) and 7?/V/k is the asymptotic variance of the bias-corrected estimator
35 Hence, it is readily checked that if VEA (n/k) — A, then vk (ﬁf ¢ _ 7)
is asymptotically normal with null mean value whatever \, is (null or not).
For a review of some explicit bias-corrected estimators, one may consult Gomes
and Figueiredo (2006). As an example of such bias-corrected estimators, we
consider the so-called (refined) exponential regression estimator, first introduced
in Beirlant et al. (1999) and Feuerverger and Hall (1999).

Let, for intermediate £k,

Xn—i+1 n . Xn—i+1 n .

Up=log——— and V=i |log——— |, i=1,...,k,
g o8 Xn—k,n o ! <Og Xn—i,n '

respectively be the log-excesses and the scaled log-spacings. It is shown in, e.g.,

Beirlant et al. (1999) that, under the second order framework (2.4), both Uy

and V; approximately follow exponential regression models. More precisely, we

have

Y. i ,—1 A(n/k) (k/i)°
P Y
where Fy,, <--- < E,,and Y}, <--- <Y, , are the respective order statistics

pertaining to the standard exponential sample (Fj, ..., E,) and the unit Pareto
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sample (Y7,...,Y,). Beirlant et al. (1999) and Feuerverger and Hall (1999) ob-
tain simultaneous MLE’s for p and A(n/k), whereas Gomes and Martins (2002)
start with an external estimation of the second order parameter p and then

deduce an estimate for the first order parameter ~.

Weissman’s estimator of high quantiles for heavy-tailed distributions, known to
be largely biased. As a better alternative to Weissman’s estimators, several esti-
mators of extreme quantiles with reduced biases are proposed in the literature,
see e.g., Gomes and Martins (2004), Caeiro et al. (2009), Gomes and Figueiredo
(2006) and the references therein. We derive a new estimator for ﬁf . With re-
duced bias by applying the results of Feuerverger and Hall (1999) and Beirlant et
al. (1999, 2002) who proposed, under (4.4), the following exponential regression

model for the log-spacings of order statistics

N
n 1
A~ — . < <
Z 7+A<k> (k+1) Ve, 1<i<k, (4.10)

where the e; are zero-centered error terms. We get the Hill estimator 37 when
we ignore the term A (n/k) in (4.10) and by taking the mean of the left-hand
side of (4.10). We can exploit (4.10), using a least-squares approach, to propose
a reduced-bias estimator for v in which p is substituted by a consistent estimator
p = p(n, k) (see for instance Beirlant et al.,2002 and Fraga Alves et al., 2003) or
by a canonical choice, such as p = —1 (see e.g., .Feuerverger and Hall, 1999 or
Beirlant et al., 1999). The least-squares estimators for v and A (n/k) are then
given by

k " ~ -~ ~
~LS (1/5) — 1 7. — ALS (p) ~H ALS (10)
A E i

-7 ™ 1-p

AL (1—-2p)( 7 1
AY (p) = ﬁg kZ(<k+1> Tﬁ)zi'

The main asymptotic properties of ?ﬁi (p) and ALS (p) as a function of Brownian
bridges have been established in Deme et al. (2013, Lemma 5). Note that ’7\5}2 (p)

can be viewed as the kernel estimator
> 2

1 k
0 =7 =525 (5
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where for 0 < u <1,

1-— 1—
Ko = L+ (1- ) K, )
p P
with K (u) = 1(geyer) and K (1) = (1*7'0) (4™ = 1) L(gcucn), both kernels sat-
isfying condition (K). On the contrary K, does not satisfy statement KC1 in

condition (K).

Now, using the second order refinements of assumption, we can construct the

following asymptotically unbiased estimator of the quantile
_~LS (> PURTEA " 5
QLS (1— ) = (ns/k) P X, . (1 _5VALS (5) (1 — (ns/k) P)) .

The effect of the bias reduction on the MSE is illustrated in Figure 3.5 where we
show the MSE computed over 100 samples of size n = 1000 from the Burr(1,0.5,2)
distribution and s = 0.0002. We can observe that the MSE of the bias reduced
estimator QL% (1 — s) is almost constant with respect to k.

50000
1

D&+
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Bias
MSE

0.47
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Figure 4.5: (a) Bias and (b) MSE of Q! (1 — s) (dashed line) Q%% (1 — s) (solid
line) with s = 0.0002 for 100 simulated samples of size n = 1000 from the
Burr(1,0.5,2) distribution. The horizontal line indicates the true value of Q(1—s).
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Chapter 5

Risk measures and premium

principles

The concept of risk measures and premium principles have been studied from
various angles in the actuarial literature. For an insurance companies, any con-
tract of insurance brings a risk. A claim may occur some time in the future
and the amount of the claim is a non-negative rv which is called a risk. One
of the main tasks of actuaries is to calculate the risk premiums. The basis of
insurance is the hypothesis that claims can be compensated by fixed payments
called premiums. Premiums are calculated by a premium calculation principle.
In order to quantify risk, it is necessary to specify the probability distributions of
the risks involved and to apply a preference function to these probability distri-
butions. The first use of risk measures in actuarial science was the development
of premium principles. These were applied to a loss distribution to determine
an appropriate premium to charge for the risk. In this chapter, we focus on the
premium that accounts for the monetary payout by the insurer in connection
with insurable losses plus the risk loading that the insurer imposes to reflect
the fact that experienced losses rarely, if ever, equal expected losses. We give
the definition of risk measures and premium principle. We discuss some desir-
able properties of premium calculation principles. We also list many well-known

premium principles and tabulate which of the properties they satisfy.

78
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5.1 Risk measures

5.1.1 Definition

Risk measures are used to determine the amount of an asset or set of assets,
traditionally currency, to be kept in reserve. The aim of this reserve is to make
the risks taken by financial institutions, such as insurance companies, accept-
able to the regulator. Because in actuarial applications a risk is represented
by a non-negative rv, measuring risk is equivalent to establishing a correspon-
dence between the space of rv’s and non-negative real numbers R,. Thus, a
risk measure is a functional that assigns a non-negative real number to a risk.
It is essential to understand which aspect of the riskiness associated with the

uncertain outcome the risk measure attempts to quantify.

Definition 5.1.1 (Risk measure)
Let X be a set of a risks that is set of a non-negative rv’s on the probability space
(Q, F,P). A risk measure R is a functional mapping from X to the non-negative

real numbers R, possibly infinite, i.e., R : X —R, U {oc}.

5.2 Premium principles

The premium calculation principle is one of the main objectives of study for
actuaries. Premium principles are the most important risk measures in actuarial
sciences and frequently the insurers are also interested in measuring the upper
tails of df’s. There are different methods that actuaries use to develop premium
principles (see, Denuit et al., 2005). In this section, we list some premium

principles and discuss their desirable properties.

Definition 5.2.1 (Premium principle)
A premium principle 11, is a risk measure, is a function from a set of insurance
risks X to the set of non-negative real numbers R,. It is possible that 11 takes

the value oo, in this case we say that the risk is unacceptable or non-insurable.
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5.2.1 Properties for premium principles

In this subsection, we list various properties that premium principles II[X| may

or may not satisfy.

1. Law invariance (independence): For all X|Y € X and Vz € R, a premium

principle II is law invariant if
HX]=1Y] when P(X <z2)=P(Y <z).

This property means that for a given risk X the premium II[X] depends on
X only via the df P (X < z). It states that the premium depends only on
the monetary loss of the insurable event and the probability that a given

monetary loss occurs, not the cause of the monetary loss.

2. Risk loading: A premium principle II induces a risk loading if and only if
IX] > E(X) forall X € X.

This property is desirable because one generally requires a premium rule
to charge at least the expected payout of the risk X, namely E (X), in
exchange for insuring the risk. Otherwise, the insurer will lose money on

average.

3. No unjustified risk loading:

If arisk X € X is identically equal to a constant ¢ > 0, almost everywhere,
then II[X] = c.

This property means that, in contrast to property 2 (risk loading), if we
know for certain (with probability 1) that the insurance payout is ¢, then
we have no reason to charge a risk loading because there is no uncertainty

as to the payout.

4. Maximal loss (no rip-off):

II[X] < max (X), for all X € X.

5. Translation equivariance (or translation invariance): For all X € X and

for all a > 0, II is called translution invariunt if and only if

H[X + a] = [X] + a.
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If we increase a risk X by a fixed amount a, then property 5 states that
the premium for X + a should be the premium for X increased by that

fixed amount a.

6. Scale equivariance (scale invariance): 11 is called scale invariunt if and only

if
II[bX] = bII[X] for all X € X and for all b > 0.

Note that properties 5 and 6 imply property 3 as long as there exists a
risk Y such that II[Y] < oo. This property is also known as homogeneity
of degree one in the economics literature. This property essentially states
that the premium for doubling a risk is twice the premium of the single
risk. One usually uses a noarbitrage argument to justify this rule. Indeed,
if the premium for 2.X were greater than twice the premium of X, then one
could buy insurance for 2X by buying insurance for X with two different

insurers, or with the same insurer under two policies.

7. Additivity: For all X,Y € X, a premium principle II is called additive if
and only if
I[X + Y] =1[X] + II[Y].

This is a stronger form of property 6 (scale equivariance). One can use a

similar no-arbitrage argument to justify the additivity property.

8. Subadditivity: A premium principle I is called subadditive if and only if
X +Y] <TX] + Y] for all X,Y € X.

Subadditivity is a reasonable property because the no-arbitrage argument
works well to ensure that the premium for the sum of two risks is not greater
than the sum of the individual premiums; otherwise, the buyer of insurance
would simply insure the two risks separately. However, the no-arbitrage
argument that asserts that II[X + Y| cannot be less than II[X] + II[Y]
fails because it is generally not possible for the buyer of insurance to sell

insurance for the two risks separately.

9. Superadditivity:

X + Y] > [X] + [Y] for all X,Y € X.



5. Risk measures and premium principles 82

10.

11.

12.

13.

Superadditivity might be a reasonable property of a premium principle if
there are surplus constraints that require that an insurer charge a greater
risk load for insuring larger risks. For example, we might observe in the
market that II[2X] > 2II[X] because of such surplus constraints. Note that
both properties 8 and 9 can be weakened by requiring only I1[b.X] < bII[X]
or IT[bX] > bII[X] for b > 0, respectively. Next, we weaken the additivity

property by requiring additivity only for certain insurance risks.

Additivity for independent risks:

X + Y] = H[X] + Y] for all X,Y € X, such that X and Y are

independent.

Some actuaries might feel that property 7 (additivity) is too strong and
that the no-arbitrage argument only applies to risks that are independent.

They avoid the problem of surplus constraints for dependent risks.

Additivity for comonotonic risks:

X + Y] = IMX] + Y] for all XY € X, such that X andY are

comonotonic.

Additivity for comonotonic risks is desirable because if one adopts sub-
additivity as a general rule, then it is unreasonable to have II[X + Y] <
IM[X] 4 II[Y] because neither risk is a hedge against the other, that is,
they move together (see Yaari, 1987),. If a premium principle is additive
for comonotonic risks, then is it layer additive (see Wang, 1996). Note
that property 11 implies property 6, (scale equivariance), if IT additionally
satisfies a continuity condition. Next, we consider properties of premium

rules that require that they preserve common orderings of risks.

Monotonicity:

Let X,) Y € X, If X (w) <Y (w) for all w € Q, then IT[X] < II[Y].

Preserves first stochastic dominance (FSD) ordering

If Sx (t) < Sy (t) for all ¢ > 0, then II[X] < II[Y].
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14.

15.

16.

Preserves stop-loss ordering (SL) ordering:

If £(X —d), <E(Y —d), foralld>0, then II[X] <II[Y].

Property 1, (Independence), together with property 12, (Monotonicity),
imply property 13, (preserves FSD ordering). Also, if II preserves SL or-
dering, then II preserves FSD ordering because stop-loss ordering is weaker.
These orderings are commonly used in actuarial science to order risks be-
cause they represent the common orderings of groups of decision makers

(see, Kaas et al. 1994), for example.
Continuity:
Let X € X, then,

lim IT[max (X —a),0] =II[X] and lim II [min (X, a)] = II[X].

a—0t a—00

Tterativity:
X +Y]=MI[I[X|Y]] foral XY € X.

The premium for X can be calculated in two steps. First, apply II[X] to
the conditional distribution of X, given Y = y. The resulting premium is
a function h(y), say, of y. Then, apply the same premium principle to the
rv II[X|Y] = h(Y).

Coherence

Several authors have selected some of these conditions to form a set of require-

ments that any risk measure should satisfy. The following definition is taken

from the seminal paper of Artzner et al. (1999).

Definition 5.2.2 (Coherence)

A coherent risk measure is a function that satisfies properties of monotonicity,

subadditivity, homogeneity and translational invariance.
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5.2.2 Various premium principles
We give some premium principles. For more details, we refer to Young (2004).

A. Net Premium Principle: The net premium principle is given by

This premium does not load for risk. It is the first premium principle
that many actuaries learn. It is widely applied in the literature because
actuaries often assume that risk is essentially non-existent if the insurer

sells enough identically distributed and independent policies.

B. FExpected Value Premium Principle: The expected value principle is given
by
nXx=1+4+0)E(X), 6>0.

This premium principle builds on the net premium principle, by including
a proportional risk load. It is commonly used in insurance economics and
in risk theory. The expected value principle is easy to understand and to

explain to policyholders.

C. Variance Premium Principle: The variance principle is given by
HX]=FE(X)+aVar(X), a>0.

The loading is proportional to Var(X). This principle counts two charac-
teristics of the risk - the mean value and the variance and is more sensible
to higher risks. The premium principle also build on the net premium prin-
ciple by including a risk load that is proportional to the variance (standard
deviation) of the risk. Biithlmann (1970) studied this premium principle in
detail.

D. Standard Deviation Premium Principle: This premium is given by
HX]=E(X)+ 8y Var(X), 8> 0.

The loading is proportional to the standard deviation of X. The loss can

be written as

M[X] - X = /Var(X) (5 — Xx_/a—bj«(())(())) ,
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or the loss is equal to the loading parameter minus a rv with mean value

0 and variance 1.

E. Ezponential Premium Principle: This premium is defined by the equation

1

X = -

log(E (exp(6X))), 6 > 0.
This premium principle arises from the principle of equivalent utility when

the utility function is exponential.

F. FEsscher Premium Principle: For some 6 > 0 and for some rv Z, Biithlmann

(1980) derived this premium principle when he studied risk exchanges

E(Xexp(02))

M) = Feap02))

G. Principle of Equivalent Utility: The equivalent utility premium II is derived

by solving the following equation
w(w) = Fu(w— X +1I)],

where u is an increasing, concave utility of wealth (of the insurer), and w

is the initial wealth of the insurer.

H. Swiss Premium Principle: For a given non-negative and non-decreasing
function u on R and a given parameter p € [0, 1], the Swiss premium IT is
the root of

B (u(X = pll) = u((1 - p)I0).

1. Proportional Hazards Premium Principle:

I[X] = /000 (F (z))" du,

where p > 0 is called a risk index or distortion parameter. This parame-
ter controls the amount of the risk loading included in the premium for
given riskiness of the loss variable X. Wang (1996) studied the many nice

properties of this premium principle.
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J. Distortion Risk Premium Principle:

= [y (F @)

where ¢ is an increasing function that maps [0, 1] onto [0, 1]. The function

g is called a distortion and ¢ (F (x)) is called a distorted probability.

Distortion risk premium principles have their origin in Yaari’s (1987) dual
theory of choice under risk that consists in measuring the risks by applying
a distortion function g on the df F. The net premium principle and pro-
portional hazards premium principle are a special cases of distortion risk
premium principle with the distortions g given by ¢(s) = s and g(s) = s”
respectively. We give some distortion functions in section 3 of chapter 6.
For the other distortions, see Wang (1996).

In the Table 5.1, we list the properties of precedents premium principles where
‘Y’ indicates that the premium principle satisfies the given property whereas ‘N’

indicates that the premium principle does not satisfy.

Premium principle letter — Alsleclplelrlcelall |J
Property number |
1 Y Y Y| Y Y|Y| Y Y| Y|Y
2 Y Y Y| Y YINY Y|V |Y
3 YINIY|Y Y Y Y Y Y|Y
4 Y NININ Y'Y Y Y Y|Y
5) YINIY|Y NY Y NY|Y
6 Y Y N|[Y NININNY|Y
7 Y/ Y NINININ|N|N|N|N
8 Y Y NINININININ|Y|Y
9 Y/ Y NIN/IYNIN/N|IN|N
10 Y Y Y N NIN/IN/N|IN|N
11 Y Y NN Y NI NNIY|Y
12 Y Y NN/ Y NIY NIY|Y
13 Y Y NN Y NIY Y Y|Y
14 Y Y NINIYINY| Y|Y|Y
15 Y'Y Y| Y Y|Y| Y Y| Y |Y
16 YIYY|Y Y Y Y Y Y|Y

Table 5.1: Properties of premium principles.



Chapter 6

Empirical estimation of the
distortion risk premiums for

heavy-tailed losses

In this chapter, we deal with the empirical estimation of the distortion risk pre-
miums for heavy tailed losses by making use of the EVT. However, this approach
has often a strong asymptotic bias in the estimation. Therefore we look at this
framework here and propose a bias-reduced of the classical estimators already
suggested in the literature. A simulation study is provided in order to prove the

efficiency of our method.

6.1 Semi-parametric estimator for the distor-

tion risk premiums

As mentioned in chapter 5, the risk premiums are used to quantify insurance

losses. One of the most commonly used is the net premium
II=FE(X) :/ F(X)dx.
0

In order to avoid that the insurer loses money on average, premiums are required
to be greater than or equal to the net premium IT (see property 2, risk loading).
To achieve this goal Wang (1996) proposed the distortion risk premium, which
is defined by

(g) = / g (F (X)) dr,

87



6. Empirical estimation of the distortion risk premiums for
heavy-tailed losses 88

where ¢ : [0,1] — [0,1] is a non-decreasing function, called distortion function,
satisfying ¢ (0) = 0 and ¢ (1) = 1. In general, the function g is parametrized by
a one dimentional parameter called the distortion parameter or the risk aversion
index. This parameter controls the amount of the risk loading included in the

premium. Along this chapter, we assume that F' is a continous loss distribution.

Changing variables and integrating by parts yield the following expression for

I1(g), in terms of the quantile function @,

1
o) = [ ¢()Q(1~s)ds (6.1)
0
where, ¢’ denotes the Lebesgue derivative of g.

As mentioned in chapter 5, an example of such a distortion function g is g(z) =
x/7 for r > 1. Therefore, we obtain the Proportional Hazard Premium (PHP)

defined as follows -
I, (X) = / (F(:E))Tdm
0

Note that this quantity is not necessarily finite. The parameter r > 1 represents
the distortion coefficient. When the parameter is at its minimal value, r = 1,
then I, (X) is the net premium II, and thus there is no loading. The risk loading
increases when r increases. This class of premium has been extensively studied
in the literature in particular as it can also be grounded in economics via Yaari’s
(1987) dual theory of expected utility.

For a high layer with retention level R > 0, the corresponding PHP or the

reinsurance premium is defined as

I, = / T (F (@) de.

R
For recent literature on statistical inference for distortion premiums, we refer
to Peng et al. (2001) Jones and Zitikis (2003), Necir and Boukhetala (2004),
Centeno and Andrade (2005), Necir et al. (2007), Jones and Zitikis (2003, 2007),
Brazauskas et al. (2008), Necir and Meraghni (2009), Necir et al. (2010) Necir
and Zitikis (2011), Brahimi et al. (2012), Deme et al. (2013), Deme and Lo
(2013), Benkhelifa (2014a, 2014b) and the references therein.

To estimate II(g), we consider a random sample given by iid rv’s whose the

common df is that of the risk X and let X,,,..., X, , be the corresponding
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order statistics. The empirical estimator of II(g) is obtained by replacing the
true quantile @ on the right-hand side of formula (6.1) by the sample quantiles
Qn, see (3.2). Then, we obtain the following natural estimator

n

ﬁ (g) = Z az’,n (g) XTL*?H’IJU (62)
i=k+1

whose right-hand side is an L-statistic with the coefficients

i 1—1 ,
ai,n(g):g<_)_g< >,2:1,...,n.
n n

Jones and Zitikis (2003) showed that, using the asymptotic theory for L-statistics

(see, e.g., Shorack and Wellner, 1986) for underlying distributions with a suffi-
cient number of finite moments and under certain regularity conditions on the

distortion function ¢, the asymptotic normality of I (9)

Vi () =11 (g)) B N (0,02). (6.3)

provided that the variance
11
o2 = /0 /0 (min (s,t) — st) g’ (s) ¢’ (t)dQ (1 — 5)dQ (1 — t) < 0.

The same authors are also discussed the PHP estimators. In this case the as-

ymptotic normality (6.3) holds for any 1 < v < 2, provided that

E(X") < oo for somen >2r/(2—r).

We assume that the distortion functions g are such that t — ¢ (¢) are regularly

varying at zero with index 1/3 € (0,1], i.e.,

g(t) =774 (1), (6.4)

where /, is a slowly varying function at zero satisfying ¢, (A\t) /¢, (t) — 1ast — 0
for A > 0. In this section, we present an asymptotically normal semi-parametric
estimator for the distortion risk premiums I (g) of heavy-tailed claim amounts.
Moreover, we focus on the case v € (1/2,1) and € [1,1/7) in order to ensure
that the II (g¢) is finite and since in that case the results (6.3) of Jones and Zitikis
(2003) cannot be applied, the second moment of X, F (X?), being infinite and
thus we need to seek another approach to handle this situation. By making use
of the EVT, Necir and Meraghni (2009) proposed an alternative estimator for
I1(g) and established its asymptotic normality for any v € (1/2,1).
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6.1.1 Defining the estimator

As above mentioned, the use of empirical quantiles to estimate risk premiums
I1 (g) does not garantee the asymptotic normality when losses have a heavy-tailed
distribution. We have

H<g>={/kl g’(s)@(l—s)ds}+{gw/n)@u—k/n)—/Ok/”g<s>d@<1—s>}

/n

=11, (9) + 112 (g) .

Note that X,,_j ,, is the simple estimator of () (1 — k/n). Hence, coming back to
the quantile @) (1 — s) we estimate it by using the empirical estimator @, (1 — s)
when s € (k/n,1) and by using the Weissman’s estimator Q¥ (1 — s) when
s € (k/n,1). Therefore, the estimator of II; (g) is

n

i (9) = Y ain(9) Xn itin,
i=k+1
where the coefficients a; ., (¢) are those of the L-statistic Il (¢) defined in (6.2).
Since the distortion functions ¢ satisfy the condition (6.4), with g € [1,1/v) and
since 757 . 1s a consistent estimator of v (see Masson, 1982) then we have, for all
large values of n and P (v, > 1/5) = o(1),

k/n fok k/n
e\ u
—/ g(s)dQ"™ (1 —s) —’ﬁk(> ‘&%m/ s kg (s)ds
0 0

n

'VHk
= 7 g (k/n) Xn—gn (1+0(1)) .
— fYTfik
Then, we may estimate Il (g) by
~ fka
H2 (g) =9 (k/n) Xn—k:m + #g (k‘/’fl) Xn—k,n
— b
ﬁ k
ank n
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Finally, the estimator of II (g) is

ﬁ(Q) = g(k/n n kn + Z a'zn n 1+1,n, fOI‘ /75,]@ < 1/5 (65)
i=k+1

In a similar way, for a fixed » > 1 and at an optimal retention level R =
Ropt = Q (1 — k/n), Necir et al. (2007) proposed the following semi-parametric

estimator for II,

T 1/r r ~
HT,ROPt = (k/n) / 1—Xn7k,n, for ’}/Tli k < 1/7‘
/7n k

Deme and Lo (2013) gave an universal estimator of the distortion risk premiums

I (g) as follows

I (9) = T(9) 1gpe_oy +11(9) 1yon ey
where II (g) is as in (6.5). More precisely

II" (9) = 11(9) Listrmpy +11(9) Legy g1

where

S (1, 8) = {(m) € (0,00) x [1,00), 7 € (1/2,1) and § < %}

and S (v, 3) is its complementary in (0, 00) x [1,00).
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In the literature, a number of special cases that are covered by statistical infer-
ential theory for IT (g) have been investigated based on EVT. We refer to Peng
et al. (2001), Necir and Boukhetala (2004), Necir et al. (2010), Necir and Zitikis
(2011), Brahimi et al. (2012), Deme et al. (2013) and Benkhelifa (2014a). The
estimator II (¢) is also used by Necir and Zitikis (2011) in order to introduce an

estimator of a coupled risk premiums for heavy-tailed losses.

6.1.2 Asymptotic normality

In the following theorems, Necir and Meraghni (2009) and Necir et al. (2007,
2010) established the asymptotic normality of the estimators II (¢) and ﬁr, B

respectively.

Theorem 6.1.1 (Asymptotic normality of II (9): Necir and Meraghni, 2009)

Assume that F satisfies (2.4) with v € (1/2,1) and its corresponding quantile
function Q () is continuously differentiable on [0,1). Let For any differentiable
distortion function g satisfying (6.4) with 1 < 5 < 1/v and any sequence of
integer k = ky, satisfying k — oo, k/n — 0 and VEA(n/k) - X € R as n — oo,

we have

Vi (Tl (9) ~ 11 (9))
g (k/n) Q (1= k/n)

BN (MAB (7, 8,p), AV (7,8)), asn — oo,

where Bo(4B+f—1)
AB (v, 8, p) = PP ,
0B = S By + =1 (L= 5

and ) 2

278+ B —2) (1 —~B)"

Theorem 6.1.2 (Asymptotic normality of ﬁﬁ R, Necir et al., 2007, 201 0)
Fizr > 1 and assume hat I satisfies (2.4) with t=/"U (t) as t — oco. If k — o0,
k/n — 0 and VEA(n/k) — X € R as n — oo, then for 1 <r < 1/, we have as

n — 00,

k/n)"YV"'VEk /1~ —1
(/;?—‘/_ (Hrﬁopt — HT’RDM) PN (A rp(ry+r—1) ,
n—k.n (L=p)(ry+rp—=1)(1—17)
7“2”}/2 (72 + 7,2,74 _ 27,73 + 1))
(1—ry)* '
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6.2 Kernel-type estimators for reinsurance pre-
mium [11]

Abstract!. We generalize the classical estimator of the reinsurance premium for
heavy-tailed loss distributions with a kernel-type estimator. Because this estima-
tor exhibits a bias, we propose its bias-reduced version by using a least-squares
method. The asymptotic normality of the proposed estimators is established
under suitable assumptions. A small simulation study is carried out to prove the

performance of our approach.

6.2.1 Introduction

The major worry for the insurance and reinsurance companies is to determine
the adequate premium. In the insurance literature, there exist several premium
principles such as: expected value, variance and value-at-risk. For more details
on premium principles and their properties, we refer to Goovaerts et al. (1984).
Wang (1996) proposed a premium principle named proportional hazard premium
(PHP) of an insured risk X, a non-negative rv defined on a probability space
(9, A,P) with continuous df F', depends on the hazard function F and a para-

meter r > 1 called the risk aversion index or the distortion parameter. The PHP

I, = /DOO (F ()" da.

In some actuarial problems, as in the reinsurance treaty, one is interested in the

is defined as follows

estimation of a premium for a given retention level R > 0 notation II, g, that is,
a reinsurance premium of the high layer [R, 00). This type of problem can be
found whenever the insured represents a dangerous level of risk for the insurance
company, and decides to give a part of this loss to another reinsurance company,
because it may not have sufficient capital to cover the total risk. The reinsurance
premium of the high layer is defined as follows

0,5 = / T (F () d.

R

! This section is a paper appeared in Journal: Insurance: Mathematics and Economics 59,
65-70.
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For heavy-tailed distributions, Beirlant al. (2001), Necir and Boukhetala (2004),
Vandewalle and Beirlant (2006) and Necir et al. (2007) have introduced and
studied different estimators for II, g, in the case of high-excess loss layers (R —

00).

A df F is said to be heavy-tailed whenever the tail function 1 — F' is a regularly
varying function with index (—1/v) < 0, i.e., for any x > 0,

F(x)=2"YL(z),

where L is a slowly varying function at infinity, that is, L (tz) /L (t) — 1 as
t — oo. The class of regularly varying functions includes popular distributions
such those Pareto’s, Burr’s, Student’s, Fréchet’s, a-stable (0 < a < 2), and
log-gamma, which are known to be appropriate models of fitting large insurance

claims, large fluctuations of prices, log-returns, and so on (see Beirlant al., 2001).

Let X;, < --- < X,,,, n > 1, be the order statistics pertaining to a sample

X1,..., X, from X and let £ = k, be an integer sequence satisfying
l<k<n, k— oo, and k/n — 0 as n — oc.

Let, for 0 < s < 1, @ (s) = inf {z : F'(z) > s} be the quantile function pertaining
to F. At an optimal retention level R = R,,x = @ (1 — k/n), the semi-parametric
estimator for I, p that proposed by Necir et al. (2007) is

r

= (k/n)Y/" ————
MRV

~H
Tzﬁopt X’Vl—k,ny for ’Yn’ k < ]./T7

where Eopt = X,—kn and ﬁf . 1s the classical Hill estimator (Hill , 1975) of the
tail index v, defined by

| =

k
’/Y\f, k= ZZ (IOg Xn—i-l—l,n - 1Og Xn—i,n) .

i=1

A major drawback of the Hill estimator is the discrete character of its behavior in
the sense that increasing k by 1, can change the actual value of the estimate con-
siderably. Using a kernel function K, Csorgd et al. (1985) proposed a smoother

version of Hill’s estimator defined by

k .
1 1
~K
= 7T K Zi7
= K ()
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where Z; = i(log X,—iy1n —log X,_;,). The class of kernel estimators /v\f A
generalizes the Hill estimator. Note that, using the uniform kernel K = K =

1(0,1) yields Hill’s estimator ﬁfj  as a special case.

We propose a kernel-type estimator for the reinsurance premium Il g, , of a

heavy-tailed distribution. Thus, II, g, can be estimated by

05, = (k/n)" —f——Xu g, for 35, < 1/r. (6.6)
" fopt 1/7n, T ’

K
7, Ropt
its bias-reduced version whose asymptotic normality is also obtained. In sub-

In subsection 6.2.2,we study the asymptotic properties of I and propose
section 6.2.3, we perform a small simulation study, by sampling from Fréchet
distribution, to compare these estimators. All proofs are given in subsection
6.2.4.

6.2.2 Main results

Firstly, in this subsection, we study the asymptotic normality of ﬁr 5
sLlopt

6.2.2.1 Asymptotic normality of I1%_

Ty flopt

From (6.6), it is clear that the asymptotic normality of ﬁfﬁ is related to 3% .
sLlopt ’

To establish such a type of result, as usual in the extreme value theory, we need

a second-order condition on the tail quantile function U defined, for 1 < ¢ < oo,

U=1/1-F)" () =Q1~-1/1).

We say that the function U fulfills the second-order regular variation condition
with second-order parameter p < 0 if there exists a function A(t) tending to 0

and not changing sign near infinity, such that for all x > 0

_ _ P _
lim log U (tx) —log U (t) — ylogx oz 1.

lim A p (6.7)

We also need the following classical conditions about the kernel K.
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Condition (K). Let K be a function defined on (0, 1].

(i) K(s) > 0, whenever, 0 < s <1 and K(1) = K'(1) =0.

(ii) K(-) is differentiable, non-increasing and right continuous on (0, 1].
(iii) K and K’ are bounded.

(iv) fo w)du = 1.

(v) f u‘l/QK( )du < oo.

Theorem 6.2.1 Let F' be a df satisfying (6.7) with v € (1/2,1) and suppose
that (K) holds. Let k = k, be an integer sequence satisfying k — oo, k/n — 0
and VkA(n/k) = O(1) as n — oo. For any 1 < r < 1/, on the probability
space (2, A,IP) | there exists a sequence of Brownian bridges {B,(s); 0 <s <1}

such that, as n — oo,

(/) VE (i
U (n/k) (1

where

T, ) = VEA(n/K)ABi (7,7, p)+Whn W (K)o (1)

7, Ropt

ABy (v,7,p) = — ( 1 - /18_”1((8)658),

l—ry\ry+rp—1 1—1rvJ,

2
ry n k

e "B, (1-2),
™M, 1—7“7\/; ( n)

Wan (K) = Lz\/%/ols—lmsn <1 - ﬁ) d(sK (s)).

(1—=r7) n

and

Corollary 6.2.1 Under the assumptions of theorem 6.2.1, if VkA(n/k) — X €

R, we have

(/) VE (i
U (n/k) (7

where

M p,, ) > N B (3,7,p), AV (1,7) as n = o0,

7, Ropt

2,4
AVi (,7) = —— /K2
(1—1ry)? 1—7’7

Corollary 6.2.1 generalizes theorem 2 in Necir et al. (2007, 2010) when A # 0

and when we use a general kernel instead of K (see theorem 6.1.2). In view of

these results, HKR is an estimator of II,.g,,, with an asymptotic bias given by
opt

(k/n)""U (n/k) A(n/k)ABx (7. p).
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For any kernel K, we can compute the asymptotic bias and variance. If K = K|
we have the following corollary (similar of theorem Necir et al., 2007, 2010 see
theorem 6.1.2).

Corollary 6.2.2 Under the assumptions of corollary 6.2.1, and in the special

case where K = K, we have as n — oo

—1/r ~ _
(k/n)~"Vk <H5 B HTRopt) ENY (A rp(ry+r—1) 2
U(n/k) (L=p)(ry+rp=1)(1—1ry)
(L—ry)’ |
Next, in the following subsection, we propose a bias-reduced estimator for Il g, ,.

) )
,Ropt

6.2.2.2 Bias-reduced estimator for II, z,,

From theorem 6.2.1, we have

5 — (k/n)Y"U (n/k) A(n/k)ABg (7.7, p) (6.8)

r,Ropt

is an asymptotically unbiased estimator for II, ,,,. Note that v, p, U(n/k) and
A(n/k) are unknown quantities that we have to estimate.

Feuerverger and Hall (1999) and Beirlant et al. (1999, 2002), using (6.7), pro-
posed the following exponential regression model for the log-spacings of order

statistics

- —p
n 1
o~ _ . <1< .
Z; 7+A(k) (k;—i—l) +e, 1 <i<k, (6.9)

where the ¢; are zero-centered error terms. We get the Hill estimator /if » When
we ignore the term A(n/k) in (6.9) and by taking the mean of the left-hand
side of (6.9). We can exploit (6.9), using a least-squares approach, to propose a
bias-reduced estimator for v in which p is substituted by a consistent estimator
p = p(n, k) (see for instance Beirlant et al., 2002 and Fraga Alves et al., 2003)
or by a canonical choice, such as p = —1 (see e.g., Feuerverger and Hall , 1999).

Then, the least-squares estimators for 4 and A(n/k) are given by

s Z L B0, A0
nk k n, k 1_/ﬁ7

s ) = LU= 2%2(( ' )_ﬁ—%>zi.

p =1
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We can view ’y\ﬁi (p) as the kernel estimator

1 i
~K
t=—> K,| — | %
’yn,k L — P(k+1)
where for 0 < u <1

1—0p 1—0p
J0 = =L+ (1- L) K, (). (6.10)
with K(u) = 1(0,1) and K, (u) = (%) (u™" —1) 1(0,1), both kernels satisfying
condition (K). On the contrary K, does not satisfy statement (i) in (K). We
refer to Gomes and Martins (2004) and Gomes et al. (2007) for other techniques
of bias reduction based on the estimation of the second-order parameter. Then,
from (6.8) and using the above estimators for the different unknown quantities,
we obtain the following bias-reduced estimator for II, g, ,

" R k 1/r . R TR R
Hfﬁopt - Hfﬁopt o (ﬁ) ank’nAﬁ:?; (p) ABK (f)/f’jyk (p) 77.7 p) :

The asymptotic normality of ﬁKE ) is established in the following theorem.
Tyflop

Theorem 6.2.2 Under the assumptions of theorem 6.2.1, if p is a consistent
estimator for p, then we have

(/R

U (n/k) - Hr,Ropt> PN (O, AV (v, 1, p)) , asmn — oo,

7, Ropt

where

v (1—2p) (1—p)
p2

(1= [ R is) ABi ().

2
AV (.1, p) = AV (v, 7) + AB3 (7,7, p)

2ry? (1 -2p) (1 -
p?(1—ry)?

We observe that ﬁfﬁ has a null asymptotic bias, which was not the case for
sLlopt

K
I  (see corollary 6.2.1).

T, fiopt

Corollary 6.2.3 Under the same assumptions as in theorem 6.2.2, and in the

special case where K = K, we have

(k/n) "V

U (n/k) (ﬁK - H“Rom> N (O’Zﬁjﬁ (v, p)) , asn — oo,

7, Ropt
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where

P22 (2t — 2 1) 22 (1= 2p) (ry + 7 — 1)
(1) (L=r)' (ry+rp—1)"

AV (7,7, p) =

In the special case where K = K, we have the estimator ?ﬁi (p) coincides with

/7\57; The goal of the next corollary is to establish the asymptotic normality of

the resulting reinsurance premium estimator INIKI% , denoted by ﬁf% , When
t sLlopt

r,Rop
the least-squares method is adopted.

Corollary 6.2.4 Under the same assumptions as in theorem 6.2.2, and in the

special case where K = K,, we have

7, Ropt

(k/n) " VE (i

T (n/k) - Hr,Rom> 2N (O,Zﬁ;{p (v, 7, p)) , asn — oo,

where

ryt (= p) (A= 2p) (ryp iy 2rp—p = 1)

AV, (7,7, p) =
" (1—7ry)? P2 (L—1y)’ (ry +1p—1)?

6.2.3 A small simulation study

We use the statistical software R, see Thaka and Gentleman (1996), to compare,
in terms of bias and root of the mean squared error (RMSE), the performances
of the kernel-type estimator ﬁfﬁopt and least-squares estimator ﬁﬁiopt. We gen-
erate 1000 samples of different sizes n = 1000, 2000 and 5000 from a Fréchet
distribution with hazard function F (z) = 1 —exp (-2~ "/7), 2 > 0, v = 3/4
and the second-order parameter p = —1. For the kernel function K, we choose
the uniform kernel K = K = 1(;). Note that R, = U(n/k*), where k* is
the optimal value of k. Several methods are available for the choice of k*, see
e.g. Danielsson et al. (2001), Cheng and Peng (2001), Neves and Fraga Alves
(2004) and the references therein. In our simulation study, we use the method of
Neves and Fraga Alves (2004). The simulation results are summarized in Table

6.1. We conclude that IIXS  has smaller bias and RMSE and consequently it

TvRopt

performs better than ﬁTKA
yAlopt
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n 1000 2000 5000
r 110 | 1.20 [ 1.10 | 1.20 | 1.10 | 1.20

| 1.k, | 3.803 ] 8.153 | 3.635 | 8.044 | 3.478 | 7.772 |
%, | 4.071 | 8.364 | 3.867 | 8.208 | 3.521 | 7.807

7,Ropt
Bias 0.268 | 0.211 | 0.232 | 0.164 | 0.043 | 0.035
RMSE | 0.569 | 0.699 | 0.464 | 0.587 | 0.229 | 0.282

JNES 3.862 | 8.206 | 3.683 | 8.084 | 3.507 | 7.781

r,Ropt
Bias 0.059 | 0.053 | 0.048 | 0.040 | 0.029 | 0.009
RMSE | 0.421 | 0.589 | 0.376 | 0.437 | 0.187 | 0.248

Table 6.1: Comparison of & "R, and ﬁLf% for 1000 samples of size n €

opt

{1000, 2000, 5000} of a Fréchet dlstrlbutlon with v = 3/4.

6.2.4 Proofs

For each integer n, let Y7, < --- <Y, be the order statistics pertaining to
a sample Y7,...,Y, of independent identically distributed rv’s, defined on the
same probability space as the X/s, with df G(y) =1 —y~!, y > 1. Note that

{Xjn¥jo ZH{U V)Y (6.11)

Let &,,&,,... be a sequence of independent rv’s, defined on probability space
(2, A,P), uniformly distributed on (0,1) in such a way that Y; = G (¢,), for
all 1 < ¢ < n. Consequently, we have Y, ,, = (1 — 51-771)_1 forall 1 <7< n and
n > 1, where ¢, < --- <&, denote the order statistics of &, ..., &, and G~

is the quantile function pertaining to G.

We will use in this section the Csorgd et al. (1986) weak approximations. On
the probability space (£2,.4,P), there exists a sequence of Brownian bridges
{B.(s); 0<s <1}, ., such that for every 0 < v < 1/2 and for all n

— B,
yﬁn(s) 1/(28_)’ _ O]P (n—’u) ’ (612)
1/n<s<1-1/n (s (1 —8)) /="
where the resulting uniform empirical quantile process, is denoted by
Ba(t) = Vn(t = Vy(t)), 0 <t <1, (6.13)
with V,, is the empirical quantile function pertaining to the sample &;,...,¢,

which is defined by

<s<Z j=1,... nand V,(0) =¢,.
n b


LAZHAR
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Proof of Theorem 6.2.1. From (6.11), we may rewrite ﬁKﬁ as follows
T, flopt

~

k: n ]./T‘
I = SCLORR O
rert 1/’7nk r

It is easy to verify that

(k/m) " VE (%, ~ o) = S

, for ?ffk <1/r.

Un/k)  \ om0 -
where
~
n,— " k <U(Yn_k,n) B ( EYn_k,n) ) |
1/7n P U (n/k’) n
k k 7
T2,n T\/_ (<_Yn—k,n) - 1) 9
1/7n T n
r
T3,n = PN \/E ;}\/f E— )
(1—7r35) (1—7r) B =)
and

Thn = (k/n)" "k (T(k/n)l/’”

Uem \ 1p—r M- HﬁRom) '

We start with the term T ,,, according to de Haan (2006 and theorem 2.3.9, page
48), for any § > 0, we have

o~ () = () { ()

k v+p£d
+ op (]-) (EYn—k,n) ’

k
where Ag (t) ~ A(t) as t — oo. Since EYn,k,n =1+ o0p (1) and VEA(n/k) =

O(1), as n — oo, we have

and since ?ff k LA (see Csorgd et al., 1985), then we obtain as n — oo

Ty, = op(1). (6.14)
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For the term 75, the equality Y, ., = (1 - £n_k7n)_1 yields

VE ((gyn_,my _ 1> —Vk ((% (1- gn,k,n))*7 _ 1) .
Using a Taylor expansion, we get
VE((Fa=tin) 1) =) VE (R -6 1),

where A, (k) is a sequence of rv’s with values in the open interval of endpoints
1 and % (1 —&,_kn). From Balkema and de Haan (1975), we have

T (1 — fnf,m) 5 1, as n — oo.

It follows that, A, (k) L 1asn— oo Therefore, as n — oo,

vk ((% (1- 5n,k7n)>ﬂ _ 1) — Wk (% (1= &0 pn) — 1) (1+ 08 (1)).

On the other hand we have

D A E (GO

Using the uniform empirical quantile process, defined in (6.13), we obtain

VE((0-6) " -1) =[5 (1 5) o), asn oo

Using the asymptotic approximation (6.12), we get for all large n

Vk ((g (1- 5n_k,n))_7 - 1) = —7\/2 {Bn (1 N %)

O (n) (5) /} (110 (1)),

n

- _7\/%]3%” (1 - %) (14 o0p(1)).

Consequently, since ﬁff k ER v, we obtain for all large n

2
o fay
T2,n = 1— TW\/;BTL (1 n) (1 + op (1))7

= Wi+ op(1). (6.15)




6. Empirical estimation of the distortion risk premiums for
heavy-tailed losses 103

For the term T3, from theorem 1 of Deme et al. (2013), we have for all large n

VR =) = VEA ) [ 50 (s)ds

+7¢%Aﬁ4ﬁn@,4%)d@K@»+mﬂn-

. ~K P
Then, since 7,, , — 7, we get as n — o0

Ty = (1—7’7) {\/_A(k> /OIS'DK(S)dS

+7\/7/ s !B, (1—ﬁ>d(sK(s))}+0p(1)

:u_m)Jﬁ()Ang®@+M%U0+wu» (6.16)

For the term T} ,,, we have

r(k/n)" 7 Ropt
T4,n = (k/n)il/r\/E ( 1<f4—>7’ - H?('ﬁ;z)) )

where

Mo, = / (S(2)"" de.
U(n/k)

Since 27Y/"U(z) — 0 as z — oo, then an integration by parts with a change of

variables yields

M, = (kfn)" {% /1 T VY (na k) do — U (n/k)} |

Therefore

I - \/E{l _1m B %[wmll/r%dx}

b (G

From theorem 2.3.9 of de Haan (2006), for v € (1/2,1) and r € [1,1/v), we

obtain as n — oo

1 n o xf —1
Typ=—-VEA(—+ Lt — Y | 1
== VEA(7) [ s —dr (140 (1)

~ ViA (%) d (1+0(1)). (6.17)

(I=ry)(ry+rp—1)
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Combining (6.14)-(6.17), we get as n — oo

(k/n)"VE (=g
T (n/k) (7

This finishes the proof of theorem 6.2.1. m

- HT,Ropt> = \/EA(n/k)ABK (77 r, :0)+Wl,n+W2,n (K>+OIP’ (1) .

7, Ropt

Proof of Corollary 6.2.1.  Since {B,(s); 0 <s <1}, ., is a sequence of

Brownian bridges, then

(k/n)" "k (i

D
U(n/k;) — Hr,Ropt) — N(O,AVK (’}/,7’» , as n — oo,

r Ropt
with

AV (v,7) = lim E (Wy,, + Wh,, (K))?)

n—oo

= lim (E(W;,) + E (W3, (K)) +2E Wi, W (K))) .

n—oo

Elementary computation gives, as n — oo

2.4
EW,) = ——— +o(1),

(1- m)
E (W3, (K)) = /K2 Jds+o(1),
’ 1 — 7"7
and
EWy Wa, (K)) =0(1).
Then, we get
2.4
AVK(’%T): - /K2
(1-— rv (1—17)

We complete the proof of corollary 6.2.1. m

Proof of Corollary 6.2.2. The proof is a direct result of corollary 6.2.1 with
the kernel K = K = 1(g1). ®

Proof of Theorem 6.2.2. According to theorem 6.2.1 and (6.8), we have

(kfn) /" VE (i

U (n/k) - HT7R0pt) = WLTL + WZ,n (K) + W37n (K) + op (1) ,

7, Ropt
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where
Wao () = VE (A0 4B (3.7.p) = A25 () ABi (35 () 9) 557242

= —ABxc (7.r.p) VE (A1 () — Aln/k))
— VEALS (5) (ABx (755 (), 7, ) — ABi (7,7, p))

 JLALS ~ LS~ o~ [ Xn—kn

From Lemma 5 of Deme et al. (2013), we have

VE (AL () - Am/R) =7 (1= p)

\/>/ sB, (1_ﬁ>d<5(K(5)—Kp(s)))+0m>(1)-

Since p is a consistent estimator for p, then we get as n — oo

\/ng;i (ﬁ) (-ABK @ﬁi (70\) 77“770\) — ABk (%7“, P)) = op (U
Making use of Potter’s inequalities (see 5th assertion of proposition B.1.9 in de
Haan, 2006), we obtain as n — oo

Xn—k,n
U (n/k)

VEALS (3) ABx (35 (7). 1.7) ( - 1) —op (1)

Therefore

W3,n( = p) ABxk (7.8, p)

\[/ R (1_ﬁ)d(S(K@)—Kp(s))HoP(l), as 1 — 0o,

It is clear that W ,, + W, (K) +Ws,, (K) is a Gaussian rv with mean zero and

variance

AV (7,7, p) = lim E (Wi + Wa, (K) + Wi, (K))?) .

n—oo

After elementary computations, we get

— 2(1—2p)(1—p)°
A (1,1 9) = AV (7,7) + 14 53 =P 482 (4,1, )

2r9% (1 —2p) (1 — p) -
T R (1_(1_p>/08K<S)dS)ABKW’p)'
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This achieves the proof of theorem 6.2.2. m

Proof of Corollary 6.2.3. The proof is a direct result of theorem 6.2.1 with
the kernel K = K = 1,1). ®

Proof of Corollary 6.2.4. The proof is a direct result of theorem 6.2.1 with
the kernel K = K, defined in (6.10). m

6.3 Kernel-type estimators for the distortion
risk premiums [12]

Abstract.?A new kernel-type estimator for the distortion risk premiums of
heavy-tailed losses is introduced. Using a least-squares approach, a bias-reduced
version of this estimator is proposed. Under suitable assumptions, the asymp-
totic normality of the given estimators is established. A small simulation study,

to illustrate the performance of our method, is carried out.

6.3.1 Introduction

To determine an adequate price or premium for an insured risk, one should use
an appropriate pricing principle. For a presentation of the existing variants of
premium principles, we refer to Goovaerts et al. (1984), Rolski et al. (1999),
Denuit et al. (2005), and the references therein. Some premium principles are
special cases of the distortion risk premium (see Wang, 1996). For an insured risk
X, a non-negative rv defined on a probability space (£2, .4, P) with continuous df
F, the distortion risk premium is defined by

o) = [ 9 (F )

where ¢ : [0,1] — [0, 1] is a non-decreasing function, called distortion function,
satisfying ¢ (0) =0 and ¢ (1) = 1.

2This section is a paper appeared in:  Scandinavian Actuarial Journal, DOI:
10.1080/03461238.2014.924434.
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By changing of variables and integrating by parts, we get the following expression
for T1 (g)

H<g>=/0 ¢ (5)Q (1 8)ds,

where, ¢’ denotes the Lebesgue derivative of g and @ (s) = inf {x : F'(x) > s},
0 < s < 1 is the quantile function of F. Note in passing that, for ¢ | 0, the
quantile @ (1 — t) is called high or extreme quantile.

For heavy-tailed distributions, some authors have introduced and studied dif-
ferent estimators for II(g) by making use of the EVT, see e.g.,Beirlant et al.
(2001), Necir et Boukhetala (2004), Necir et al. (2007), Necir & Meraghni (2009),
Brahimi et al. (2012), Deme et al. (2013) and the references therein.

A df F is called heavy-tailed if its tail 1 — F' is a regularly varying at infinity
with index (—1/7) <0, i.e.

F(z) =2 Y (), (6.18)

where (r is a slowly varying function at infinity, that is, ¢r (tz) /lr (1) — 1
as t — oo for any x > 0. The class of regularly varying functions includes
popular distributions such those Pareto’s, Burr’s, Student’s, Fréchet’s, a-stable
(0 < a < 2), and log-gamma, which are known to be appropriate models of
fitting large insurance claims, large fluctuations of prices, log-returns and other
data (see Beirlant et al., 2001). For more details on these distributions, we refer
to Bingham et al. (1987) and Rolski et al. (1999).

We restrict ourselves to this class of distributions. Then it is quite natural to
suppose that the distortion functions ¢ is such that ¢t — ¢ (¢) is regularly varying
at zero with index 1/5 € (0, 1], that is

g(t)=t"5¢, (), (6.19)

where ¢, is a slowly varying function at zero satisfying ¢, (At) /¢, (t) — 1 as
t — 0 for A > 0. There exist several examples of distortion functions satisfying

(6.19), we mention

e Net premium,
g(t) =t with §=1and ¢, (t) = 1.

e Tail value-at-risk, 0 < p < 1,

g (t) = min (£,1> with =1 and ¢, (t) =1if t <p.
p
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e Proportional hazard transform, 6 > 1,

g (t) =t with 8 = 0 and ¢, (t) =

Gini principle, 0 < w < 1,

g(t)=(1+w)t —wt* with f=1and ¢, (t) = (1 +w) — wt.

Dual-power function principle, o > 1,

g(t):1-(1—15)0‘:15(@—@15%@))
with f =1 and ¢, (t) = a — wt—ko(i&) ast | 0. (6.20)

Beta-distortion risk premium, a < 1 < b,

g(t)—t“{aﬁ(la’b)} Withﬁ_éandfg(t)— S

where 3 (a,b) = fol v (1 —0)" " dv.
e MINMAXVAR?2 risk premium, n > 0, 7 > 0,

1\ 147
g(t) =1~ (1-t77)

T 1+7
7 and U, (t) = T — <t*ﬁ — 1) :
-

1
with g = 1

For each n > 1, let Xj,..., X, be a sample of X with df F satisfying (6.18) and
denote by X;, <--- < X, , the corresponding order statistics. Let k& = k,, be a

sequence of positive integers, such that
l<k<mn, k— oo, and k/n — 0 as n — o0. (6.21)

Based on Weissman'’s estimator of high quantiles (Weissman, 1978), Necir and

Meraghni (2009) proposed the following estimator for II (g)

ﬁ< ) (k/ ” i + Z &ln n i+1,n for :V\H< 1/57

i=k+1

7 71— 1 )
am(g):g(E)—g( - >, i1=1,...,n,

where
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and 7" is the classical Hill estimator (Hill, 1975) of the tail index -y, defined by

k
1 .
= z E i (log Xp—iv1n —10g Xoin) -

i=1

Based on 3", Deme and Lo (2013) proposed a reduced-bias estimator for the
distortion risk premium II (g) of heavy-tailed distributions. A major drawback
of ¥ is the discrete character of its behavior in the sense that increasing k by
1, can change the actual value of the estimate considerably. Plotting 7 as a
function of k£ used therefore often results in a zig-zag figure. Using a kernel

function K, Csorgd et al. (1985) proposed a smoother version of Hill’s estimator

defined by
Tk Z <k= + 1) "

where Z; = i (log X,,—i+1,, —log X;,—i ) . The class of kernel estimators 75 gen-

eralizes and includes the Hill estimator. Notice that, using the uniform kernel

K = K = 1o, yields Hill’s estimator 77 with 1 being the indicator function.
We propose a kernel-type estimator for I (g) of heavy-tailed distribution, that

18

ﬁ ( ) (k/ n uEl + Z azn n i+1,n; fOI"}/ < 1/6 (622)
i=k+1

In subsection 6.3.2, we study the asymptotic properties of [« (9) and propose
a new reduced-biased estimator for IT (g) whose asymptotic results is also given.
The performance of our approach is shown on a small simulation study in section

subsection 6.3.3. The proofs are postponed until section subsection 6.3.4.

6.3.2 Main results

Firstly, in this subsection, we study the asymptotic properties of [« (9)-

6.3.2.1 Asymptotic distribution of II¥ (g)

From (6.22), it is clear that the asymptotic normality of IIX (g) is related to
7%. To establish such a type of result, the regular condition (6.18) itself is not

sufficient. For this reason, we strengthen the condition (6.18) into the following
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one: the df F' is said to satisfy the second-order regular variation with second-
order parameter p < 0 if there exists a function ¢ — A (¢) that converges to zero
when ¢ tends to infinity, does not change its sign for all sufficiently large ¢, and
such that

1 (1-F(t Pl —1
lim < (tz) _ x_1/7> =g , for any = > 0. (6.23)

t=oo At) \ 1= F(t) P/

P —1

If p = 0 interpret as logz. In terms of the quantile function @), this is

P/
equivalent to (see theorem 2.3.9 in de Haan and Ferreira, 2006, page 48)

1 Q (1 — sx) O O !
13{6114(1/3)( O —s) x =z P , for any x > 0.

Moerever, we need the following classical conditions about the kernel K.
Condition (K). Let K be a function defined on (0, 1].

(i) K (s) > 0, whenever, 0 < s <1land K (1) =K'(1) =0.

(ii) K (-) is differentiable, non-increasing and right continuous on (0,1] .
(iii) K and K’ are bounded.

(iv) fo u)du = 1.

(v) fo _1/2K( ) du < oc.

Theorem 6.3.1 Let F be a df satisfying (6.23) with v € (1/2,1) and suppose
that the corresponding quantile function Q (-) is continuously differentiable on
[0,1). Let k = k, be an integer sequence satisfying (6.21) with VkA (n/k) =
O (1) as n — oo. If the condition (K) holds and for any differentiable distortion
function g satisfying (6.19) with 1 < § < 1/, then there exists a sequence of
Brownian bridges {B,, (s); 0 <s <1} such that for all large n

VE (T (g) - ())—m s e
ST O ) = VEAW/E) ABrc (7,6, p)+ Wint Want Wan (K)oe (1),

where

_ 5 o
ABi (7,8, p) = (1—~8) (/3 + Bp—1) + (1_75)2/0 sPK (s)ds,
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and

f / J(s)B,(1—5)Q (1—s)ds

_ k/n

M T g i) Q (L= /)
_ gl o E

Won = =17 57 e

W () = 1—67 \[/ -1p, (1—ﬁ)d(sf<(s)).

Corollary 6.3.1 Under the assumptions of theorem 6.3.1, if VKA (n/k) — \ €

R, then we have

Vi
g9(k/n)Q (1 —k/n)

where

(% (9) = T1(9)) 2 N (AMAB (7,8,p) , AVic (7, 8)), as n— oo,

VP 2
AV (v, B) = / K
(276+B—2)(1—76) 1—75
Corollary 6.3.1 generalizes theorem 2 in Necir and Meraghni (2009) when A # 0,
when we use a general kernel K instead of K and when we use a general regularly
varying distortion function g. For any kernel K, we can compute the asymptotic

bias and variance. If K = K, we have the following corollary.

Corollary 6.3.2 Under the assumptions of corollary 6.3.1, and in the special

case where K = K, we have as n — o0,

vk Sr D Bp(vB+B-1)
et @ -1@) SN <A(1—p)(ﬁv+pﬁ—1)(1—ﬁv)2’

VB (B + B —1) )
2yB8+B-2)(1—98)" )

Note that this corollary 6.3.2 corrects a mistake in the asymptotic variance of
theorem 2 in Necir and Meraghni (2009).

Next we propose a bias-reduced estimator for I (g) .
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6.3.2.2 Bias-reduced estimator for II (g)

From theorem 6.3.1, we have

I (9) — g (k/n) Q (1 — k/n) A(n/k) ABx (v, . p) (6.24)

is an asymptotically unbiased estimator for II(g) with 7, p, @ (1 — k/n) and
A (n/k) are unknown quantities that we have to estimate. The estimator I1% (g)
exhibit a bias because it is based on Weissman’s estimator of high quantiles for
heavy-tailed distributions, known to be largely biased. As a better alternative
to Weissman’s estimators, several estimators of extreme quantiles with reduced
biases are proposed in the literature, see e.g., Gomes and Martins (2004), Caeiro
et al. (2009), Gomes and Figueiredo (2006) and the references therein. Here,
we derive a new estimator for Il (g) with reduced bias by applying the results
of Feuerverger and Hall (1999) and Beirlant et al. (1999, 2002) who proposed,
under (6.23), the following exponential regression model for the log-spacings of

order statistics

n ! -
o~ — : <1< .
Z, <7+A(l€) (k+1) )+az, 1<i<k, (6.25)

where the ¢; are zero-centered error terms. We get the Hill estimator 37 when
we ignore the term A (n/k) in (6.25) and by taking the mean of the left-hand
side of (6.25). We can exploit (6.25), using a least-squares approach, to propose

a reduced-bias estimator for v in which p is substituted by a consistent estimator
p = p(n, k) (see for instance Beirlant et al., 2002 and Fraga Alves et al., 2003)
or by a canonical choice, such as p = —1 (see e.g., Feuerverger and Hall, 1999 or
Beirlant et al., 1999). The least-squares estimators for v and A (n/k) are then
given by
S : ALS > i _ A (p)
=7 Z Z; — =7 a5

AL (1—-2p)( 7 1
s () = L2 k2(<k+1> —Tﬁ)zi.

Note that 7“° (7) can be viewed as the kernel estimator

k .

1 1
7 (p) =7 = =) K, Z
77 (p) =7 F 2 p(kH) i
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where for 0 < u <1,

with K(u) = 1(o<u<1) and K, (u) = (%) (u™” — 1) L(o<u<1), both kernels sat-
isfying condition (K). On the contrary K, does not satisfy statement (i) in
condition (). Then, from (6.24) and using the above estimators for the dif-

ferent unknown quantities, we obtain the following bias-reduced estimator for
I (g)

" (g) = 1" (g) — g (k/n) Xu—rnA"™ (9) ABk (3"° (7)., 8,7) -
The asymptotic normality of IIX (g) is established in the following theorem.

Theorem 6.3.2 Under the assumptions of theorem 6.3.1, if p is a consistent

estimator for p, then we have

vk
g (k/n)Q (1 —k/n)

(% (9) ~11(9)) 2 W (0, AV (1.8,p)) » s n— o0,

where
— 2(1—2p) (1 - p)?
Wi () = Vi (3.8) + TE20 = 4 5.
2923 (1 — 2 2 !
PO 200 (1) [ R(0)is) ABi (0, 500)
P (1—p)° 0
We observe that IIX (¢9) has a null asymptotic bias, which was not the case for

IIX (g) (see corollary 6.3.3).

Corollary 6.3.3 Under the same assumptions as in theorem 6.3.1 and in the

special case where K = K, we have

Vk
g(k/n)Q (1 —k/n)

<ﬁ£(9) — H(Q)) PN (O,;l\\?g(fy,ﬁ,p» , asm — oo,

where

BB+ B—Bp—1)° (v8+ 8 — 1)

AV K 2 .
Vi (7,8,p) = (1_75) (vB+Bp—1)" (296 + B —2)
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In the special case where K = K,, we have the estimator WKP coincides with
7%%(p). The aim of the next corollary is to establish the asymptotic normality
of the resulting estimator II%” (g), denoted by II%S (g), when the least-squares

approach is adopted.

Corollary 6.3.4 Under the same assumptions as in theorem 6.3.2, and in the

special case where K = K,, we have

Vk
g(k/n)Q (1 —k/n)

(ﬁLS (9) -1 (g)> BN (0,Z17Kp (7,6,/))) , asn — 00,

where
7?8 e p)?
298+ B-2) (18"  p2(1-78)"

+7262 (L=2p)(1—p)(¥Bp+28p+18—p—1)
P2 (VB + Bp—1)* (1 —~B)°

ZﬁKp (776ap) =

6.3.3 Simulation study

By means of the statistical software R, see Thaka and Gentleman (1996), we carry
out a small simulation study to compare, in terms of bias and root of the mean
squared error (RMSE), the performances of the kernel-type estimator 11X (g)
and least-squares estimator [1Ls (g) . To this aim, 1000 samples of different sizes
n = 1000, 2000 and 5000 are simulated from a Fréchet distribution defined as:
F(z) = exp(—z77), 2 > 0 with v = 2/3 and v = 3/4 while the second-
order parameter p = —1. Concerning the premium calculation principles, we
choose the dual-power premium principle (6.20) where, as in Wang (1996), we
have set the loading parameter a at 1.366. The extreme value theory based
estimators rely on the number k£ of upper order statistics involved in estimate
computations. Several procedures are available for choosing the optimal values
of k, see e.g., Danielsson et al. (2001), Cheng and Peng (2001), Neves and Fraga
Alves (2004), and the references therein. In our simulation study, we apply the

Reiss and Thomas (2007) method whose performance is discussed by Neves and
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Fraga Alves (2004). The results are presented in Table 6.2. We conclude that

I1%5 (g) has smaller bias and RMSE and consequently it performs better than
M (g).

| n | 1000 | 2000 | 5000 |
K | 2/3 [ 3/4 | 2/3 | 3/4 | 2/3 | 3/4 |
| I(g) |3.2981 | 4.5811 | 3.2981 | 4.5811 | 3.2981 | 4.5811 |
X (g) | 3.7554 | 5.0127 | 3.5126 | 4.7867 | 3.3778 | 4.6317

Bias 0.4573 | 0.4316 | 0.2145 | 0.2056 | 0.0797 | 0.0506
RMSE | 0.5744 | 0.4918 | 0.5072 | 0.4368 | 0.1827 | 0.1208

155 (g) | 3.5416 | 4.8132 | 3.4207 | 4.6693 | 3.3380 | 4.5902
Bias 0.2435 | 0.2321 | 0.1226 | 0.0882 | 0.0399 | 0.0091
RMSE | 0.3394 | 0.2662 | 0.2711 | 0.2103 | 0.1081 | 0.0906

Table 6.2: Comparison of [1£(g) and II“5(g) for 1000 samples of size n €
{1000, 2000, 5000} of a Fréchet distribution with v = 2/3 and v = 3/4, where ¢
is the dual-power function principle.

6.3.4 Proofs

Let &,,&,, ... be a sequence of independent rv’s, defined on the same probability
space as the X!s, uniformly distributed on (0, 1) . For each integer n, the uniform

empirical df is defined by
1 n
G, (t) = 5; 1<, 0t <,

and the corresponding uniform empirical quantile function is given by
Vo (t)=inf{s: G, (s) >t},0<s<1,V,(0) =V, (0+).

In terms of the order statistics §;,, < --- < §,,, pertaining to the sample

&y, &,, we have

1 .
Vo(s) =& = <5< j=1,... ,nand V,(0) = &,
b n n b
The corresponding uniform quantile process is defined by

Bo(t)=vn(t—=V,(t), 0<t<1.


LAZHAR
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The two sequences of order statistics X1, < -+ < X,,, and §;,, < --- <,

are linked via the following equality

n D n
{Xn—j-i-l,n}j:l = {Q (1 - gnfjJrl,n) }j:1 . (626)
In this section, we use the well-known Gaussian approximation given by Csorgd
et al. (1986). On the probability space (€2, 4,P), there exists a sequence of
Brownian bridges {B, (s); 0 < s <1}, ., such that for every 0 <v < 1/2

sup 15, (5) = Bn (5)] =0Op(n™"), asn — oo. (6.27)

Vn<s<i-1/n (s (1 —s))Y/*7

Proof of Theorem 6.3.1. We have

1 k/n
H<g>=/k/g'<s>c2<1—s>ds+/o ¢ (5)Q(1—s)ds

=11, (g9) + 112 (g)

and
=~ = g(k/n
HK (g) - Z Ain (g) Xn—i—i—l,n + L/\B(Xn—km
i=k+1 1—p7

=1L (9) + 1IF (g).
It is clear that

Vi) - () v (Tl (o) - T (9)

g(k/m)Q (L —k/n)  (n/k)"?*g(k/n)Q (1 —k/n)

Necir and Meraghni (2009),, by using the second-order condition (6.23), have

shown that, as n — oo,

Vi (T (9) — T (9))
(/1) g (k/n) Q (1 = /)

= Wln+0P (1)7

this implies that

VE (I (9) ~ T (9)
9 (k/n) Q1= F/n)

=W, +op(l), asn — oo, (6.28)
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where

/ g (s)B,(1—-5)Q (1—s)ds

k/n
(n/k)""* g (k/n) Q (1 — k/n)
From (6.26), we can rewritte 11X (g) as follows

o g(k/n) B
- 1— ﬁa/\K (1 gn—k,n) .

Wln:_

~

IS (g)

It is easy to verify that

Vi (ﬁ§ (9) =TI (g)> = iTn

where
O VE [ -¢&) -
o= 5w | @by~ G (0~ 6en) ] |
vk [(n at
Ty, = K <E (1- gnfk,n)> - 1] ;
8 .
3n — K \/E - ’

=m0

and

L—06y  g(k/n)Q(1—k/n)
We begin with T3, according to de Haan and Ferreira (2006, and theorem 2.3.9,

k/n
T%_\/E[ R 9<3)Q“‘S)ds].

page 48), for any § > 0, we have

Q 1- fn_k,n n -
Q((l - k:/n)) (7 0-6)

n n - E(1_57171’9,11) —P_1
SYGHHEEn R

+op (1) <% (1 — €n_k7n))7pﬂ} )

where A (t) ~ A(t) as t — oco. Since % (1 =&, gn) =1+0p(1) (see Balkema

and de Haan , 1975) and vkA (n/k) = O (1) as n — oo, then we have

VE (Q (= €nrn) (- gn_,m))‘”’> =0z (1).

Q(1—Fk/n)
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From Csorgé et al. (1985), 7 5 ~, we obtain for all large n
Tln = Op (1) . (629)

For T,,, Taylor’s expansion yields

where A, (k) is a sequence of rv’s with values in the open interval of endpoints

1 and % (1 —&,_yn) which, from Balkema and de Haan (1975), converges in

probability to 1 as n — oo. It follows that, A, (k) RR 1, as n — oo. Therefore, as

n — oo,

{(0=60) =1} = VE (0= ) = h o)

On the other hand we have

R A (G A}

Then, for all large values of n

- k
By using the Gaussian approximation (6.27), we get as n — oo,
—y k,
{(g0-c0) i (-1

+ Op (n) (E) UH} (14 0p (1)

n

- —/im (1-5) ooy,

Consequently, since 7 5 v, we obtain for all large n

9 n _k
Tzn—l_m\/;aan(l n)+op(1)

= Wan + 05 (1) (6.30)
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For Ty, from theorem 1 of Deme et al. (2013), we have for all large n

VEGE — ) = VEA (n/k) /O sPK (s)ds

. 7\/% /O B, <1 . %) A (sK (s)) + 0 (1)

. ~K P
Then, since ¥ — v, we get as n — o0,

Ty, = m{\/_A<k>/ols_”K(s)ds

+7\/>/ 1B, (1_ﬁ)d(sK(s))}+oﬂn(1)

(1—57) \/—A( )/013”K(S)dS+W37n(K)+0P(1), (6.31)

For T},, a change of variables and an integration by parts yield

_ Vil k1 sk QL sk/n)

Y Sy e G/
~VE T o), g (kjn)

bk (90 ko Y,
njo g(k/n) \ Q1 —Fk/n) '
Since ¢ is regularly varying function at zero with index 1/ > 0 and with ¢ (0) =

0, then by using the 11th assertion of proposition B.1.9 in de Haan and Ferreira,
2006, yields that for ¢ | 0

1
g t)= Bt_lg (t)+o(1). (6.32)
Then, by using (6.32) and (6.19), we get as n — oo,

kg (sk/n) o 1/ls‘”‘lg('%/”)cls+o<1)

S

nho " Tgk/m) B g (k/n)
1 1 1€g(sk/n) ety
=3, ) (o) % oW
1
= +o0(1)
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Finally, we get

SR G TR U

Next, we apply the uniform inequality of regularly varying functions (see theorem
2.3.9 in de Haan and Ferreira, 2006). For a possibly different function Ay, with
Ao (z) ~ A(z), tx — 1, and for any § > 0, there exists a thresholds s5 € (0, 1)
such that for all ¢, ts < s;

'Ao (11/15) (%(<11__t:)) N 3”) - S”S_pp_ 1' < ds" T max (s°,s7°) . (6.33)

We have ¢’ (s) > 0 with s € (0,1), because ¢ is non-decreasing and differentiable

function. Then, by using the previous inequality (6.33), we have

‘Ao oG S/ggi%) (ch(ll i ) ds
A ]t

By using (6.32) and (6.19), we obtain as n — oo,

E 187’0 y— 59 (Sk/n) _
2 g (ofm) 5= O

Therefore, as n — oo,

Tan = —%\/EA <%) %/0 sV (s —1) %ds’ +o(l).

By using again (6.32) and (6.19), and after easy calculation, we get as n — oo,

_ n p ,
Tin = Vi <k‘) =B (B +Bp—1) - (634

Combining (6.29)—(6.31) and (6.34), we get

Vk (ﬁ§ (9) — 0 (9))
g(k/n)Q (1 —k/n)

Finally, combining (6.28) and (6.35), theorem 6.3.1 follows. m

= VEA (n/k) ABi (7, 8, p)+Wan+Wsp (K)+0e (1).
(6.35)
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Proof of Corollary 6.3.1. Since {B, (s); 0 <s <1} ,, is a sequence of

Brownian bridges, then

vk
g (k/n)Q (1 —k/n)

with

(% (9) ~11(9) ) B N (0. AVic (7, 9))., as n — oo,

AVic (3, 8) = Jim B (Win + Wan + Wan (K)))
= lim (E (W},) + E(W;,) + E (W;, (K))

+ 2E WiWay,) + 2E WiaWay, (K)) + 2E (W, W3, (K))) .

After elementary but tedious computations, we obtain as n — oo,

2\ 272 o
EW) = 55— n@sss—g oW
E (W) = aj—ﬂ)ﬁf)(l)

E (W, (K) 1—75 /K2 )ds +o(1),

EWinWan (K)) = +o(1),

(v ﬁ+5—1)(1—75)
EWiWs, (K)) =0(1),

and

E (W2nW3n (K)) = 0(1) :

Then, we get

2

B

AV (v, 8) = i K2(s
x(n ) 2v8+8—-2)(1—1B) 1—7ﬁ/

We complete the proof of corollary 6.3.1. m

Proof of Corollary 6.3.2. The proof is a direct result of corollary 6.3.1 with
the kernel K = K = 1(g). ®
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Proof of Theorem 6.3.2. According to theorem 6.3.1 and (6.22), we have as

n — 00,

Vi
g9(k/n)Q (1 —k/n)

where

(ﬁK (9) —II (g)) = Wit Wy +Wsp, (K)+ Wi (K)+op (1),

Wi (K) = vk (A(n/k>ABK (1. 8,p) = A% (p) ABrc (7% (7). 8.7) m>
= —ABx (v, 8, p) Vk (/TLS (») — A(ﬂ/’f))
— VEALS (7) (ABx (%% (), 8,9) — ABx (7, 3, p))

— VEA™ (5) ABk (7% (9) . 5,7) (ﬁ - 1) '

From Lemma 5 of Deme et al. (2013), we have

VE (A (3) = A(m/k)) =7 (1 -

Vi / 5, (1) a0 K, ) 4 )

Since p is a consistent estimator for p, then we get as n — oo
VEAYS () (ABx (3" (9) .7, ) — ABx (.7,p)) = 0 (1).

Making use of Potter’s inequalities (see 5th assertion of proposition B.1.9 in de

Haan, 2006), we obtain as n — oo

VRA® () ABi (7 31, ) (7t = 1) = or (1),

Therefore

W4n( :—")/ 1_ ABK(7 57 )

\[/ 5By (1__)d(8<K<S)—Kp(S>)>+oﬂ»<1), as n — 00,

It is clear that Wy, + Way, + Ws, (K) + Wy, (K) is a Gaussian rv with mean

zero and variance

AVic (39, 6,p) = lim B (Win + Wan + Wi () + Wi (K))*)



6. Empirical estimation of the distortion risk premiums for
heavy-tailed losses 123

Elementary calculation gives

AV (7,8,p) = AV (7, B) + r- 252) 0= p)QAB% (7, B, p)
HEE2EI (1= 1) [ oK (s)as) B (2.5,

This achieves the proof of theorem 6.3.2. m

Proof of Corollary 6.3.3. The proof is a direct result of theorem 6.3.2 with
the kernel K = K = 1(g;). ®

Proof of Corollary 6.3.4. From the proof of theorem 6.3.2, we deduce the
corollary 6.3.4. m
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Abstract

The aim of this thesis is to propose new edtinseof copula-based measures of
multivariate association and extreme risks. Tha@nadgion of the distortion risk
premiums for heavy-tailed losses is proposed byirNex Meraghni (2009). Their
considerations are based on the Hill estimatorl,(H875) of extreme tail index
and Weisman's estimator (Weissman, 1978) of the high quantilas well
known, in the extreme value theory, that Hill'srastor exhibits an important bias
which leads to an over/under estimation the aforgimeed estimators of the
distortion risk premiums. Several reduced biasd¢itnasons of the tail index are
now available in the literature that solves thislgem. In this thesis, we choose
the kernel estimation method to derive a new estmaf the distortion risk
premiums for large claims and establish its asytigptoormality. From the
simulation study, it is clear that the newly estiondhas a reduced bias, vis-a-vis to
the existing ones, for any choice of the kernetfiom.

Résumeé

L'objectif de cette théese est de proposer deveaux estimateurs de mesures
d’association multivariées et de risques extréntgsstimation des primes de
risque de distorsion pour les distributions a queuedes a été proposée par Necir
et Meraghni (2009). Leurs considérations sont lsmsée les estimateurs de Hill
(Hill, 1975) de l'indice de queue et des quanteisémes (Weissman, 1978). Il est
bien connu, dans la théorie des valeurs extrémes|'estimateur de Hill présente
un biais important qui conduit a une sur/sous-edion des estimateurs des
primes de risque de distorsion. Plusieurs estimataibiais réduits de l'indice de
gueue sont maintenant disponibles dans la littezadui permet de résoudre ce
probleme. Dans cette these, nous choisissons leoaedu noyau pour obtenir un
nouvel estimateur des primes de risque de distorgaur les grandes pertes et
établir sa normalité asymptotique. Une simulatimontre que notre estimateur a
biais réduit, vis-a-vis ceux qui existent déja, pmwt choix du noyau.
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