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Abstract

In this thesis, we are interested in the study of the existence and uniqueness of global
solutions, as well as, the blow up in finite time of solutions for a certains systems of semi-
linear Volterra integro differential equations of parabolic and hyperbolic type. Especially
the non-linear part is defined by an integral terms over the past history of the nonlinear
forcing containing fractional time-dependent convolution kernels. We study this type of
generalized problems to obtain similar results to those obtained in the case of an equation.
We will see that under certain conditions on the exponents, the order of the temporal
fractional derivatives there is a critical value of the dimension space for which the global
with small data solution results as well as the explosion in finite time with initial conditions
having positive average are obtained.

The methodology to be followed to demonstrate the global existence and the asymptotic
behavior based essentially on the use of the semi-group method combined with a priori
estimates in the Lebesgue spaces.

In parallel, in the study of the blow-up in finite time result, we will focus on the concept
of weak solutions and its connection with the mild ones and thus via the test functions
method’s get the desired results.

Keywords

Damped wave equation, Heat system, damped wave system, Local existence, Global exis-

tence, Asymptotic behavior, Finite time blow-up.
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Symbols and Abbreviations

Sets:

RN  the real Euclidean space of dimension N > 1.

Functions and functions spaces:

C([0,T], X) the space of continuous functions on [0, 7] to values in X.
Co (RN ) space of all continuous functions decaying to zero at infinity.
AC([0,T7) the space of absolutely continuous functions on [0, 7.

AC™0,T] {f:[0,T] = R,and 0} f € AC[0,T]} and 9} is the usual n times derivative.

C.(I,X) the space of continuous functions with compact support from I to X.
Cy(1, X) the space of continuous and bounded functions from I to X.
S (]RN ) The Schwartz space or space of rapidly decreasing functions on R*.
F(resp.F ') Fourier transform(resp.Fourier transform reverse).
S(t) the heat semigroup on R,
L? (RN) the space of measurable functions on RY such that |u|? is integrable.
the space of measurable functions u on [0, 7] to values in X such that
L ([0,7], X)
||u||% is integrable (1 < p < 00).
L (RN ) The space of measurable functions  on R such that there exists k&

such that |u(x)| < k for almost every z € RY.
Wwm.p (RN ) the usual Sobolev space.

H™ (RY) wm2(RY) ={f e L*(RY),D*f € L* (R") for all « € NV such that |a| < m}.

iii



Norms:

[lullp

[lullp.qr

[lullo

[lul[wmn

[l

1/p
= </ ]u|p) for u € LP (RV).
RN

t 1/q
— s ([uli)
0<t<T 0

;= inf{k > 0,|u(z)| < k almost every where}, for u € L (R").

= > ||Dl|r for u e WP (RY).

a<m

= (e ) o e 1 () s

a<m

N
D = Mﬁ,& = (0517 -'-aO‘N) ) ‘Ozl = E&i'
=1

Mathematical operators:

*

The convolution product.

Absolute value.
N

The classical Laplace operator: Au(x,t) = E%(m, t).
=1

the fractional integral operator in Riemann liouville sense.

1.e a < Cb.
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Chapter 1

General Introduction

he theory of Volterra integro-differential equations is an exciting branch of math-
Tematics. It is a mixture of Ode’s and integral equations and is still one of the
actively developing branch of the theory of differential equations. We cite a few mono-
graphs which are the classical source of fundamental facts and approaches in this field [7],
[8],]16],[56],]64],. Over the last 50 years or so the theory of VIDE’s has been revealed as
a very powerful and important tool in the study of nonlinear phenomena. It has arisen in
many applications where the current behavior of a system depends not only on the present
state, but also on the entire history of states since some fixed starting time. Many such
problems arise in environmental modeling (in models of evolution, population dynamics,
pollution) as well as in model equations from engineering and the physical sciences. For
example, in viscoelasticity, thermodynamics of phase transition, image processing, control
theory, theory of heat conduction with memory, compression of visco-elastic media and
in the theory of nuclear reactor dynamics (see e.g [9],[11],[19],[70],[74],[75]). The inter-
play between applied sciences and mathematics leads to the development of initial value
problems for nonlinear partial VIDE’s to model physical systems.
In the last few years considerable progress has been achieved in the investigation of

VIDE’s of parabolic and hyperbolic type. Some important results concerning existence,
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uniqueness, asymptotic behavior and blow-up in finite time in this theory may be found
in the works cited in our references. In particular, there has now been a great deal
of research on purely time dependent systems with memory delay, and on reaction-
diffusion systems containing terms which involve time memory delays. Some authors
have proved results on global convergence in some rather general settings (e.g. Pozio[36]
1983; Yamada[74] 1984). In most of these works the nonlinear term forcing is written as
f (u(t,a:),/tg(t,x,s,u(s,x))ds), t >0,z € Q. A particular case widely encountered
in populatio?q dynamics are Volterra diffusion equations, where the nonlocal "hereditary"
term takes the form of a convolution with a kernel g(t, z, s, u(s, x)) = k(t — s)h(u(s, z))
with a monotonicity assumption on h, thus allowing the nonlinear term to contribute to
the global existence and blow-up of solutions via comparaison principle (e.g see [4], [9],
[22], [48], [49]). These results are mostly based on the boundedness and the positivity of
the initial data in establishing the finite-time blow-up results.

However, it seems that there are not so many results concerning global existence study
and finite-time blow-up theories for PVIDEs with more general kernels, for example, with
weakly singular kernels of the form k(t) = ¢, 0 < a < 1, as compared with above
cited works (see [2], [28], [38], [45], [46],[66] and the references therein). Their approach
is completely different from those described above. Precisely, they do not require any
condition on the sign of the initial data and the solution, also they may consider unbounded
initial data.

On the other hand the study of the critical exponent problem traces back to 1966, when

Fujita considered the initial value problem

u = Au+uP, t >0, v € RV,
(1.1)

u(0,7) = up(z),r € RY,

with p > 1. He showed in his pioneering work [25] that if 1 < p < pp, where pp =1 + ]%

then the equation (1.1)) has no global (in time) positive solutions, but if p > pg, then for
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initial values bounded by a sufficiently small Gaussian the solution is global. Later on
Hayakawa [29] and Kobayashi et al. [30] proved that the critical case p = pr belongs to
the blow-up region. The power pp is called the Fujita critical exponent. In [14] Weissler
showed that if the initial data is sufficiently small in L%<(RY), where g, = w > 1,
then the solution is global. Namely, he established that p. corresponding to g, is the one
of Fujita exponent (pr = ps.). That is the Fujita critical exponent pr can be predicted
from the scaling properties: In other words if u is a solution of nonlinear parabolic equation
on RV with initial value uo(z) then, VA > 0, \*u(A\’t, \z) with initial value X\ug(\x) is
also solution of . Let us mention that the Fujita critical exponent can be detected
from rescaling argument by many others equations using the same procedure such as
uy — Au = t*|x|7uP, vy — V.(u"Vu) = uP, uy — Au = u(t, 0)P~%u(t, z) with p > ¢ > 1.
Recently, Souplet [48] studied the boundary value problem u; = Au + / tup (s)ds, t > 0,
and in particular he showed that all positive solutions blow up in finite t(i)me forall p > 1
(pr = 00).

More recently, Cazenave et al. [66] investigate the global existence/blow-up properties of

the following parabolic equation with non-local in time non-linearity

we — Au = / (t=5)" lulu(s)ds in (0,T) x RY, (12)

u(0,7) = up(z), in RY,
with p > 1,0 < v < 1, they showed that, if

4 — 2
(N —2429)"

py =1+

and p, = max {%,pv} € (0, +o0], where uy = max(u,0), then the behavior of solutions

can be divided into the following way:

(1) Ifv#0,p < p., and ug > 0,4y # 0, then u blows up in finite time.
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(ii) If v # 0,p > p., and ug € L, (RY) (Where Jsc = %ﬁ) with ||uol|z,,, , sufficiently

small, then u exists globally.

Their study reveals surprising the fact that for equation the critical exponent is not
the one predicted by scaling argument, as we have seen above the well known scaling
technique is efficient for detecting the Fujita exponent for several equations of nonlinear
parabolic type one. Needless to say that the equation considered by Cazenave et al is a
genuine extension of the one considered by Fujita in his pioneering work [25].

The results obtained in [66] are later extended by some authors to the weakly coupled
parabolic systems, damped wave equations, weakly coupled damped wave systems, we
refer the reader to [6l 21], 37, 146, [47, 50, [71], [72].

From the point of view of diffusion phenomenon, it is expected that for the damped wave

equation

ORult, ) — Ault, z) + Byult,z) = f(u), ¢ > 0, 7 € R", -
uw(0,2) = up(z), us(0,2) =ui(x); =€ RV, ‘

the same result hold, for f = |u[P~1u, existence of classical solutions has been investigated
for a long time (see [5, 69]), for f = |ulP Todorova and Yordanov proved in [20] that
the critical exponent of is pr. More precisely, they proved if p > pp there exists
a unique global solution of for sufficiently small initial data in the weighted energy
space while, if 1 < p < pr every solution with initial data having positive average must
blow-up in finite time. Later Zhang in [51] proved that the exponent pr belongs to the
blow-up region.

In the case of damped wave equation with nonlinear memory
t
uy — Au+uy = / (t — 1) |u|*dr in (0,7) x RY (1.4)
0

Fino in [2] addressed the global small data solutions and their asymptotic behavior as

t — 400 to (1.4) when N = 1,2,3. he was shown that the solution of (1.4 behaves as
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that of the corresponding diffusive equation (1.2)), indeed, he showed that when ¢ — +o0

the solution decays exponentially outside every ball B (t%Jr‘S), 0 > 0. Namely

HDU(t, ')HLZ(RN\B(t%+5)) -

Furthermore, he proved that:

1. Let a > 1,7 € (%,1) for N =1,2 and v € (%,1) for N = 3. If py < «, where

2(3-2 4(3-2 N+2(5-4
( 7)+’p2:1+ ( 7)+7p3:1+ ( 7+)‘
(N —2+29) (N —4+4) (N —2+4y)

b1

Then, the problem (|1.4]) admits a unique global mild solution with small data. While

2. let 1 <a< &5 for N=3,a € (1,+00) for N =1,2, %22 < v < 1 and (uo,u1) €
H' (RY) x L* (RY) such that /Nui(x)da: > 0,i = 0,1. if @ < p,, then the mild
solution of the problem bloxli—up in finite time.

In [38], Berbiche studied the global existence of solution for and he proved that if
p>2 p>p, for N =123, then the mild solution with small initial data with low
regularity and not necessarily in L!(RY) exists globally in time. In addition, if 2 < p < 5,
then some of these solutions have the same behavior of the self-similar solutions of the
corresponding heat equation with nonlinear memory .

Before closing this section, we just briefly mention the result obtained by M.Loayza,
I.G.Quinteiro which is directly connected to the problem proposed in chapter 3. In [46]

the authors discussed the following weakly coupled parabolic system

(

t
Uy — Ay = / (t —s) " w|P~lo(s)ds,t > 0,2 € RV,
0

t
v — Av = / (t — s) 2 |ul? u(s)ds, t > 0,z € RY,
0 (1.5)

U(Oa 1’) = Uo(ff); ut(()?I) = ul(x),x < RN:

\ v(0,2) = vo(x);v:(0,2) = vy (x), z € RY,
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with p,q > 1,0 < 74,7, < 1 and ugp,vg € Cy (RN ), they interested to find conditions
on parameters p, q,7,,7, to determine when solutions of system (1.5 either blow up in
finite time or exist globally in smooth bounded domain of RY with Dirichlet boundary

conditions.They established the following result: Assume that, pg > 1

1—py,+p(1—gqv) +plg+1) <L (pg—1),

=gy +q(l—py)+qp+1) <S(pg—1),

(i) if

(i) it L—py,+p(1—qy) <0,
1 —qy, +q(1—py,) <0,

(iif) and if{ (2 - #) <L (L-4) <L,

. B N(pg—1) _ N(pg—1)
with v, = , Ty = )
202 — v, +p(2 — )] 202 — vy +q(2 —7y)]
Then global solution with small initial data exists.
Whereas if
n Epg—1)<l—py,+p(l—qn)+plg+1),
Epg—1)<1—qy+q(1—py)+qlp+1),

(ii) 1—pya+p(1 —qvy),or 1 —qy; +q(1—py,) > 0.

Then every nontrivial solution blows up in finite time.The condition (i) in both cases are

eliminated in bounded domain 2.

1.1 Structure of Thesis

1. In the next section, we show a summary of our main results which are developed in

the chapters of this thesis.

2. In order to provide the reader with a sufficient background, we recall in chapter 2
some definitions and basic results support our subject, besides we will expose the

well posedness of the damped wave equation with nonlinear source terms.

7
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3. The third chapter is devoted to show the blow-up result for damped wave system
with nonlinear memory through which we extend the study of fino [2], and we give
conditions relating the space dimension N with the parameters v,,v,, p, ¢ for which
the solution with initial data have positive average blow-up in finite time. We apply
the method of test functions developed by Mitidieri and Pohozaev [12],[13] and Zhang

[51] to prove this result.

4. In the chapter 4, we are interested to study the existence and uniqueness of the local
solution for Cauchy problem of wave equation with both frictional and displacement
dependent damping terms with nonlinear memory in multi-dimensional space R¥,
as well as, we give a sufficient conditions on parameters in order to show a blow-up

of weak solution result for any dimension space.

5. In the last chapter, we establish a results to more general class of Cauchy problem
contains strongly coupled semi-linear heat equations with some kind of nonlinearity
in RY, we see under some conditions on the exponents and on the dimension NNV, that
the existence and uniqueness of time-global solutions for small data and their asymp-
totic behaviors are obtained. The observation will be applied to the corresponding

system of the damped wave equations in low dimensional space.

1.2 Presentation of the Obtained Results

Chapter 4: On The Nonexistence of Global Solution For Wave Equations With
Double Damping Terms and Nonlinear Memory

This chapter is devoted to study the following Cauchy problem:

t
Ou(t, ) + |u(t, )| 1 Ou(t, x) + du(t,x) = / (t — 1) 7" |u(r,z)[PdT, in [0, T] x RY,
0

u(0,2) = ug (7) ,us(0,2) = uy (), in RN,
(1.6)
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Where, =0 -A, pm>1;0<y<1,N >1, u;(z),i = 0,1 are given initial data.We
prove the existence and uniqueness of local solution by using some estimates in sobolev

space and we get the following result:

Theorem 1.1 Let N > 1,5 > % + 1 and m,p € (0,+00) N (s — 1,400). Then for any

up € H* (RY) and vy € H* (RY) , @) admits a unique solution

we C([0,T); B (RY)) nC* ([0,T]; H (RV)),

with some positive T, which depends only on ||uo||ms + ||u1||grs—1-

In the second part of this chapter we deal with the blow-up case and we use the test

method function to show the result below

Theorem 1.2 Let N > 1,0 < v < 1 and p,m such that p > m > 1. Assume that the

initial data (ug,uy) satisfy

/ up(z)dz > 0,/ |uo|™ tug(x)dz > 0, and / uy(z)dz > 0.
RN RN

RN

Then if

{ N +2 1}
pS y .
(N—=242v), v

The solution of @ does not exist globally in time.

Chapter 5: Global Small Data Solution For a System of Semilinear Heat Equa-
tions and The Corresponding System of Damped Wave Equations With Non-
linear Memory

This chapter is contains two sections, the first one is devoted to study the Cauchy problem

for a strongly coupled semi-linear heat equations
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(

t
U — Au = / (t—8) " Ju(s)|P*|v(s)|2ds in (0, T) x RV,
0
t
v — Av = / (t = )7 |u(s)lP2|v(s)|2ds in (0, T) x RY, (1.7)
0
| (0, 2) = uo,v(0,2) = vy, re RV

Where the unknown functions u := wu(t, z), v := v(t, ) are real valued, N > 1, p1, q1, p2, g2 >
1,0 < 7vq,7, < 1 and ug, vy are given initial data. We show an important result concerns
the existence and uniqueness of local solution for the system then, we give conditions
relating the space dimension N with the parameters of the system for which the mild
solution exists globally in time and satisfy L” — L7 estimates with the norms of initial data

sufficiently small.

Theorem 1.3 Let N be positive integer. Let the real numbers p1,p2, q1,q2 > 1,

0 < 7vy,79 <1 be such that

[(I=v) (P2 —1) = (1 =) @] ((pr = 1) (p2— 1) —q1q2) > 0O,
[(T=7) (1 —1) = (L =)@l ((p1 = 1) (p2 — 1) —q1g2) > 0,
p2—q =1 ((p1—1)(p2—1) —q1q2) > O,

1 — g2 —1((p1 = 1) (p2— 1) —quq2) > 0.

And ug, vy € Co(RY). Let (u,v) € {C ((0, Tinax) ,C’O(RN))}Z.

Assume that
(2 —7) (P2 —1) = (2 =)@

—>1=—7+ 7

2 (p1 = 1) (p2— 1) — 1

>l + (2 _p72) (plfl)_(Q_q(V]l)Ch (1.8)
2 ? (1 —1)(p2—1) — q1ge

(=1 (p2—1) = qg2) X [p2 (vip1 — 1) = 7ip1 + @1 (1 = 71q2) + 1 — 7901, (1.9)

(01 = 1) (p2 = 1) = quq2) X [p1 (vap2 — 1) — yap2 + @2 (1 — voq1) + 1 — 7142]

10
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and N N N
NP1 Zﬂ+ﬁ +ﬂ ]2+q_2 <2(p1+(h)+_v
N2 T1 T2 ]\/? T9 T ]%7 (110)
ﬁ ]24_@ ﬁ &_i_q_l <2(p2+Q2)+—.
2 T T1 2 T T9 2

Then there exists a constant € > 0 such that if the initial data satisfy

(uo, v9) € L™ (RY) x L™ (RY) and
[luolloe + [[volloo + [|uollr, + [lvollr, <e,

the problem admits global solution (u,v) € C ([0, +00); L™ (RY) x L™ (RY) N C'O(RN))2

satisfies the following decay estimates
[ulloo < C A+ [Jollo < C 1+t >0,

where
N{(p1 —1)(p2 — 1) — 1] (=) (-1 - (1-7)a

2[C-) -1 -C-wal ' -1 —aqa
oo Nl =D (p2—1) — q10] 3, = (I=7) =) -1 —7)e
’ PN (=) 1) — @

r =

2[2=7) (1 —1) = (2= 1) @]
In the second part, we consider the following damped wave system in low dimensional
space:

;

t
Uy — Au+uy = / (t—8) " u(s)[Prv(s)|9ds in (0, T) x RN,
0

t
Uy — Av + vy = / (t — )72 |u(s)[P2|v(s)|%2ds in (0, T) x RY, (1.11)
0

u(0, 1) = up(z), us (0, ) = uy(x),v(0,2) = vo(x),v:(0,2) = v1(x) =€ RV

Where the unknown functions u := u(t, x), v := v(t, x) are real valued, N > 1, p1, q1, p2, g2 >
1,0 < 74,75 < 1 and ug, vy are given initial data. We prove the local existence, uniqueness
and global existence theorems similar to the one presented in previous part in different

spaces.

11
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Theorem 1.4 Let 1 < N < 3 be positive integer. Let the real numbers pi,ps,q1,q2 >

1,0 < 7vy,75 <1 be such that

(=) (2= =1 =) @] ((pr —1)(p2—1) —q1q2) > 0,
(=) (1 —1) = (1 =7) @] ((pr—1)(p2—1) —q1q2) > 0,
p2—q1 — 1 ((p1 — 1) (p2 — 1) —qug2) > O,

p1—@—1((P1—1)(p2—1) —qq2) > 0.

Assume that the conditions (1.8), (1.9), (1.10) are verified. Then there exists a constant

e > 0 such that if the initial data satisfy (u;,v;) € {W'=1 (RN) x W= (RN)}* i = 0,1
and
[uollwrrawree + [[vollwiiawree + [[ur]|pinze + [[vi][pinre <,
the problem admits global solution
(u,v) € C ([0, 400); L™ (RNV) N L>® (RY) n H' (RY)) N C* ([0, +00); L* (RY))
xC ([0,+00); L™ (RY) N L= (RY) n H* (RY)) N C* ([0, +00); L? (RY)),

satisfies the following decay estimates

ulloo < C (141" o]l < C (L +1t) 1t >0,

_ Nk =1 (p2—1) — 1] o A=) - -0 -7)n
202 =) (p2—1) = 2 =) @]’ (p1— 1) (p2 — 1) — 142
Nl =1 (p2 = 1) — 10 (I=7) -1 —(1-7)e
2 [(2 - 72) (p1 - 1) (2 ’71) qQ] (p1 - 1) (p2 - 1) — 4142

751
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Chapter 2

Preliminary Concepts

I n this chapter, we recall some definitions and classical theorems of functional
analysis that are necessary for the study of semi linear evolution equations. The

proofs can be found in [65].

2.1 Definitions and Basic Results

Definition 2.1 (L? space). The LPnorm of function f : RN — R, denoted by || f|

Lp,iS

. (/R|f<t>|pdt)”, 1< peoo,
Lr =

esssup | f|, p= oc.
zeRN

If || fl|l» < o0, then f € LP (RY).

Definition 2.2 (Sobolev Space) Let k € NU {0} and p € [1,+0o0], then the sobolev space

WHP(RY) := {u € LP(R") : D*u € LP(RY), Vo with |o| < k} .

13
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This space is equipped with the norm

HUHW’W(RN) = Z ”Dau”LP(RN)-

|| <k

Definition 2.3 (H® norm).The H® norm of function f : RY — R, denoted by || f|

Hs, ZS

in

A 1/2
w= | [ arley it

where & is the Fourier transform variable of f. If ||f]

gs < 00, then f € H®.

Definition 2.4 (X* Space). The X* norm of function u(t,z) : RN x [0,T) — R, denoted

XS

by |[ul

lullx= = sup ([u(®)|[m= + [|Ou(t)||ms-1) .
te[0,7)

where T < 00 is positive constant. If ||ul|xs < 0o, then u € X*.

Theorem 2.1 (Sobolev Embedding). For any N-dimensional space, the function
u(ty) € H®, if s > %, then

lu(to)l| o= < |u(to)]

Hs-

Theorem 2.2 (Banach Contraction-Mapping Principal). Let (X, d) be a complete metric
space and G : X — X a map such that there exists 6 € [0,1) satisfying d (G(x),G(y)) <

Od(x,y) for all z,y € X. Then, there exists a unique xg € X such that G(zq) = .

Theorem 2.3 (Gronwall’s inequality ). Let f be a nonnegative, continuous functions on
[0, T, which satisfies
t
05 [ 1)
0

for allt € [0,T]. Then, f(t) =0 for allt € [0,T].

14
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Theorem 2.4 (Leibnitz Integral Rule). For —oo < a(x) < b(x) < oo,

d b(z) d d b(x)
( f(x,t)dt) = f(a:,b(x))d—b(x) — f(x,a(x))d—a(x) + Opf(z,t)dt. (2.1)

de‘ (z) X X a(x)

2.1.1 Fractional integrals and derivatives

Definition 2.5 (Fractional Riemann-Liouville Integral): Let f : [a,b) — RY. Fractional
Riemann-Liouville integral of f of order a > 0 1is the integral defined by the following

formula:

JEf(t) = ﬁ / (t— )™ f(s)ds. (2.2)

Where « is real or complex number. T' («) is Euler gamma function.

Definition 2.6 (Riemann-Liouville fractional derivatives): Let o € [m — 1,m/],
m € N*. We say the left derivative of order a in the sense of Riemann-Liouville the function

defined by :

Dt = () () 0],

We say the right derivative of order a in the sense of Riemann-Liouville the function

defined by :

st + = (2)" [(571) o]
S (—%)m / (s = m f(s)ds.

Definition 2.7 (Caputo fractional derivatives): Let o € [m — 1,m[,m € N*. We say the

left derivative of order o in the sense of Caputo the function defined by :

15
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[ e
F(m—a)/a(t s) f(s)"™ds, t > a.

We say the left derivative of order o in the sense of Caputo the function defined by :

Dy f(t) =

_— ’ — 5)™ L £(5)M (s )
D (1) = )/tor Y=ot f(s)mds, t < b

Proposition 2.1 Let a and (3 are real number, and f is continuous function in the in-

terval |a, b)

(1) T () (0 = 51, (0,8 0).
(2) % (Ja.0) 0 = Jg 1 f0), a>1.
(3) limy (J5,7) () = F(1). o >0,

Lemma 2.1 (Formula of integration y parts) for every f,g € C([0,T]) such that Dg, f(t),
1t‘Tf( ) ezist and are continuous, for allt € [0,T], 0 < a < 1 we have the formula of

integration by parts
T
/ (Do\t t)dt = / f(#) Dt\Tg t)dt (2.3)
0
Note also that, for all f € AC™"1[0,T] and all integers n > 0, we have
(—=1)"07' Dyjp f(t) = Dy f(2). (2.4)
Moreover, for all 1 < q < oo, the following formula
&t‘](())it = Idrao,1)- (2.5)
holds almost everywhere on [0,T].

16
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Lemma 2.2 if wy(t) = (1-t/T)%,t>0,T >0, 0 >> 1, then

Dipwy(t) = CT7(T — )7, Dyt wy (t) = CT (T — )7,

T
(2.6)
D;#wl(t) =CT (T —t)7 % foralla € (0,1),
(2.7)
(Dfjrw:) (T) =0, (Dijpwn) (0) =T~ <D?|}r1w1) (T) =0, (fo;lw1> (0) =T "1,
(2.8)

For the proof of these results, see [1]

2.2 Semigroup of bounded operators

2.2.1 m-dissipative operators

In this part, we recall some facts concerning semigroup of bounded operators. Let X is

Banach space.

Definition 2.8 (Unbounded operators in Banach spaces). A linear unbounded op-
erator in X is a pair (D(A), A), where D(A) is a linear subspace of X and A is a linear

mapping D(A) — X. We say that A is bounded if there exists ¢ > 0 such that
[l Aul| <,

for allu € {z € D(A), ||z|| < 1}. Otherwise, A is not bounded.

Definition 2.9 (dissipative operators). An operator A in X is dissipative if
[l — AAul| = [[ull,

for alluw € D(A) and all A > 0.

17
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Definition 2.10 (m-dissipative operators) An operator A in X is m-dissipative if

1. A is dissipative.

2. for all A> 0 and all f € X, there exists u € D(A) such that u — NAu = f.
If X is a Hilbert space, we have the following proposition:

Proposition 2.2 A is dissipative in X if and only if (u, Au) <0, for all u € D(A).

2.2.2 The Laplacian in an open subset of R" : L2 C; theories

Let © be any open subset of RY, we define the linear operator A in L?(Q) by

D(A) ={u e Hy(Q) NL*(Q); Au e L*(Q)},
Au = Au,Vu € D(A).

Proposition 2.3 A is m-dissipative with dense domain.

Let 2 be any open subset of RY, we define the linear operator B in Cy(£2) by

D(B) ={u e H} () N Co(Q); Au € Co(Q)},
Bu = Au,Vu € D(B).

Proposition 2.4 Assume that ) has Lipschitz continuous boundary. Then B is m-

dissipative, with dense domain.

2.3 Contraction semigroups

Definition 2.11 (Contraction semigroups) one-parameter family (S(t))i>o0 of linear op-

erators 1s a contraction semigroup in X provided that

1 IS@| <1 forallt >0,

18
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2. 5(0) =1,
3. S(t+s)=8(t)S(s) for all s,t >0,
4. for all x € X, the function t — S(t)x belongs to C([0,00), X).

Definition 2.12 (Infinitesimal generator) The generator of (S(t))i>, is the linear opera-
tor L defined by

D(L):{xEX;% has a limit in X aShLO},

and
. St)r—=x
Lz = lﬁng, for all z € D(L).
Proposition 2.5 Let (S(t))t~o be a contraction semigroup in X and let L be its generator.

Then L is m-dissipative and D(L) is dense in X.

Theorem 2.5 (The Hille-Yosida-Phillips Theorem) A linear operator A is the generator

of a contraction semigroup in X if and only if A is m-dissipative with dense domain.

2.3.1 Heat semigroup

In this part, we denote by (S(t))~, the semigroup generated by B in L? ().
Lemma 2.3 The embedding D(B) — H} () is continuous.
Homogeneous equations

Proposition 2.6 Let p € L*(Q) and let u(t) = S(t)y fort > 0. Then u is unique solution

solution of the problem

u e C([0,+00), L2 () N C* ((0,4+00), L* (), Au € C ([0, +00), L? (),
u'(t) = Au(t),Vt > 0,

u(0) = .
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In addition we have

u € C([0,+00),HS (Q)),

lAu(®)||2 < 12, Vt > 0,

L1l
/2 ¥y
1
|Au(t)||2 < ——=|l¢]|z2, ¥t > 0.

Viv2

Assuming more regularity of v, the solution u is also more regular.

Lemma 2.4 Fort > 0, we define K(t) € S (RY) by K(t)z = (47rt)7% e‘l%f. Let ¢ €
Ce (RN) and let v(t) = K(t)*v. Thenv € C ([0,400); C, (RY))NC> ([0, +00); CZ (RY))
and, for all 1 < p < oo, we have v € C ([0, +00); LP (RN)) N C* ([0, +o0); L? (RN)). In

addition:
(i) v, = Awv for allt > 0.
(ii) v(0) =¥

1

(i) [Jo(t)||r < (47rt)_%(5_é) llol|La, for 1 < q <p<oo and for all t > 0.

Lemma 2.5 Let p € Y, > 0 a.e. on Q. Then, for all t > 0, we have S(t)p > 0 a.e. on
Q. From the lemmal[2.4 and[2.5 we have the following proposition:

Proposition 2.7 Let 1 < q¢ <p < oo. Then

1_1

1Sl 1o < ()~ % G0 [[o] s

forallt >0, and ¢ € X.
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Semilinear problems

Proposition 2.8 : Letp € Cy (Q),T > 0, and letu € C([0,T] ,Cy (2)) . Then u solution
of

.

u € C([0,T],Co () N C((0,T], Hy (2)) N C ((0,T7], L* () ,
Au € C((0,T],L* (),
ug — Au = F(u),Vt € (0,71,

u(0) = o,

\

if and only if u satisfies
u(t) = S(t)p + /tS(t — $)F(u(s))ds,Vt € [0,T].
0

Remark 2.1 For the proofs of these results and more details you can see [65].

2.4 Damped Wave Equation

The original concept of damped wave equation, was appeared in 1965, when James Maxwell
formulated a unifying theory of electricity and magnetism, his theory was concluded by

the following electromagnetic wave equation

—

— —
Vx B =p,J + pyeod E. (2.9)

Where E is the electric field, B is the magnetic field, 7 is the current density in the
medium, i, €p are fundamental constants.

recently, Justin Richman added some conditions to the equation , he considered it
inside ohmic materials and proposed that Ohm’s law holds everywhere in the medium, i-e

ﬁ ﬁ . . .
J = o E, and the conductivity of material 0 = py = ¢y = 1.
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using some mathematical tools, then, Maxwell’s equation takes the following form

— —

2—>
PFE +9,E — AE =0. (2.10)

The new form of Maxwell’s equation neglects some physical effect, indeed, the

assumption that the conductivity is constant is good approximation for most metals,

but some effects like heating can cause the conductivity changes over time. However,

perturbations to the system can be reintroduced by adding terms that may depend on
-

position, time, and the solution itself, generalized as some function F'( E), which for our

study be the nonlinear source term.

2.4.1 Well-Posedness
Definition 2.13 (Damped Wave Equation).
O?u + Opu — Au = F(u), (x,t) € RY x [0, 00),

u(z,0) = g,z € RY, (2.11)

uy(z,0) = h,x € RY.

Definition 2.14 A partial differential equation is called well-posed if the following are

satisfied:

1. The solution exists in some function space given initial data which is contained in

the function space.
2. The solution is unique within this function space for given initial data.
3. The solution depends continuously on the initial data.

The second part of this section is devoted to solve the damped wave equation (2.11)) on
the Fourier transform side. This will provide us necessary formulas for bounding solutions

in X space later.
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Lemma 2.6 if

g@ —1/2t cosh (1/2t /1 R 4|§ > gl+if‘2|2€ 1/2t sinh (]_/275\/1 — 4|§ ) |§| < 1/2,

g = § ge '/ + (1/2g-+’h>t641/%7 Sl =1/2,
ge —1/2¢ CcOS (1/2t1 /4|€|2 > ‘ZZTQ}L 71/21‘/ sin (1/2t\/ 4|€|2 ) |§| > ]‘/27

(2.12)

then ug solves the equation for F =0 (the homogeneous case).

Proof. Taking the spatial Fourier transform of the homogeneous damped wave equation
yields the following:

Ty + 1y — [€]Pu = 0. (2.13)

This is a second order ordinary differential equation with respect to time. this equation

has the following characteristic equation
P +r+ [ =0,

in which the solution is
B —14 /1 —4|¢|?
— 5 )

The solution of depends on whether the roots of the characteristic equation are real,
imaginary, or double roots. Depending on the value of |£| these are all possible, so the
solution must be computed piecewise.

Case 1, | < % : In this case, the roots are both real, and so the solution of 1) takes

the form

i = Ae /% cosh (1/275\/1 - 4|5|2> + Be Y2 sinh (1/2“/1 - 4|§|2) . (2.14)

Evaluating this at ¢ = 0, we get
u(€,0) = A.
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Since u(x,0) = g, it follow that u(x,0) = g, and so A = g.

Taking the partial derivative with respect to time of (2.14]) and evaluating at t = 0 gives

4(€,0) = —1/2A + 1/2B+/1 — 4|€2.

From equation (2.11)) we have @,(£,0) = h, so B = \/fjf\EIQ

Case 2, £ = 1/2: In this case, there is a double root, so the solution takes the form
4= Ae ™V 4 Bte V2,

Evaluating at t = 0 gives A = §. Evaluating the partial derivative with respect to time at
t =0 gives B =1/2§ + h.

Case 3, £ < 1/2: In this case, both roots are imaginary. The solution takes the form

i = Ae™/ cos (1/20/AEP — 1) + Be™*sin (1/267/4P —1).

Evaluating at t = 0 gives A = g. Evaluating the partial derivative with respect to time at

t =0 gives
w(£,0) = —1/2A + 1/2B+/4[£)? — 1.
From (2.11)) we have @;(&,0) = iL, so B = \/%. Thus, we have found the homogeneous

solution to the equation (2.11)) on the Fourier transform side. m

To find a particular solution, we use Duhamel’s Principal.

t
Lemma 2.7 (Duhamel’s Principal) .Suppose w = / v(z,t — s, s)ds, where v solves
0
02+ 0w — Av =0, wv(x,0,s)=F(x,s). (2.15)

Then, w solves equation for g =0 and h =0 (particular solution).

Proof. plugging w into (2.11)) and using Theorem you can get the proof easily. m
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Consequently, we can deduce the following corollary:

Corollary 2.1 For v describe as in Lemma

P o1/20-9) sinh (1/2(t - 5)/T— 4P, €] < 1/2,

1-4[¢]?

(6, 5) te1/209), =172 (219
2LEs) o-1/2(t-5) sin (1/2(t — s)\/AER — 1), |€] > 1/2.
| e (/20 = 9)VAP =1), Iel > 1/

eSS

0(&t—s58) =

Proof. This follows directly from Lemma 2.6/ for ¢ = 0 and h = F(x,s). m
Now, we have an explicit formula for the solution of equation (2.11)) in terms of its Fourier

transform:

Theorem 2.6 If u = uy + w, with ug describe as in Lemma (2.6 and w describe as in
Lemma then u solves equation .

Proof. u satisfies the initial condition:

u(z,0) = ug(z,0)+w(z,0)=g+0=yg,

O (x,0) = Owp(z,0) + dhw(x,0) = h+ 0 = h.
Plugging u into equation ([2.11)) yields
Ou+ O — Au = 07 (ug +w) + 9 (ug + w) — A (ug+w) =0+ F = F. (2.17)

As shown in Lemma [2.6{and (2.7]). Since u is the sum of the homogeneous solution v, and

a particular solution (w), u solves equation (2.11)). m

Theorem 2.7 [53] for the solution u to equation

t
lullas < HgHHs+Hh||Hs—1+/ || E ()] |z7-2dt’,t € [0, +00),
0

||Oyul gs—1dt’ € [0, +00).

e+ |Ih

o S llgl

t
o 4 / IF ()
0
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Chapter 3

Blow-up Of Solution For Damped
Wave System With Nonlinear

Memory

3.1 Introduction

In this chapter, we are going to extend the result of M.Loayza, I.G.Quinteiro presented in

chapter 1, and we deal the blow-up case of damped wave system

(

¢
U — Au+ up = / (t —s) |v(s)[Pds;t > 0,z € RV,
0

t
vy — Av+ v = / (t —s)2|u(s)|9ds;t > 0,7 € RV,
0 (3.1)

u(0,7) = up(z), us (0, 2) = uy(x), z € RY,

0(0,2) = vo(w), 0r(0,) = vi(2); 0 € RV,

\

where, p,q > 1 satisfy p¢g > 1, and 0 < 74,7, < 1, ug,v9 € Cp (]RN). There is a
wide literature on the qualitative properties of solutions to the heat equations and the
damped wave equations with polynomial nonlinearities, see for example, [10]-[50], and the

references therein. These works deal with the questions of global existence, asymptotic
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behavior, blow-up in finite time and so forth as well as a variety of methods used to study
these questions.

In [72], Xu considered the problem , he proved the global existence and asymptotic
behavior as ¢ — oo of small data solutions in the case when N = 1, also, he showed under
some positive data the nonexistence of nonnegative weak solution for N > 1. The method
used in [72] is inspired from the weighted energy method developed by Todorova and
Yordanov [20]. As we have seen, Xu restricts himself in the case of compactly supported
data and the dimension N = 1.

Recently Berbiche [37], studied the problem , he obtained the small data global so-
lution result in low-dimensional space 1 < N < 3 with non compactly supported initial
data and obtained the L°°-decay estimates.

More recently [47], Wu et al. studied the problem ({3.1)) with v, = v, =~ € (0,1/2), when

N =1, and obtained the critical exponent

T(p+1) /ﬂq+U}_1
e L

F(]%Q?V) ::m&X{1—7+—’1_,y+
pq—1 pg—1

They proved that if F' (p, ¢,7y) < 0 there exists a unique global small data solution of
and if F'(p,q,7y) > 0 the non-existence of global solution can be derived with the initial
data having positive average value.

Before setting the result concerning the nonexistence of global solution of 3.1} let us define

the weak solution of (3.1])

Definition 3.1 (Weak Solution). Let T > 0,7y,7, € (0,1) and ug, w1 € Li,, (RY) . We say

loc

that (u, v) is a weak solution if (u,v) € LY ((0, Trax) ; L, (RY)) x LP ((0, Tinax) ; L}, (RY))

loc

and satisfies

(g / / eJop; ([v]”) dxdt+/ uy(z)p(0, :U)d:t—i—/RNuo(m) (p(0,2) — ¢,(0,2)) dx

//ugpttdﬂlt—/ / ugptdmdt—/ / ulApdxdt
RN RN RN
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and

(as / / P22 (|ul?) dxdt+/RNvl(x)zp(O,x)dij/RNvo(x)(w(O,I)—1/1t(0,x))dx

/0 /Rvattda:dt —/0 /RNm/Jtdxdt — /OT/RNvAwda:dt (3.2)

holds for any test functions (p,v) € (C? ([0,T] x ]RN))2 and satisfying

SO(Ta):SOt(T7) =0 a”d¢(Ta) :%(T,) =0, where 051:1_71’&2:1_72'

3.2 Blow-up Theorem and its Proof

Theorem 3.1 Let N > 1,p,q > 1, and 0 < vy,7v, < 1. Assume that

N 2 — 1-— 1 (2-— 1-— 1
N mm{(( V)P + (1= 7)pg+1 2= m)a+ (1 —)pg+ )} (3.3)
2 pg—1 pg—1
or
1 —pyy +p(1—qv) >0,
or (3.4)
L—gv+4q(1—pyy) 2 0.
If the initial data (u;,v;),i = 0,1, satisfy
/ w;(x)dx >0 cmd/ vi(z)dzr > 0,i=0,1. (3.5)
RN RN

Then the solution (u(t,x),v(t,z)) of problem does not exist globally.

Proof. The proof is by contradiction. Suppose that (u,v) is a nontrivial weak solution of

(3.1) which exists globally in time. Furthermore, let define the following test functions

Pt ) = Dy (3(t, 7)) = Dyip. (¢4 (2) 9, (1))

Y(t,z) = Dz ((t, ) = Dii (1 () @5 (¢))
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with ¢, (z) = ® <%> Lo (1) = (1— %)1 and ®(r) is a smooth non increasing function

such that

Lif 0<r<I,
O(r) =
0 if r>2,

with 0 < ® < 1. The constant [ > 1 in the definition of ¢ and v will be chosen later. We

have from the definition of the weak solution

+/ ( )(DﬂT%O( T) — atDﬂTSO(O;SU)) dx

T T T
= / / u82Df|r}<pdxdt—/ / u@thflT¢dxdt—/ / uADj7pdxdt, (3.6)
0 0o JrN 0o Jrw¥

and

F(O@)/OT /RN Jope ([ul?) Dyj7-pdxdt + /RN vi(2) D2 3(0, ) d
+/ ol )(Dtngo( x) — 8tDt|T<p(O,x)> dx

T
/0/ v@QDgT%@dxdt // vO, D7 pdrdt — // vAD 7 pddt. (3.7)

Using the formulas (2.3) and (2.8) in the left-hand sides of (3.6)) and (3.7]), while in the

right-hand sides using (2.4), we conclude that

/ / DgLJet ([vl?) gddt + CT— / ur (1) (@) de

RN
+C (T~ + T / uo(x) ¢} (x)dx

RN

T
/ /RN th"f;algp + Dtl‘;‘“(p dxdt _/o /RN uADjrpdzdt, (3.8)
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and

042/ / Dgit Joit ([ul?) godxdt—l—C'T”/ vy ()@} (7)dx

RN
+C (T2 4+ T717) / vo(2) ()dx
RN

/ / Df&‘” Di&% dxdt— / / vADE pdudt. (3.9)
RN
From ([2.5)), we may write

T
I'(a;) / / [v|P@dxdt + CT~ / uy ()¢} (z)de + C (T~ + T—(1+a1))
0 RN RN

< [l )

T
— / /RN Dfﬁm@ + Dtlﬁalﬁp) dxdt —/0 /RN uA@, (z z) Djjppydadt (3.10)

and

T
I' () / /N lu|'@dadt + CT 2 /RN v (2)¢h (z)dz + C (T2 4 T~ (1F02))

< [ wle)d (@)

//RN D?SQI;QQ DtlﬁaQSO dxdt //RN VAP, (x x) D7 ppdudt (3.11)

Using the fact that the support of ¢, is included in Q := {x eERN: x| < QT%} , we get

r (al)/ |v|Ppdxdt + C’T“l/ul (2)¢! (z)dx 4+ C (T~ + T~ (Fe)) /uo(x)goll (x)dx
T Q Q

_ / (D2 + Dl ) e — / uAG (2) Dibipodadt,
Qr T

and

[ (az) |ul?@dxdt + C’T_C“Q/vl

(2)¢} (z)dx + C (T—o2 + T-UFe2) /vo(w)goll(x)dx
Qr Q

Q

/ (D?‘;Oéz@—l—Dl-&-ocz >dmdt—/ vAG (1) DijjTppdxdt.
Qr Q

T

Where Qr = {(x,t);(z,t) € 2 x [0,7]}. In addition, the condition (3.5) implies that
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/vigoll(x)da: > 0 and /ulgpll(x)d:c > 0 for ¢ = 0, 1. Indeed since
Q 0

. ' 1 . L
TETOOUZ(I)(‘Ol(I) ui(x),1=0,1,

and wu;(z) € Lj,, (RY), for i = 0,1 then by Lebesgue dominated convergence Theorem,

loc

we obtain

lim | w(z) (z)dr = /ui(z)dx.z':(),l.
RN

lim [ vi(2)¢) (z)de = / vi(x)dx. i =0,1.
RN

So / w;dx >0 (resp./ v;dx > 0) implies that /
RN RN

Q
for T large. From what we have seen, we can write

u ot (x)dx > 0 (resp./vigoll(x)dx > 0),
0

/ [v|Pedzdt < C’/ [ul (D?';:aléb—i—D;l;al@) dxdt
T T

+C 0 Jul@i? (|A<P1| + |V901|2) Dﬁ%gpzdxdt, (3.12)
T

and

/ lu|@dxdt < C’/ ] (Df‘;az@—thl‘;az@) dxdt
T Qr

+C ; 016172 (1A, | + [V, |?) Dyzpydadt, (3.13)
T

where we have used the formula Ay} = (Ip]"Ap, +1(1—1)|Vy|?) and ¢, < 1. Using

Ho6 lder’s inequality, with parameters p and p’ (resp. ¢ and ¢'), to the right-hand side of

the inequalities (3.12) and (3.13)), we get

1
/ yv|p¢da;dtg( / ]u|ngdxdt)qA, (3.14)
T T

31
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1
/ |u]q¢dxdt§( / ]v|p@dxdt)p8, (3.15)
T T

where

=

-1 qa q q
/Q P1p; " ((Df}?l%) + (Dtl\?‘“%) )dwdt>
T

1

;L . , 7
¢ (/Q Sﬁiizq Py " (|A<P1| + |V901|2)q |Dt|T902|q dxdt) 5
T

_% let v et 4 e
B ZC(/Q phpy ™ ((Df& 2902> +(D§|¥ 2902) )dwdt)
T

p/

o( [ & (el + 9Py Dientdsar)”
T

+

+

with p’ = p%l (resp ¢’ = q_il) Now, combining (I3.14l) and (I3.15p, we obtain

1—L
( / |v|%dxdt) < CBiA, (3.16)
and
1--L )
( / |u|q¢)dxdt> < CAB. (3.17)

Next, we consider the scaled variables t = T, z = T %y; in the right-hand sides of
(B-16), (B.17), and using (Z6), [2-7) we find

1

1—L
( |v|p§0d$dt> < CT*,
Qr

1—L
(/ ]u\q{bdzdt) < CT*,
T

(3.18)

with
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The condition (3.3]) leads to either

e The case 0; < 0 or d5 < 0, then, as T" — +oco the right-hand side of the first equation

(resp. second equation) of (3.18]) tends to zero and the left-hand side converges to

1—L1 1—L
</ ]U|pda:dt> <resp </ |u|qd:cdt) > :
RNXR+ RNXR+

Consequently, the couple (u,v) = (0,0).

e The case 0; = 0 (resp d = 0), in this case, using (3.18)), we conclude that
v e LP((0,00), L (RY)), uwe LI((0,00), LI (RY)) . (3.19)

Now, we need to modify the test function ¢, (z) by introducing a new parameter B

z|

_1_ 1
B 2T2

(1 << B <T) as follows ¢,(x) := @ < ) From (3.12)) and (3.13), we get

opdedt < C [ ul (D3 + DY) dode

951

—I—C’/ lule ™ (Alpy| + Vg [?) Dy rpydxdt (3.20)

and

u|tpdedt < C / o] <D2|;02¢+D3|;02@) ddt

1951

c / 0t (Alg| + Vgy ) Dippdudt  (3.21)

1 1 1
where ©, = [0, T)x{z € RY, o] < 2B7374} 0= [0, T)x{w e RY, I} < [af < 22}

B2

It follows from (3.19)), that
lim [ [o]P@dedt =0 or lim / | pdzdt = 0. (3.22)
T—oo [v T—oo [v
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By using Holder inequality again, we get

1
wPpdzdt < C ( |u|qudt> L+ ( / |u]qudt> a,
o i L (3.23)

lul@dxdt < C < |U|pdxdt> B + (/|U|pd£€dt> Co,
Q1

Q1

951

where

A= (/91901902 P ((th;al > ' (Dtlgal )dxdt)
</Q P o <(Dt2l;a2§02) ’ (Dtl\;w >dxdt

C1 = (/9011 u 802 (A|901‘ + Vi, )" ( t\TQOQ dmdt

B =

[y

o= ([ o™ @l + VIl (Do) dot)”

Ifweset Y := [ |vP@dxdt, Z := [ |ul@dxdt. Tt follows from (3.23) that
Ql Q1

Y <CZiA +C </|u|q¢dxdt> o
= (3.24)

Z<CYrBy+C (/ |v|pgbdxdt> " .
Y

On the other hand by integrating (1.4) on X, we obtain

(/z'mq@dxdt) <C (/E|U|p@d$dt); (Bs +Cs). .
( / |v|%da:dt> <c ( / |u|q<,”0dxdt>; Ayt C)). |

Where

m\‘ -

A

(/@1902 = ((DQJ;XI‘PQ) ! + <Dt1|;a1902>q/) dxdt)
( / oy <(Df¥a2902)p/ + (D,};”goz)pl) dxdt)
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Combining (3.24)) and (3.25]), we obtain

Y < CABiY ¥ +C ( / |v]pgbdxdt) " [Alc; 4 BIC + clc;} ,
by

Z < CAB Zvi +C (/yu\q;odxdt)
X

2|

q

{Ag Co + BiCF +CF CQ} .

Using e-Young inequality, we get

1

Y < CAFIBPT 4 O ( / \U]pgbda:dt) " [AIC2" +BIC + clc;} . (3.26)
b))

VI i [ 1 11
Z < CAy ' Bra1 4+ C (/ \u]%da:dt) {Ag@ + ByCY +Cfc4 : (3.27)
)
Now, using the scaled variables (y,7) defined by 7 = T 't,y = T% B:z, in the

right-hand sides of (3.26)) and ([3.27), we then have the estimates

1

Y < oT#&5h gt 4 ¢ ( / |v|Pgbdmdt> "o (Bl 4 Bhe 4 Bl
b))

7 < CTwS% Bath 4 ¢ ( / |u|q¢dxdt) " 70 (Bl 4 Bl 4 Blt).
by

where
N /1 1 1 N/1 1
kv :——<—,+—,>>k23=———(—,+—,),k35=1—/€1,k‘4::1+k2,
2 \qr q q 2 \qr q
N /1 1 1 N/1 1
ll . _——<—/+—,>,l22_———(—,+—,),l32_1—l1,l41_1+12.
2 \pqd p p 2 \p¢d p

The last two inequalities with §; = 0 (resp. do = 0) imply that

2|

Y < CBwih 4 C < / |v|pgbdxdt> ' (B* + B* + B") (3.28)
%

1

7 < CBwSh 4 ¢ ( / |u|ngdxdt) " (B2 + B+ BY) | (3.29)
X
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We obtain via (3.22)) after passing to the limit in (3.28]), (resp.(3.29))) when T" — +o0

/ v[Pdadt < CBri-1kt
RY xR+ (3.30)
/ |u|?dzdt < C BT,
RNXR+

Finally, as k; < 0 and /; < 0 computing the limit in (3.30) when B — oo we infer

that ¢ = 0;v =0, which is contradiction.

e When (3.4)) is satisfied, we argue as in the case (0; < 0,02 < 0) by choosing the following

Al =t (B])

We repeat the same computation as above by using the new variables t = T~'7 and

function

x = Ry in both sides of (3.16)) and (3.17) we find

1—L 1—L
</ \v]pgbd:z;dt) < Cy(T,R), </ \u|qg~0dxdt> < Cy(T,R), (3.31)

where T'> R > 1,
Cy (T, R) := TMRP 4+ T RP> + T3 RPs + T4 RPa,
Cy (T, R) := T™M R 4 T2 R> 4 THs R  Tha R4
With
Mi=L (1 —p(aa+1)+3(1—¢ (a1 +1)),

q

Aoi= L (L=p/ (a2 + 1)) + 5 (1= d'an),

b=y o) 0 r ),
hm g (o) + g ve

Ioh ::%4-%7523261_153::%(&'_2)+%’ﬁ4::ﬂ3_2'

p
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Ly .:qu,(l—q,(Oq—l—l))+]%(1_p,(042+1))7

po = o (L= ¢ (a1 +1)) + 5 (1 = pag)

py = o (L—a1g) + 5 (L= p (a2 + 1)),

py = 5o (L—arg) + 5 (1= plag),

and

o ::%+g,022201—27032:}1—)(——2>+p/704 =03 — 2.

The condition (3.4)) equivalent to or Ay = O(resp u, = 0).

Firstly, if Ay < O(resp p, < 0). Passing to the limit in (3.31) as 7" — oo we infer, as
Ai < O(resp p; <0) fori=1,...,4 that/ / |v|P@ (z,t) dedt = 0, and
Ry J|

z|<2R
/ / |ul?@(x, t)dxdt = 0,
Ry J|z|<2R

by letting R — oo, we get /
RNXR+

implies that v = v = 0. This is contradiction.

[P (z,t) dedt = 07/ |ul?@(z, t)dxdt = 0 which

RN XR+

e When Ay = 0 or u, = 0, we get from (3.31]) after passing to the limit when 7" — oo,

/ / 0P (2, 1) dudt < CR, / / %G (x, t)dadt < CRT . (3.32)
Ry J|z|<2R |z|<2R

Precisely, if 5, < 0 or 04 < 0 in particular when % < 71,7, < 1, passing to the limit

in (3.32) as R — oo, we find u = v = 0. This is contradiction.
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Chapter 4

On The Nonexistence of Global
Solution For Wave Equations With
Double Damping Terms and

Nonlinear Memory

4.1 Introduction

In this chapter we study whether or not there exist solutions to the initial value problem:

{ Ou(t, z) + |u(t, =)™ Ou(t, x) + du(t,x) = /0 (t —7) 7 |u(r,z)Pdr, t € [0,T] x RV,

u(0,7) = up(z), u(0,2) =wu(x), v €RY,
(4.1)

where (J = 92 — A, u is the unknown real-valued function, N > 1, m > 1,p > 1,y € (0,1)
and ug (x), uy (x) are the given initial data.
There are many literatures concerning this type of equations and all researchers turn

around the fact that the asymptotic behavior of solutions of semi-linear damped wave
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equations is similar to the one of the corresponding semi-linear heat equations, see for
example, ([20], [21], [39], [51], [55], [69]), and the references therein. In order to motivate
our results, it must be recall some facts concern the Cauchy problem for the dissipative
nonlinear wave equation.

A natural extension of consists in introducing a displacement-dependent damping

coefficient, thus leading to the following problem
t
g — A+ ™y :/ (t— )" u(s,) [Pds, (4.2)
0

where 0 < v < 1, pym > 1 and N > 1, ug € Cy(R"). Berbiche and Hakem [39], showed
the local existence and blow-up for the problem (4.2). More precisely, they proved that,

if p > m > 1 and the initial conditions satisfy

/ uo(z)dz > 0; / |[uo|™ Mg (x)dz > 0; and / uy(z)dz > 0, (4.3)
RN RN RN
and if
2 1-— 2(14+ (2 — 1
N < min l(mle( P " 7 1)(2( )+( P orp < —,
P T (B2 L 1) g 3

the solution of problem does not exist globally in time.

It should be emphasized that the natural space where solutions are found is the one of
the energy H'! (]RN ) x L* (RN ) However, such energy inequalities do not seem to fit in
this setting for the following reasons: some difficulties appear due to the lack of Lipschitz
continuity of function the |u|™ " v (1 < m < 2) with respect to (u,v) € RN x RV, and the
Sobolev embedding H*! (RN ) C L™ (RN ) is true only when N = 1, another difficulty comes
from the absence of regularity created by the singular kernel involving in the nonlinear
source term.

In this work, we will focus on the interaction between the nonlinear nonlocal source term
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involving fractional integral kernel and the dissipation term. In particular, we will give
conditions relating the space dimension N with parameters p,v, m, for which the solution
of with initial data having positive average does not exist globally. We also emphasize
here that no effect of displacement-dependent damping on the critical exponent as unlike
to what the authors saw in the article from [39].

In order to show that the problem (4.1]) is well-posed, we use an idea developed by Lions
and Strauss [27], Katayama et al[6I] combined with energy estimates in higher order
Sobolev spaces (see [53]). Moreover, our approach to derive Fujita exponent is based on
the test-function method, developed by Mitidieri & Pohozaev [12], [13], Pohozaev & Tesei
[60], Pohozaev & Veron [35] and Zhang [51].

The rest of the chapter is divided into three sections. In Section 2, we present some lemmas
which will be needed later in our proof. Section 3 is devoted to the local existence result
and Section 4 contains a nonexistence of global weak solutions result.

The positive constants C' will be change from line to line.

4.2 Some preliminary results
The following Lemmas will be used in the proof of Theorems 3.1.

Lemma 4.1 (See [[])], Proposition 2.4, p. 5) If s > %, then
H* (RY) c C(RY)nL>®(RY),
where the inclusion is continuous. In fact

[ull poo < Cflul

HS

The next Lemma is consequence of lemma 2.1 and Proposition 3.7, p. 10 in [44]
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Lemma 4.2 (See [[])]) Assume that s1,55 > s > %, then for u € H* (RN) ,

ve H» (]RN ) , we have the estimates

[|uv] Ho®N) = C |ul H1(RN) [v] H52(RN)

where C' is constant independent of u and v.

The last Lemma uses the equivalent norm of ||u|/;.-1 (see [1, Theorem 7.48, p. 214]). We

omit their proof since it can be found in (see [24])

Lemma 4.3 For any s € (1,2) UN* and p € (1,+00) N (s — 1,400) we have for a
nonnegative function f € L (RN) N H**(RY), fr € H*'(RY) and there exists a

positive constant C' such that

1771

—1
1@y < C Ll oo @y 1 | remr ey -

Now, proceed with the following linear damped wave equation:

g — Au+uy = F(t,z), 2 € RN ¢ >0,
(4.4)

u(,0) = g (x), u(@,0) = h(z), z € RY,
Let us give some results which will be used in the following.

Lemma 4.4 Lets € R. Let (g,h) € H* (RY)xH*"' (RY) and F(t,z) € L' ([0,T], H** (RY)).
Then for every T > 0, there is a unique solutionu € C ([0, T], H* (R¥))nC* ([0, 1], H*~' (RY))

of cauchy problem of . Moreover, u satisfies

t
||’LL| Hs(RN) + ||ut| Hs—1(RN) S C <||g| Hs(RN) + ||h| Hs=1(RN) +/ ||F (T, )| Hs—1(RN) dT) P
0

for all 0 <t < T, where C' only depends on s.
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In addition, if g € H*"'(RY), h € H*(RY) and F(t,z) € L'([0,T],H* (RY)) n
L= ([0,T], H* (RY)), uy € L= ([0,T], H"* (RY)) satisfies

t
et s vy < C (Hh! ey + 19l oy + IE O oo vy + / IEE) e dt’) ,

for all 0 <t <T, where C only depends on s.

Proof. The first estimate is already shown in [53]. Arguing as in [53] to show the second

estimate. It is known that the first derivative of @ satisfies in the domain [¢| < 1/2 (see

Theorem ,

1 1 ; 1
i (1) = —gu(t)+ 5g\/1 — 4’2 sinh (gt\/l —4 yg|2>

b L 1
+/ F(t"e 27 cosh (5 (t—t)y/1 —4|§|2> dt',
0

we derive this expression with respect to ¢, we find

iy (1) = =3¢ (t) — 391/ 1 — 4[¢["e ™2 sinh (%t 1—4 W) + 59 (L —4[¢)

+E(t) + / tF(t’) [—%e‘%(t_t/) cosh (% (t—1)\/1—4 |§|2>
0

+14/1—4]¢)Pe 2 sinh (g (t—t)4/1—4 |g|2>} dt',
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or

g (1) = —%at (t) — §|¢] e 2 cosh (%tm —4 |§|2> - %ﬁe—é cosh (%tm —4 |g|2)
1. 1 .
—|—§h6_5\/1 — 4€|? sinh (515\/1 —4 |§]2) (t)
+/tﬁ(t') {—%e‘é(t_t/) cosh (— (t—t)4/1—4]¢ 2)
0
)

. |
2
Ly 1
+%\/1 — 4]¢)Pe 2 sinh (5 (t—t)y\/1—4 \512)] dt'. (4.5)

Now we consider the case for |¢| > 1/2. From Theorem [2.6] we have

i (t) = —%a () — %gm €[ — 14 sin (%/4 €2 - 1)
%(g B)e 2cos(t 4|§]—1>

/Otﬁ’() S >cos( (t— 1) /1| —1)dt’

By taking the derivative of 4, (t), we get

iy (t) = =50 (t) + 191/ 41€]° — e~ 2 sin (ét 4l - 1) — 10 (41" - 1)
xe~zcos | Lty/4lE)F — 1 —1<A 23) ~3 L JaleP —1) =2 (g+2h) e
5 ilg+ e~z cos | 5 l€|" =1 ilg+2h)e
t
x1/4|€|* — 1sin (%t\/4|§|2—1> +ﬁ’(t)+/ 7 (1) [—%eé(tt')cos (% (t—t’)\/4|§|2—1>
0
—L\/4e) = 1e72 ) sin (% (t—t')\/4|¢) — 1)} dt’,
which gives
Uy (t):—%ﬂt(t)—g\ €2 cos (% \/4 1>
—Lhe™2 cos (%t 4¢P —1>—§ —54/4 ¢ —18111( t/4€ —1)
t
+F(t)+/F(t’) {—%e 2= cos (% (t—1t) 4\5!2—1>
0
(

I\ 4 el — 1e72 ) sin (% (t—t')\/4lE]> — 1)} dt'.

N+

(4.6)
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Now, using the definition of the H® norm

1/2
s—1, . 2
Hs—l(Rn) = |: N (1 + ‘€|2> |Utt (t)| d€:|
/R o1 a1 1/2
= { / (L+1€*)" Jaw (8 dé + / T+ 1) <t>!2d£]
|§l<1/2 l€]>1/2

2\s—1 2 Yz 2\ s—1 2 1/2
< [ [ iy d&} i [ [y ds} Lt D
|€]<1/2 |€]>1/2 (4 7)

e

where we have used the Triangle Inequality.

Let’s, estimate the first integrand. From (4.5)), we have

I < ffue]

_ 2 1/2

ey + { /lf e L) |§|2d5}
oys—1 |2 2 1/2 t ,
+C [/5|<1/2 (L+1¢%) ‘h(é)‘ df} +||F(1t)|Hs_1(W)+/0 1F ()]

t
ws-1(n) T N9l sy T 1F O] v geny +/0 @ 51 ey dt’) :

Hs—l (]Rn) dt/

<c (HutuHs-l(Rn) +1In]

Where we have used that (1 — y2) e~ 2 cosh (ity) <1, e~ 2y sinh (3ty) < 1fory € [0,1],

t> 0.

Inserting the estimate of [[u¢|| yo—1(gny in the last inequality it yields

ey T 1F ()]

Hs—1(R") + ||g| Hs—1(Rn) dt,) . (48)

t
I < (J(||h| ey + [ IPE)

Estimate for the second integrand in (4.7). We have

Hs—l(RN) +

s—1 1/2
U (L 1EF)™ i <t>|2df] <
|€]>1/2 | y
[ )T ) ot con (3 alef 1) dgl
e ey G (1 Vil = s (301 1))
E(t) (1 + \/4% sin (%tW))
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< [l

t
oy T I E Ol o1y +/0 1E ()| s vy At

(4.9)

we-rwyy 1 gy + 19

Using the estimate of |[u[| yo-1gny into 1’ and by Sobolev’s embedding theorem, we
find that

t
fpmm+/nﬂm|
0

ey T F ()]

bSOQwH%m+M|

@) dt) . (4.10)

From (4.8)) and (4.10)), we conclude the proof of Lemma 2.4 . m

4.3 Local-existence

In this section, we first present the following Theorem concerning the existence and unique-

ness of the local solution to the problem (4.1]). Next, we will prove this result.

Theorem 4.1 Let N > 1, s > % + 1 and m,p € (1,4+00) N (s — 1,+00). Then for any
up € H® (RN) and u; € H*™1 (]RN), admits a unique solution

we C([0,7); H (RY)) nC ([0,T]; H* (RY))

with some positive T', which depends only on ||ug|

Hs + ||u1| Hs—1-

Proof. The idea of the proof is based on the fact that we have m |u|™ " u; = 9, (\u|m_1 u).
By introducing a new unknown v satisfying u = v;, the problem (4.1]) is reduced so to the

following problem of the known case where the nonlinear term is locally lipschitz

t
vu(t, x) — Av(t,x) + v (t, ) = — L o [" ot @) + ﬁ/ (t— 1) v (7, 2) [P dr
0

+L luo|™ g () 4+ uo () +uy (), t >0, z € RV,
(4.11)
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where v(0,z) = 0, v;(0,7) = ug (), * € RY. Tt is not difficult to check that
ue C([0,T];H* (RY))nC* ([0,7];H~" (RY)) solution to (4.1)) if and only if v is solution
to (4.11)) in the class

veC([0,T];H (RY)),

(4.12)
v € C([0,T]; HH(RY)) , vy € C* ([0, 7] ; HH (RY)) .

Let us define

Xr:=C([0,T]; H (RY))nC* ([0, T]; H~* (RY)) ,

Yy =L ([0,T]; H* (RY)) n Wt ([0, T]; H*~' (RY)),
Vi = {u € ¥ai sup (1o ()l + o0 eos) < M.

Next, set X7 = Y7y N Xp. Obviously Xp C Y7 and X7 C Y7 ar. Set
t

G (v) = —% |vt|ﬂ%1 v(t, ) + ﬁ (t — 7')17’y lvg (7, 2)|P ds
0
—l—% |u0|m_1 ug () + ug () + up ().

For any w € Y7, define ® [w] = v, where v € X7 is a solution to

vy — Av+ v =G (w in (0,7) x RY,
! t () ©.1) (4.13)
v(z,0) =0, v¢(z,0) = ug (r) x € RV,
Since we have G (w;) € L* ([0,T]; H*~! (RY)) for any w € Yz by Sobolev’s embedding

theorem, existence and uniqueness of such v € X is guaranteed by the Cauchy problems

7+ lluol

for linear damped wave equations (Lemma 4.4). Let M = 4 (||uo|

Hs + ||u1| Hs—l)-

We first claim that w € Y7 5, implies that ® [w] € X7, for sufficiently small 7' > 0.

Set ® [w] = v. From the Lemma 4.4, we have

[o ;)]

ae o (¢, s + o1l

i / 1G(w) (+..)]

-1 dT) .

(4.14)

e <C <||vo|
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From Lemma 4.3, since s > % + 1, we have

|G (w) (7,.)] dr

Hs—1

t
o1 dT < %/ [[fewe|™ i (7, )]
0

i [ (=) T el s () ds + T |2 ol ™ g (2) + uo () + s (2)][ .
0
t
< CT |l |72 wpHwAHs«+O/‘@—sﬂgwmw&inwﬂHsm@ds
0<t<Y 0
+CT (uollfpes + l[uollgroms + 1l groms) -
Then by the Lemma 4.1, we find
t
J 16 (s dr < €T sup Jullocs + CT27 sup
0 0<t<T 0<t<T
m 4.15
+OT (ol + luoll g + [l gos) (4.15)
< C(TM™ + T "M + T (Juo| . + ol e + lfwal| ro-1))

From (4.14) and (4.15]), we get

o) < C (ol oy + TM™ + 2707

Hs—l)) (4.16)

<C(M+TM™4+T>"MP+TM).

sup ([|v (¢, )l gzs + lloe (2, )]
0<t<T

+T ([[uolls + lluol

st [| 1]

By (4.16)) we arrive at

sup (J[v (&, )l + lve ()l o) < Crarhd,
t<

0<

where Crp = C (2 + TM™ '+ CT?*7MP~' + L), Since we can find T; > 0 such that
Cra <1 for any T € (0,77], this implies the claim.

We next prove that ® is a contraction mapping in Xr s for small 7" by using the Lemma
4.4 and the mean value theorem. Suppose that wy,ws € Yr s, then we have

q) [wl] ,q) [’U)Q] € XT,M-
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Let v; (i = 1,2) be solutions to the following problems

t

(Ui)tt — Av; + (Ui)t = _% |<wi)t|m71 (wi)t (t,z) + éy (t— 7-)177 |(wi)t (r,2)["dr

0
ug () +up (x) +uy (z), int >0, reRY,

v;(0,2) =0, (v;),(0,2) =ug (z) in RV,
(4.17)

Set © = v; — vy, we have ¥ verifies

Oy — A0+ By = = [ (wn), " (wn), (8, 2) + 4 [ (w2), [ (wa), (,2)
+ﬁ/0 (t =) (J(w), (1.2)" = [(ws), (r,2)P)dr  in (0,T) xRN,  (4.18)

9(0,2) = 9:(0,2) =0 in RV,

for ¢ = 1, 2, respectively.
t
Since w; € Y implies that / (t — )" |(wy),|” (s)ds and |(w;),|™ " (w;), are functions
0

in L> (0, T; H*~1) by Sobolev’s embedding theorem, we have v; € X7 and
veC([0,7);H (RY))nC* ([0,T]; = (RY)) . (4.19)

By (4.17), (4.18)) and (4.20)), the higher order energy inequality

12 (& M gros + 19 ()| s

<o// 5 — ) (1w, P = [(ws), ) (7,.)]
+0/ 1), ™" ), () = () ™" (), (7, )

g dTds (4.20)

dr.

Hs—1

Note that since |v|' " v with [ > 1 is a C* function, the mean value theorem implies

‘|U1|l_l v — |?)2|l_1 Ug‘ S C (|U1|l_1 —+ |’U2|l_l> |U1 — 1)2| . (421)
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Applying the inequality (4.21]) with Sobolev’s inequality ||7]| ;. < C'||7]

ys—1 to right-hand
of (4.20), it follows for s > & +1

[0 (&, M gro—r 4 119 (E )] 16
t
+C

(t =) (Hwn) s + 1 (wa) ) H(wr = wa)y (7, ) rea dr
: (4.22)
() 5 + 1 w2) ) (wy = w), (7, )| gyaca dr

S C(T*MPH+ TM™ 1) sup [[(wy — we), (7, )]

0<7<T

+C

Hs—1

S— 13—

oo for 0 <t < T

Then by (4.22), we get

1@ [wri] = @ [ws] (£, )llx,,,, < C(T*TMPH+TM™ ) x sup |[|(wy —ws), (7,.)|

0<7<T Bt
(4.23)
In the following, we fix 7' € (0,77] which is small enough to have
2— 1 rp—1 m—1 1
C(T* "Mt +TM™ ) < 3
Therefore
1
19 [wi] = @ [ws] (¢ )xy,,, < 5 N1 —w2) (7, )llxy,,,  forsuch T (4.24)

Finally, define
vO (t, 1) = v, (0,7) = up(z),
o8 = @ D] k=123,
By , there exists some v € C ([0,T]; H®) such that v® — v in C([0,7]; H®) as
k — oo. Now, we will show that this v belongs to X and is solution to (4.11)). Since
K e Xro, {v("“)} (resp. {vfk)}) has a weak-* convergent subsequence in L (0,7"; H*®)
(resp. in L™ (0, T; H*7')). Since v®) — v in C([0,T]; H®), the above subsequence of

{v®} (resp. {vik)}) converges weakly-* to v (resp. to v;) in L™ (0,7; H®) (resp. in
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L>(0,T; H*')), and consequently we see that v € L*> (0, T; H*) and v, € L> (0,T; H*™1).
Then we can see that v € Y7 )/, and then we get ® [v] € X . Hence we can apply (4.24)
to have

< 1 sup ||(v— v(k)) (t (4.25)

2 0<t<T

sup ||®[v] — @ [U(k)] (t

0<t<T ’: HXT,]W [ HYT,M '

Since the right-hand side of tends to 0 as k — oo, we get @ [v¥] — @ [v] in
C ([0,T]; H®). Since we have showed that v*) — v in C ([0, 7]; H®), passing to the limit
in v® = & [o*~V], we obtain v = ® [v] € X7,. This v apparently the desired solution.
The uniqueness of weak solutions in Xr s follows immediately from Gronwall’s inequality.

As u = vy, we have v € C ([0, T]; H*~1). This completes the proof of Theorem 3.1. m

Remark 4.1 If we take (up,u;) € H**' (RY) x H* (RY), with s > N/2 — 1, then from
Lemma 2.4 the solution of problem (u,u) € C([0,T]; H* (RY))xC ([0, T); H=* (RY)).

4.4 Blow-up results

This section is devoted to the blow-up of solutions of the problem (4.1). We start by

introducing the definition of the weak solution of (4.1]).

Definition 4.1 Let T > 0, 0 < v < 1 and uo € L}, (RY) N L

loc

(RY), uy € Lj,, (RY).

We say that u is a weak solution if uw € L? ((0,T), L],

loc

(RY)) L™ ((0,T), L.

loc

(R™)) and

satisfies

I'(a / / g, (uf?) godxdt—i—/ s (2 )cp(O,x)dx—/RNuO(x)got(O,x)dx
'LL(] ¢ (0, x)dm+—/ luo| ™ ug () ¢ (0, ) dx

// ugottdxdt——// mlugotta:dxdt—// up, (t,x) dedt
RN RN
/ / uApdzdt,

RN

for all nonnegative test function ¢ € C? ([0,T] x RY) such that

(4.26)

o(T,.)=¢,(T,.) =0, where « = 1 — 7.
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Theorem 4.2 Let N > 1,0 <~ <1 and let p, m such that p > m > 1. Assume that the

initial data (ug,uy) satisfy

/ o () dz > 0, / o™ Vg () > 0, and/ wi (2) dz > 0.
RN RN RN

Then if

m(N+2) 1
pgmax{<N_2+2fy)+,;}. (427)

The solution of problem does not exist globally in time.

Proof. The proof is by contradiction. Suppose that u is non trivial weak solution of the

problem ({4.1)) which exists globally in time. Therefore, let us define
QO(t,ZE) = D;TT@ (t,CL’) =¥ ( )Dt\TSOZ( )

T

With ol (z) := & (‘9”' >l7sp2(t) = (1 — i)i, where [, > 1 and ® € C* (R, ) be cut-off

non-increasing function such that

1 ifo<z<1, _
P (2) = , with 0<®<1.
0 if z > 2,

We have from the definition of weak solution

/ / Jgit (|ul?) Dyrp(t, x)dzdt + /Nu1 () D@ (0, ) dz — /Nuo () 9. Dfjr¢ (0, ) da
R R

% o™ o () Djip@ (0,) do + / o (v) Dijr@ (0, 7) du

/ / u@QDﬂT@ (t,x) dxdt — —/ / 1u8th|‘T<,b (t,x) dxdt
RN

/ / ud D@ (t, @ d:cdt—/ / uA D o(t, x)dxdt.
RN

+

(4.28)
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Using the formulas(?2.3)),(2.4) and (2.8)) in the left-hand side of (4.28)), while in the right-
hand side using ([2.4]), we get

I' () / /RN (Jul”) ¢ (t)dxdtJr/R (7 (x)foTgpll(m)goz(O)dm

+[ o >D;7;1soa<> () + & o ol o () Dyt () 0)d
+ [ (@) Dird @0 (4.29)

Uo
// thCr;ngpll o (t)dzdt + // ™ lqul‘;flgoll( x)py(t)dzdt
RN RN

//RN Dto“;l(pll Yoo (t dmdt—/ / uADt|T(,01 o (t)dxdt.

From the fact that Ap! = I Ap, +1(I — 1)|Vp,|?, and the support of ¢, is included
in

Or = {z e RV : [z < (21)?},

we may write

/ (Ju|”) pdxdt + C’T”‘l/ uy (z) o (z)de + C (T2 +T771) / ug () o (z)dx
Qr RN RN
+OTT [ ol g () ) < C |l ()| Dot
RN
—i—C’/ lu|™ ¢} (x ‘DHT ot )‘ dxdt+C’/ |u|h (z ‘DHT ot )‘ dxdt

e / w (@) (|Ay] + Vi)

DtlﬁjgpQ(t)‘ dxdt,

(4.30)
where Q7 := [0, T] x RY. By the Lebesgue dominated convergence theorem, we can obtain
for all ¢ = 0,1 the following limits

lim ui(x)@! (z)dr = / wi(z)dz,

T—o0 Qr

lim [ Juo(2)|" uo(2) iy (w)de = /RN Juo ()| uo(2)dz,

T—o0 Qr
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since we have - lim u;(x)} () = ui(x), im Juo ()™ uo ()} (2) = [uo(x)[™tuo(w), and
(Ui,UO) € Lloc (RN) X Llrgc( N). So

jéym@@dm:>0 (Hﬁp]&Judxﬂmﬂmtﬂdx:>O>

implies that
/ ui(2)@t (x)dx >0 (resp./ lug(2)|™ Lug(2)} (2)dz > 0) ,
RN RN
for T large. Now, By applying the following e-Young’s inequality
XY <eXP+Ce)YV p+p =pp, X >0,Y >0,

to the right-hand side of (4.30]), we get

Q@%@K@;+QTﬁawwﬁ:Qh@@p%Ung+qT)(ﬂm&
T T
Pzt +CE) [ phw)es™ )] (Df + D) galt)| .
Q
' (4.31)
For € > 0, also, we have the estimate
| ™ el D) et - / ARga 2 (1) dads
r (4.32)

P pdidt + C(e) / () py?

‘D”T ot )‘ " dadt.
Qr T

The same is true for the third part of the right-hand side of({4.30)

| ek (801 + 17D DY) dwdt < = [ fulppdrdt
@r @r e (4.33)

+0@) [ A7 (180T + Vi) 07 (0| Dl (0] dade,
T

Combining (4.31)), (4.32),(4.33), with € small enough, and some positive constant C, we

obtain
_L 3 ﬁ
uPpdadt < C | (@), ()| (Dl + Di) o) dadt
Qr Qr e
40 [ @)y 0 D (0] dode (434
T p
17217% p— 1 p—1
40 [ A7) (180 7 41905 ) 0,7 (0| Diente)] d
T
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Using the change of variables

Y= T’%:c, s =Tt

The equation (4.34)) leads to

/ lu|Pedadt < C (TW—?’)%*%“ 2T Dty TW—?)#*%“) =77, (4.35)

T

Withcr:max{('y—Q)%l—i-%+1,(7—2)L+%+1}:(7—2)%1—1-%—1—1. At this

p p—m p
stage, we have to distinguish two cases: The case o < 0: we pass to the limit in (4.35) as
T — oo, we get
lim |u|P@dzdt = 0.

T—o0 Qr

Using the continuity in time and space of u and the fact that Tlim o(t,x) = 1, then we

based on the Lebesgue dominated convergence theorem, we can conclude the following

/ / lulPedrdt =0 = u =0,
0o Jar

which is contradiction. Now, we move to the second case : case o = 0: using inequality

(4.35) with T" — oo, we have
u € LP ((0,00); L*(RY))

which implies that
T
lim / / 3 (a, £)dadt — 0,
T—o00 0 r

where

Qp = {93 € RN? ’m‘z < 2T}7 ZT = {1’ €eR", T < ‘37’2 < QT}'
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On the other hand, using Holder’s inequality instead of Young’s one to the term

// [ule T2 (|Apy] + [V }Dt|T(zD2 )‘dﬂit,

we find

/ / ul 2 (|Ag | + [V [?) Hreps (t dﬂ?dt < (/ /Z
TR— /p/
</ / l 2p (‘Aﬁf?l’p + |v901|2p ‘Dt|T<P2 (t)) dmdt) .

We repeat the same calculation as above by taking in this time ¢, (z) := ® ( mlT) where

1/p
lulPp(t x)dxdt)

R is fixed number such that 1 < R < T. Using the change of variables y = R%T’%x,

p/
> dzdt

1/p
lu|Po(z t)dxdt)

7 =T7, and the fact o = 0, we get

/ /TR l\uyp@dxdt <C\(e / /TR 1 (‘DtlT ©q(t
L1, ¢<//

(// 2 (@) s (1) (1Al + [Via ) [ D, ()] dxdt> "
>

which yields

‘DﬂT 2 (t)

TR—1
/

TR1

T
/ / L JulPpdedt < (T“—?’%*%“ b TO P T(W—zh)—%*%“) R %
0 {mgﬁR—?T?}

+C <T(7_2)ﬁ+%+1> /v R % (/ /
=

Because of o = 0, we can get

[ Joo sy P = OB 5 ( [

1/p
|ulPp(x t)dxdt) .

TR—1

1/p
|ulP@ xt)d:cdt) .
TR—1

(4.36)
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Passing to the limit in (4.36) as T" — oo, we get

/ / |ul[Pdadt < CR™ 7,
0 RN

and then R — oo which give a contradiction.
The case p < % we choose @, (x) := ® <|z| ) L pa(t) = (1— %)Z, then by taking the change
variables x = R%y, t =TT, it follows from 1’ that

/ / |ulPedzdt < CR? ( =3P+l L pO=2p' 4 p(r=2)52 m+1>
RN

—|—CR( - )p(y=Dp'+1

Now, passing to the limit as 7' — oo in the last inequality by taking account that p < 1/~,

/ / |ulP@dxdt = 0.
o Jry

Then, by taking R — oo, we get contradiction.

we deduce that

Precisely, in the case p = 1, we have to use condition & — £~ < 0, which is equivalent to
Y 2 p—1

v > % to obtain the desired convergence. This completes the proof m

Remark 4.2 When m = 1, we recover the case studied by Fino [2].
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Chapter 5

Global Small Data Solution For a
System of Semilinear Heat Equations
and The Corresponding System of
Damped Wave Equations With

Nonlinear Memory

5.1 Introduction

We consider the two Cauchy problems for a systems of strongly coupled semilinear integro-

differential equations of parabolic type:

.

t
wy — Au = / (=) [u(s) [P [v (s) [nds, ¢ > 0, 7 € R,
0

t
v — Av = / (t=5)"2 v (s)[[u(s)|®ds, t > 0, z € RY, (5.1)
0

\ u(0,2) =up (z), v (0,2) = vy (z), v € RV,
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and hyperbolic type:

(

t
U — Au+ up = / (t—s) " u(s)|P|v(s)|ds, t >0,z € RN,
0
t
v — Av 4 v, = / (t— )7 [v (s) [2|u(s) |2ds, ¢ > 0,2 € R,
0

u(0,2) = ug (z),u: (0,2) = uy (x),v(0,2) = v (z), v (0,2) = v (z), v € RY,

(5.2)

\

where the unknown functions u := u(t, z), v := v(t, z) are real-valued, N > 1, p1,q1,p2,q2 >
1,0 < 7,79 < 1 and ug (), v (x) are the given initial data.

Motivated by the results cited in the Chapter 3 and the papers [37], [46], [47], [66], [72], we
consider the problem ({5.1)) ( respectively), we will give conditions relating the space
dimension N with the system of parameters v, 75, p1, q1, p2 and ¢, for which the solution
of ((5.2) respectively) exists globally in time as well as L decay estimates.

The best way to do this is to consider appropriately Lebesgue space where we can expect
global well-posedness for this model, we observe that if (u,v) is a solution for the system
(5.1) with initial data (uo,vo), then for all A > 0, (uy,vy) = (A" u(N\*t, Ax), AP2u(N\*t, Ax))

where

(4—=27)(p2—1) —(4—=27) @ o — (4—27) (1 —1) — (4 —27)) @

DD —aw) 2T (D D) -

is also a solution of . If (ug,vo) € L™ (RY) x L™ (RY), then the norms in L™ (RY)

and L™ (RN ) are preserved if and only if

N((pr—=1)(p2—1) — q1q2) - N((pr—1)(p2—1) — q1q2)
2[2=7)(p2—1) - (2_’72)611]7 ? 2[2=7)(m—1) - (2—’71)612]'

r =

(5.3)

So we could expect that if 71 > 1 and 75 > 1 the mild solution of (5.1)) with small initial
data would exist globally. We will show in this chapter that this result partially is not true.

Using the diffusion phenomenon properties, we can obtain similar critical exponent results
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for the corresponding system of semilinear damped wave equations in low dimension space.
The rest is organized as follows. In the next section, we present some preliminary lem-
mas that we will need in the proof main results of this part. We collect some basic facts
and useful tools such as smoothing effect of the heat semigroup, LP-L? estimates of the
fundamental solutions of the damped wave equation. The local existence and the contin-
uation results are presented in Section 3. Finally the proof of main results are presented
in Sections 4 and 5.

In all the chapter, C is positive constant which may have different values at different
places.

For any 1 < p < co; W'? (R) denotes the usual Sobolev space

whe (RN) = {f RV — R; ||fHW1,p(RN) = Hf”LP(]RN) + va”LP(RN) < +OO} :

For any Banach space B, we denote by C(]0,T]; B) the space of continuous functions from
[0, 7] into B equipped with the uniform convergence sup |.||5, and

te[0,7
H' (RY) := W2 (R") (I € N) stands for the usual Sobolev space equipped with the norm

l
I ey = 32 (108, < oo

5.2 Preliminary lemmas

Heat semigroup: Let us recall the definition of the so-called smoothing effect of the
heat semigroup on R" and some related basic facts. For a complete presentation and

more details, we refer the reader to [5§].

Lemma 5.1 [58] Let 1 <r < s < oo. There exists a constant C' > 0 such that

1S () woll o < Ct G2 gl £ 0 (5.4)

for all ug € L". In particular for ug € L" (RN) N L* (RN), 1 <r < s < oo, there exists
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C = C(r,s) such that

1S () woll . < € (t+ 1) 2G5 (lugll e + o]l ) (5.5)
fort>0.
We will use also the following interpolation inequality
lull e < lulle lullzz (5.6)

for u € L* (]RN) N L* (]RN), where s € [s1, 55, 6 € [0, 1] with % =0 4 10

S1 S9

We will need the following lemma which used in the proofs of Theorems [5.1] and [5.2}

Lemma 5.2 [58] Let 0 < a < 1, b > 0. Then there exists a constant C > 0 depending

only on a and b such that for allt > 0,

(

C(1 + t)~ min(@b) if max(a,b) > 1,

/ (t—s)""(1+5)"ds < C(1+t)~min(@b) In(2 +¢) if max(a,b) =1, (5.7)
0

L C( e if max(a,b) < 1.
t
/ (t—s+1)“(1+s) " ds<CA+1t)", fort>0,a>1a>b, (5.8)
0
and
t
/ e (t—s)(1+5)ds<C(1+1)", ab>0. (5.9)
0
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Linear damped wave equation :
Now, we recall some preliminary results concerning LP — L9 estimates of the fundamental

solutions Ky(t) and K;(t) to the linear damped wave equation

uy — Au+u; =0, (t,x) € (0,400) x RV,
(5.10)

u(0,2) = vo(x), u(0,2) = vy (), r € RV,

The solution u(t) of linear equation (5.10)) is given through the Fourier transform by Ky (t)
and Ki(t) as

u(t) = Ko(t)vo + K (1) (%vo 4 vl) |

Similarly, we introduce the evolution operators of the linear wave equation as follows:

Wo(t)f = F! [cos (t |g|)f] Wi(t)g = FL [%g} . (5.11)

In the following, we will consider the properties of these operators.

Lemma 5.3 ([5]) If f € L™(RN) N HFPI=L(RN) (1 <m < 2), then
10 VEEL (1) * fllo < O(L 4 )~ NANCmTZZE(| £ 4 | f ]l i1 @)

Lemma 5.4 Let 1 < N < 3,1 <p<oo, fe WWWRYN) and g € LP(RY). Then there

exist some constants C > 0 such that
IWo (@) fll pony < C L+ ) | fllwrwmny  t # 0,
HWl(t)gHLp(RN) <C |t| ”gHLp(]RN) t#0,
where Wo(t)f and Wy(t)g are defined by :

The proof of Lemma [5.4]is well known (cf. [32, [67]).

The following Lemma will be used later and the proof of this Lemma can be found in
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[31, B2, 67, 68, 69]), so we omit it here.

Lemma 5.5 Let 1 < N <3, 1<g<p<ooandyg € Lq(RN). Then, there exist some

constants C' > 0 such that for allt > 0,

_N(1_1
<C+6) TG i) Loy -

|0y —edmitg]| < C@+n7EE gl

Lr(RN)

where Ky(t)g and K1(t)g are defined by (5.18)and (5.19).

5.3 Main results

Before presenting the main theorems we introduce the de notion of mild solutions.

Definition 5.1 For a mild solution of we mean a function
(u,v) € {C([0,T); L* (]RN))}2 N {C(0,T;Cy (RN))}2 satisfying the integral system

ut) =S+ | | (s 1) St — s)u(s) o (5) [ drds,
o (5.12)

v(t) = S(t)ve + /0 /OS(S — 1) 2S5t — s)|v () |P2|u(s) |©2drds,

where {S(t)},5¢ as the family of convolution operators with corresponding Gauss kernels
g(t,x) = (4mt) N2 e/ ¢ 5 0 2 € RN, that is S(t)f = g(t,.) = f, here x denotes the

convolution product.

Our first result concerns the existence and uniqueness of mild solutions for the system
ED.

Proposition 5.1 (Local existence of the heat system) Let N > 1, p1,q1,p2,¢2 > 1,

Y1,Y2 € [0,1) and ug, vy € Co(RY). There exists a unique function

(u,v) € {C ((0, Tnax) , C’O(RN))}2 solution of such that either
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(1) Tmax = 00 (the solution is global) or else

(11) Tmax < 00 and t lim (J|u(t)]|, + o)) = oo (the solution blows up in finite

max

time).

Moreover if (ug,vo) € L™ (RN) x LT (RN) with ry > 1 and r9 > 1, then

(u,v) € C ((0, Tax) » L™ (RY)) x C ((0, Trpax) , L™(RY)) and

lim ()l grimpee + (0@ rappee) = 00, (5.13)

t—Tmax

when T < 00.

Under the above notations, our global existence result for the Cauchy problem (j5.1)) can

be stated as in the following

Theorem 5.1 (Global existence of the heat system) Let N be a positive integer. Let

the real numbers p1,q1,p2,q2 > 1, 0 < v4,7v5 < 1 be such that

[(T=)(p2=1) = (1 =) @] ((pr = 1) (p2 — 1) — q1q2) > 0,
[(1=7y) (pr = 1) = (1 =71) @2] ((p1 — 1) (p2 — 1) — q1q2) > O,
P2 —q1 — 1] ((pr — 1) (p2 — 1) — q1q2) > 0,

[p1—q— 1] ((p1 — 1) (p2 — 1) — q1¢2) > 0.

and uo, vy € Co (RY) . Let (u,v) € {C ((0, Trnax) , CO(]RN))}Q.

Assume that

|2

>1—y + (2*711(1112*1:(3772)611 ’
(P1—1)(p2—1)—q1q2 (5'14)

+ (2—72)(1)1—1)_(2—71)‘12
(p1—1)(p2—1)—q1q2

F>1-7

J

(01 —=1)(p2— 1) —q1q2) X [p2 (yip1 = 1) =y + @1 (1 — 7192) + 1 — vq1] > 0,

(p1 = 1) (P2 = 1) — q1q2) ¥ [p1 (VP2 — 1) — Y02 + @2 (1 — Y9q1) + 1 — 7142 > 0,
(5.15)
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and

elavalerpeaotras 5.6

N N, N
Yelmge] e[ rn] <2(at e+

Then there exists a constant € > 0 such that if the initial data satisfy

(uo,v9) € L™ (RY) x L™ (RY) and

[0l + llvollo + lluoll,, + llvoll,, <€

Ty —

the problem (@ admits global solution (u,v) € C ([O, 00); L™ (RN) x L (RY) N {C, (RY) }2>

satisfies the following decay estimates
Jull, <CE+1) ol <C@t+1)7", vt >0,

where 11, T2 given by and

g =) —)—A-m)a ,_ (-7)P-1)-0-7)e

(p1 =1 (p2—1) — q1ge ’ (pr—1)(p2 — 1) — 1

Similar consideration to the system for heat equations can be applied to the Cauchy
problem ((5.1)) for the system of damped wave equations ([5.2)) in low dimensional space.

Let us give the definition of a mild solution for the Cauchy problem ([5.2]).
Definition 5.2 Let u € C([0,T); L' (RY)) n L>([0,T); L= (RY)). Then the function
(u,v) is said to be a mild solution for the Cauchy problem if there holds
t s
u(t) = Ko(t)uo + K1(t) (%uo + ul) + / / (s = 7) MKy (t — s)|u(s) |Prv(s)|"drds,
0 Jo

v(t) = Ko(t)vo + Ki(t) (300 +v1) + /0 /05(8 — ) 2K (t — s)|v (s) [P?|u (s) |2dTds,
(5.17)

for all (x,t) € RN x [0,T), where the evolution operators Ko(t) and K, (t) solutions of the
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linear damped wave equation are given by

(Kolt))(w) i= F ! [ (t\/ €2 - i) ﬂ¢]] (=), (518)

sin <15,/|f|2 - }1)
V1P — 3 T

Here we denote the Fourier and Fourier inverse transform by F and F 1, respectively. In

[SIES

(K1(t))(x) := F ' |e” (x). (5.19)

particular, when N = 1,2, 3, like in the paper [69], can also be written as follows:

(

ult,.) :Kl(t)(%u0+u1)+[(o(t)uo+/0 (Kl(t—s)—e*t%swl(t—sw
x/os(s—T)_"Vl\u(T,.)|p1|v(7,.)\‘“d7ds—i—/oet;Wl(t—s)
x/s(s ) fulr, )P o(r, )@ drds,

° t t (5.20)
v(t,.):Kl(t)(%vg—i—vl)—l—[(o(t)vo—l—/O (Kl(t—s>—e—%§wl(t—s)>

s t
x/ (s — 1) 2|v(r,.)|P?|u(r,.)|®2drds + / e*%Wl(t —3)
0 0

/Os<s Ao, )P fur, ) drds.

\

Proposition 5.2 (Local existence for the damped wave system) Let 1 < N < 3,
P11, P2, 82 > 1,71,72 € [0,1) and (ug, w1), (vo,v1) € W (RN) x L°(RN). There exists
a unique function (u,v) € {C ((0, Tiax) ,L‘X’(RN))}2 solution of such that either

(1) Tmax = 00 (the solution is global) or else

(11) Tmax < 00 and t lim (Jlu(t)] +llv(t)]l.) = oo (the solution blows up in finite

> L max

time).

Moreover if (ug,u) € Wh™ (RY) x L' (RY) and (vy,v1) € WE2(RY) x LY(RY), then
(u,v) € C ([0, Tax) , L (RYN) x L2(RN)) for any ry > 1 and ro > 1,
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and T ([u(t)| s goe + [008) | prapygo0) = 00, when T < 0.

max

Furthermore the solution u,v € C ([0, Tyax) ,H'(RY)) N C* ([0, Tinax) ,L2(RY)).

Remark 5.1 The proof of Proposition 1s omitted here since it follows by combining

the proofs of Propositions and 8.6 in [37] with Lemmas togethers.

The main purpose of our next theorem is to show that the same result holds also for the

Cauchy problem (/5.2))

Theorem 5.2 (Global existence) Let 1 < N < 3 be a positive integer. Let the real

numbers p1,q1,p2,q2 > 1, 0 < 4,7, < 1 be such that

[(1=7) (p2—1) = (I =) @] ((p1 — 1) (p2 — 1) — 1q2) > O,
(1T =) (pr —1) = (1 =) 2] ((p1 = 1) (p2 — 1) — quq2) > 0,
P2 —q1 =1 ((pr = 1) (P2 — 1) — q1q2) > 0,

[p1—q— 1 ((p1 — 1) (p2 — 1) — q1g2) > 0.

Assume that

|2

C—v)P2—-1)—-(2—v2)a1
>1=m+ (Pll—l)(Pz—l)—qlqzz ’

(5.21)

N _ (2=72)(P1—=1)—(2—71)q2
2 > 1=t e D ae

(01 —=1)(p2 = 1) —q1q2) X [p2 (yip1 = 1) =y + @1 (1 — 7192) + 1 — vq1] > 0,

(01 = 1) (p2 — 1) = 1q2) X [p1 (vap2 — 1) — Yoo + @2 (1 — 72q1) + 1 — 7,¢2] > 0,
(5.22)

and

Mplmen] e[z ee] <2pta)+ 4 -
Mmoo g nra] <2ty

Then there exists a positive constant € > 0 such that if the initial data satisfy
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(us, v;) € {WITHL(RN) x Wimiee (]RN)}Q, i=0,1, and
[uollyrramprce + [vollwrapmree + utllpinpe + Vil piape <€,

the corresponding problem admits global solution

(u,v) € C([0,00); L™ (RY)nL> (RY)nH' (RY))NC"([0,00); L* (RY))

xC ([0,00); L™ (RY) N L> (RY) n H' (RY)) nC* ([0,00) ; L* (RY)) ,

satisfies the following decay estimates

Jull, <CE+D), ||, <C@+1)77, vt >0,

where r1, ro given by and

(=1 p2—1)—qg B (p1—1)(p2— 1) — 12

(I=7)Pa—1)—(1=7y)n A-—m)Pr—-1)-A-7)a

1) From the definition of r; and r;, we note that the left hand sides of inequalities

(5.16) and (5.23|) are independent of the dimension N.

2) Notice that the above results remain true for py,ps > 0, ¢1, g2 > 1 with p; + ¢ > 1

and ps + g2 > 1.

3) Theorem [5.1] and |5.2| are sharp in the case (5.16]) (respectively, (5.23)), see (4)—(14)

and generalizes Theorem 1.1 of [66]. In fact let p; = p» = 0, 4 = ¢2 = ¢ and

v, = Y5 = 7. Conditions (5.14) and (5.15)) reduce to g (% +v— 1) > % + 1 or
gy > 1 respectively. From these facts, it is possible to conclude that, if ((5.15)) and

(5.23) are valid, then the value of the Fujita critical exponent is p,.

4) When p; = ps = 0. These results are in agreement with results obtained by [46,
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Theorem 2] and [37, Theorem 2.1, 2.2]. In particular the condition ([5.23)) of Theorem

improves the one in [37, Formula (10)]

5) The same result can be stated for more general nonlinearities, namely for f;, i = 1,2

fi (w,0) = fi (@ o) < Clu—al (Juf™ " +af ) o

| f2 (u,v) = fa (u,0)] < C'v— 0]

’m—l + ’1—)|p2—1 |u]@.

(I

/1 (w,0) = fu (w,0)] < Clo— o] (o + (o] ) Jul™,
(
(lv

)
[f2 (w,0) = fo (@) < Clu—al (Jul +[al*™") o],
)

Proof of Proposition The proof relies in the Banach fixed point theorem. Given

M > 0 such that let

K = {(u0) € {17 (10,7),Co (RY))} u () oo < M+ L]l (1) < M +1}, (5.24)

where 7" > 0 will be chosen later. The space K equipped with the metric

d((u,v), (w,v)) = Sup, [ (8) = u (1)l TS lo () = ()]l »

is a complete metric space. Define the mapping ® : K x K — {L> ([0,T),Cy (RY)) }2
as the following

O (u,v) = (P1(u, v),Pe(u,v)), (u,v) € K

where

Dy (u,v) = S(t)uo + / /SS(t —8)(s—=7) " |u(r)|P|v(7) |drds,
0 0 (5.25)

Do (u,v) = S(t)vo +/O /OSS(t —8) (s —7) "2 v (7) [P2|u(T) |2dTds.
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First,we claim that ® maps K it into itself, and is contraction when 7" is chosen appropri-

ately. We have for (u,v) € K that

o)l < Cluoll / [ = g ol drs
S CHUOH —|—T2 Y1 M—i- )pl-H]l
Similarly
B2, 0)]ly < C ol / [ = ol drs
< Clloolly +T*772(M + 1)P2Hee,

We will prove that for 7' > 0 sufficiently small, ® is a contraction map from K into itself.

We consider (u1,us), (v1,v2) € K. For any ¢ € [0,T), we have

191 (1, 15) — s (vr, 02)]| // 150t = 5) (s — 77 (Jun P Jual® — Jor [P ug]®

o[ ua | = or " oa| ") | drds.
Then, thanks to Lemma [5.1], we get

1B (un, z) — B (on, 00| < c// 5= ) a2 (el + foa ) flun — vl

+ [Jor |22 (fluzl| 2 Lt ||| 22 1) |ug — val|, d7ds.

Therefore

te(0,T) te(0,

@1 (ur, ua) — @1(v1,02) |, < 20T (MA1)PF0 ( sup [lug — vif| + sup [luz — vaf[
T)

(5.26)
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Similarly, we have

[®a(ur, u2) = Da(vr, va)l|, < 20T>72 (M 4 1)=Fe ( sup lus — vl + sup [us - vznoo) ,
te(0,T) te(0,T)
(5.27)

for some positive constant C' > 0. From ({5.24)-(/5.27)) it follows that if 7" sufficiently small,
then ® is a strict contraction from K into itself, so ® has a unique fixed point (u,v) in K,

which is a solution of (5.1)).
It is easy to prove that for each 7" > 0 system ([5.25)) has at most one solution which lies

to K (T"). In fact, let (uy, v1), (ug,ve) € K (T") be two solutions of system ([5.12)); then

w (t) —un(t) = / S(t— ) /0$<s—f>‘”1 (ur() [P — [ua(r) ) Jon (7)o
(o ()| — oa(n)]®) [ua(r)|P) dods (5.28)

t s
vty -ut) = [ St-s) [ =0T (nr - wEP) )
0 0
Hoa(r) P (fun (7)1 — fua()[)) dods (529)
By the help of the following inequality
[ual = Jual*| < € ur = wal (fea 4 a7

for every uy, us € R and all £ > 1 and by the definition of K (7”). Thus from (j5.28)),
(5-29), Lemma 5.1 we get

sup |luy (t,.) —ua (&, )l + sup o (£,.) =02 (¢, )]l <
te[0,17] t€[0,77]

C(T’)/O < sup |lug (7,.) —ua (7,.)]|, + sup ||v1 (7,.) —v2 (7, )||Oo) ds, (5.30)

T€[0,5] te[0,s]
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where C(T") constant dependent on 7”. From (5.30| ) and Gronwall’s inequality, we find
uy = up and v; = vy, i.e. system ((5.25)) has at most one solution which belongs to K (T").
Due to uniqueness, it follows that the solution (u, v) can be extended to a maximal interval

[0, Thnax) - Note that if 0 <t < ¢+ 7 < Thax, we have

ut+71) = Svﬁmw+éiﬂr—$zrh—ay%m@+@ww@+®w¢ms
/OT S (1 —s) /OT (t+s—0) " |u(o)|P|v(o)|"dods,

v(t+7) = S(T)U(t>+/OTS(T—S)/UT (1 —0) 2 vt + o) P?|u(t + 0)|®dods

+

—i—/OTS (1 —9) /OT (t+s—0) 2 |v(0)|*|u(o)|®dods. (5.31)

By the fixed point argument, it follows from that if

[ ()| oo 0,7y xrM) 10 (D) | oo ((0,7)xr) < 00, then (u, v) can be extended to interval [0, T")
with 7" > T. This shows that if Ti. < 00, then lim, 7, |lu (?)| + ||v (t)], = 0.

To show the remaining part of Theorem [5.1], we use again a fixed point argument. Consider
the space F = [ <[0,T) L (RY) x L2 (RY) n {Co (RN)}2> , and

K = {a= (u,v) € B Ju®)l.llo @l llu@l, o @)l,, < M+1, for all t € (0,7)},

where M > max {||uol|, . [[vollc ; luoll,, ; l[voll,, } - The space (K, d) with the metric

ry?

d(u,v) = max ¢ sup |lu; (£) —v; ()|l sup [lui (t) —vi (D)., ¢
=12 | ¢+e(0,1) te(0,T) ’

where @ = (uq1,us), o = (v1,v2) is a complete metric space.

Since r; > 1 and ro > 1, we can choose &, w, &1, w; > 1 by taking % = 1=k

r1? re 7 & T
and w—ll = % for some constants 0 < k, k; < 1 satisfying
L@ N(pL @ 1 I 1 1 1
P42 <1,0<y (B4 -L)<1, i<t Il 532
P2 G N(p2 2 1 1 1 1 1
w1+£1§1’0§2<w1+§1 T2>§1’w1§7’2’§1§7"1'
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Using the smoothing effect of the heat semigroup (5.4)), interpolation inequality (5.6|) and

£32), we find

t
1o, 0), = [luoll, + / drds

S(t—s) / (s ) () P o ()|

1

tors _E<T’i1+qil_i) _
< ol + [ @m0 FEEE) o gz i s
i _r
< o+ [ / (¢ HE ) (o g a7
< ol En o) &2 dras
_m
< loll, + // (=5 F(E 2R (s g7 g
< ol Ze o) &2 dras
S Hu0|’7.1+T2_71_7<?1+71_%) (M+1)P1+q1

Thus

1@ (w, 0)[,, < M +1,

if T' is small enough. Analogously, taking T" eventually smaller, we get
N
a0, 0),, < llol,, + 7%= FEHE) (ar 4 1 < b1,
Taking a smaller T if necessary, show that ® is a contraction in K, indeed

t S
1B (11, uz) — B1(0n, 00)] < / / 15— 5) (5 — )77 (ua? ol — o[ ua]®)| drds
0 0

t s
Bufursun) = (o) < [ [ S = 1) K fual? sl — e drds
0 JO

t s
+/ / S(t—s)(s—71) " || ||ug [P — |v1[P*] drds
0o Jo
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Therefore, from (5.4) and the Holder inequality, we have

(p?l#%*ﬁ) (s—71) ™

wlz

t s
@1 (w1, ug) — P1(vr, v2)|l,, < // (t—s)
0 JO
—1 —
a2 (a7 4 ali ™) s = eall,

+ (o2l (HulH?il + ||U1||‘2171> |uy — vl||£] drds.

Hence
1

t prs » q
(a) —dq(v < + t—s_%%%_H s—1) "tdrds x d(u,v).
@ o1(0)],, < 2(M + 1ot (+3-5) “Mdrds x d
0 Jo

That is

a0

1By (@) — By (D)), < =5 (B8 -%) (0 4 1Pt g, o).

By analogous computations one can prove that

[@a(w)le < M +T272 (M + 12
[@2(u) = a(@). < CT (M + 1P d (u,1),

@), < M+ EETEA) (e,
[@xw) — 0@, < €7 FEHEE) (a4 e a (),

if T is suitably small such that CT'™72(M + 1)P2t2~1 < 1/2 we get the claimed result.
Therefore the application ¢ is a contraction in K and by contraction mapping principle
there exists a unique (u,v) € K satisfying ®[(u,v)] = (u,v) and it is the solution to the

semilinear problem (5.1). m

5.4 Proof of global existence theorem of the heat sys-

tem

Proof of Theorem [5.11

This section is devoted to prove the first main result.
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To do this, let (ug,vo) € {Co (]RN)}2 N L™ (RY) x L™ (RY) where 1, 5 are given by
(5.3). Let (u,v) be a corresponding solution given by Theorem Since r; > 1 and

ro > 1 from ([5.14]), we have that
(u,v) € C ([0, Tax) » L™ (RY) N Co (RY)) x C ([0, Tnax) » L (RY) N Co (RY))

and (5.13) holds. Let us consider

e =lu®ll, + ¢+ DFET Ju@l, + ¢+ @l (533)
Gt = o, + ¢+ DFE) @, + 41 o @lle, (634

be functions defined for ¢ € [0, Tax) - We show that there exists gy such that if ¢ (0) +

Y (0) < eggand T € (0, Thax ), then o, ¥ are bounded on [0, T , where o = (1&;11(1’32(;2121)(:17;2))"1 ,

B = (A=) (P1—1)—(1—71)q2
((p1—1)(p2—1)—q192)

and 7, w; > 0 are given by

1 1 2 1 1 2
_— = — — — f—_— = — — — )\ .
A T1 N [a+u]7w1 (] N [ﬁ—i_ }’ (5 35)

with p, A > 0 satisfying

N N
u<min{fyl—a,2—rl—a}, A<min{72—5,2—m—5}, (5.36)

N

o) (&—1—2—1) —(ap1 +Bq) < (pip+a@r) <1-—a,
™ T9

N

) (% + 2 1) — (B2 + ags) < (p2A+qep) <15, (5.37)
2 1

If this statement is proved, then T* = oo and (u, v) is global. From (/5.35)—(5.37]), we have
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that

P @ pLyo@ 1
B2 0< <m+w1 m><1,

N
2
P2 4 G2 N (p2 4 2 1

w1+n1<1’0<2< + o ><1.

w1 T1

Moreover, from (5.14)), it easy to check that

((p1=1)(p2—1)—q192)

2
N ((p1—=1)(p2—1)—q192)

From the definition of «, 3, it yields

Ga+(p2—1)8=(1-1,),

¢B+ (1 —1Da=(1-7).

An estimate for (u,v) in L™ x L™. From ([5.35)) and ({5.40]), we have that

.o .o @ 2 2 1
bhya hy i 2 <4
mooowr T - ro N (api+ap) N + 1

So, we can select w € (rq,w;) and £ € (ry,n;) such that

1 2 2 1
max{— ]2—1—2 jﬂ—1-2——}<1r£—i-2<min{——i-— 12—1-2,1
w

) )
rnm wi ry ro N

1 _ (1=k)

To see this, let us take £
M

&+2_&+2+k(&+2_<&+2)).
w Lo T m w

It’s easy to check that for some 0 < k£ < 1 the inequality (5.41]) holds.
Observe that by (5.41))

N 1 N
0< — EJr@—— <1, 0<— @4-2— &+2 < L.
2 \ & w T 2 \r1 1o 19 w

75

mopa 22 [(1—w1>((p1—1)<p2—1>—q1q2)+<2—71)(pz—l)—@—vz)ql} <1,
T2

2 [(1—72)((p1—1)(pz—l)—41q2)+(2—72)(p1—1)—(2—71)@!2} <1

(5.38)

(5.40)
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Making use of the interpolation inequality, we get

0 1-6 0 N1 _ 1 _N(1_1
lulle < el 22 < ] [<t+1>2<r mMuHJ (t+1) F(EY

1-¢’
G o, 4G,

v|2

1-0 0’
loll, < Iol7; loll,” < oy, {(Hl)

where % = % + 1n;16', L= % + 1;—19/, 0,0 € (0,1). We easily check that

N(p ¢ 1 N (p @ P1 Q1
9y (i ) (P (P m))
T 2(§+w r1> 2(r1+r2 §+w ’

we see from (5.12)), (5.42) and (5.43|) that

vl

t
@, < luoll,, + / (t—s)
0
t S
< ol + [ @0 HEER) [ gy HEA ) g,
0 0

) [ ) I o (]2 drds
0

IN

luoll,,, +C
s€(0,t)

sup w(é‘)] lsup Y (s)

An estimate for (u,v) in L x L*. From (5.16) as 2 + 2 — 2 < %—l—ni, R A
Since
N p-1 ¢
p1u+qM>u=2—71—(1—71)—1+u—3( . +r1 —(m—Na—@af—1+yu,
1 2

which equivalently

N -1
3 (B4 D) - - Dot - [+ A <

that is
p—1 2(p—1)
T N

@ 2q1 2
atpl+ - BN <
ot N A< F

Namely pln—zl + L < 2. From these facts, we can choose w' € (ro,w1), & € (r1,n,)
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satisfying

1 2 2 1
m{ p1+2,@+ﬂ__}<&+q_l,<mm{_+_fﬂ+@,1}.
o wi ry ry N w N 1y r 7o

Note that

N (p @ P11 N (p @ 1
0< —— =+ = <1 0< — ——— <1 5.44
2<7“1~|_7“2 §’+w’ ’ 2 §+w’ M ’ (5:44)

and

N (1 1 N 1 N
2\ m 2 \¢ w o 2 Ty T & w

From (5.4), (5.5)), (5.43) and (5.44)), we get

_%(L_;)
[u@)ll,, < (@+1) 2\ m HUoHrﬁHuon)

t P q s
[ BB [ ol o () drds

<+ FEE) (o, + lleoll,, ) + € suw(s)] [supws)]

s€(0,t) s€(0,t)

t S
X/ (t_s)év(?*i’u/%)/ (s — )y 3 (BB (848)) s,
0 0

which, yields

¢+ D F ) Juy 01, < luoll, + Ilull, +C SupsO(S)] [supws)] .

s€(0,t) s€(0,t)

Estimate for ||u(t)]|., . We have to distinguish two situations

Case a: Either N <2 or (2 42 < £ and et < 2). From (5.35),(5.38) and (5.39

7
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there exist w” € (r9,w;), n" € (r1,7;) such that

2 2
max {24 2P B (BB i {2 2 2
rr ro N np wp n w N'ry 7y

Since w” € (rg,w1), n € (r1,n,), using interpolation inequality again as in (5.43)), we

obtain

M\Z
vl

) [y
0

lu@lle < (E+1)

7 (lluoll,, + lluoll.o) + /O(t—s)
X lw ()7 llo (7)3 drds

_N1
@l < (E+1)727 (luoll,, + lluolle) +C

p1 q1
sup ¢ (S)] [ sup ¥ (S)]
se(0,t) s€(0,t)

x/t -5 (D) / (s -y (1) B () 4,
0 0

Notice that 0 < & <ﬂ + L - (p—}, + ﬁ)) <1, % (q—}, + p—b) < 1. On the other hand,

n w n

3 _ N _ p2—qi1—1 :
since & — 5= = N Do) < 0, it follows that

N
i3 (308) - ((308)-(3+2)
w 2 ry T n w

N N [p
< 2- R
Nt g 2[ }

which, together with (5.8]), yields

(t+ D" lu®lls < (luoll,, + lluolle) +C

sup 80(3)] sup w<s>] :

_se(o,t)

Or else, that is N > 2 and (% + g—; > %, or & 4 4L > %) From (|5.35)),(5.38)) and (/5.39
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there exist w” € (rq,wy), £" € (r1,m;) such that

2 2
max ]ﬂ—l—ﬂ——,&—i—ﬂ,— < p—,%%—q—%, < min 1,&+2 .
rr ro N'n  w N £ w rL  Ta

Hence, the inequalities (5.5)) and ([5.43)), give
lu ()l < (E+1)7 27 (Jluoll,, + lluoll)

! -3 (%+5) [° _
+/0 (t—s+1) (5 v ) /O (s—7)™™ (HU(T)H?/ lo (P15 + [l (7115 (1o (T)Hgé) drds.

Therefore

_N 1
@l < E+1)727 (fuoll,, + lluoll)

11 1 7ﬂ(p71,+q7},) s

+ | sup p(s)| | sup ¥ (s) /(t—s+1) *\e /<s—7>—vl
_sE(O,t) ] _SE(O,t) | 0 0
- 1P 1a t ,E(Lll+‘17},) s

+ | sup ¢ (s) sup ¥ (s) / (t—s+1) *\¢ / (s —7) ™™
_sG(O,t) ] _se(O,t) | 0 0
[ _N(P1,91_(P1L, 91

o G0 l)wwa)] drds,

Since ap; + 8¢ < 1, we observe that

PTG 2 p1oq 2
R e T -t .
7“1+7“2 N 7"1+7’2 N(Ozp1+q1,6’)

It easy to see from (5.35)), (5.39) and (5.40|) that

y4i G 2 b1 q1
a {771 wl’N} T (]91 % )

From these facts, we can assume that (g—}, + q—%) <B4 @ 2 (ap +q,3). Thus

N N N
oat1—y;—— &—1—2 +—= p—,l,—i-q—%, = api+q,0—— ZA‘*‘@— p—/lf‘Fq—%, <0,
2 \r; 7y 2 \¢ w 2\ r & w
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and therefore, we conclude as in the previous case

(t+ D lu®)lls < C (luoll,, + lluolloo) +C

sup 90(8)] [SUp ¢(5)] :

s€(0,t) s€(0,t)

From the previous estimates of |[u1 ()|, , [lu1 (¢)[l,, and [lu (?)[,,, we obtain

¢ (t) < C (lluoll,, + lluoll ) +C
se(0,t) s€(0,t)

sup 90(8)] [sup ¢(8)] :

By analogous computations, we get 1) (t) < C (|[vol],., + [[voll o) +C

sup w<s>] lsup @

SG(O,t) SG(O,t)
Denoting f(t) = sup ¢ (s) and g(t) = sup ¥ (s), we get
se(0,t) s€(0,t)
ft) < C ([luoll,, + lluolls) + CF()g(t)™, (5.45)
g(t) < C ([lvoll,, + llvolle) + Ca(t)™ f(£)®. (5.46)

Now, we define h (t) := f (¢) + g (t). Taking into account (5.45)), reads

h(t) < C(e+ hPrta (¢) + hP2t2 (1)) Vi € [0, Thax)
for some positive constant C' independent of t and A = ||uq||,., +|uol| o +lvoll ., +[|vollc < €.
We conclude by standard arguments for sufficiently small € as in [57], it then follows that

h(t) < Ce, V¥Vt € [0, Thax) - Hence f(t) < Ce, g(t) < Ce, Vt € [0, Thax) -

5.5 Damped wave system

Similar considerations to the system for heat equations can be applied to the Cauchy

problem (j5.2)) for the system of damped wave equations in low dimensional space.

80
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5.5.1 Proof of theorem [5.2

We follow the same steps as in the proof of Theorem [5.1] with a slight modifications. So
we maintain some notations used in the previous proof.

Let us define n;,w; > 0 by

1 1 2 1 1 2
_— = — — — N _— = — — — >\
,'71 Tl N(O[+M), ’LU]_ TQ N(/B—'— )7

with pu, A > 0 satisfying

N N
M<min{71_a7__a}7 /\<min{,72_6a__6}7

27"1 27’2

N

5<@+@_4)—@%+ﬂm)< (P + @A) <1—a,
™ )

N (p2 | @

5 — 4+ = —1) = (Bp2+ag) < (PA+qu) <1-75,
] T

with
(p2—q1 — 1)
= —\ 5.47
: p1—q2—1 (547)
The existence of A and p are insured by the conditions (5.21))-(5.23]).

Let (u;,v;) € {W'1 (RY) x Wi-iee (RN)}Q, i =0,1. From ([5.34)), we have r; > 1 and

re > 1.
Let (u,v) be a corresponding solution of (5.2)) given by Proposition
Our aim is to seek upper bound of solution in the functionals defined in (5.33)), (5.34)) each

t > 0. It easy to check that all the requirements (5.38)), (5.39) and (5.40) are fulfilled.
An estimate for w in L™ (RY). From (5.40)), we conclude that

P, P @1 2 2 1
DI AR S ap ) < =+ —
m  wr  ry r2 N (ap1 + @) N nr
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So, we can select w € (rq,wq) and n € (r1,7n;) such that

1 2 2 1
ma{ L Py PP (T S B
rvn wy ry rg N n o w

Note that

and by (5.21)-(5.23), we get

1 1 1
lopn el p ool p e g1 » @
1 n w1 M o w1 wr W Ui n w1

From (j5.20), we have

¢ 1
€7§W1 (t)(§U0 + ul)

I, < (K0 = BA0) G-+
+HOQ@ (WM)+?%@O)W
+At(Kﬂr—@—e”?wur—@)A?s—ﬂ~wuvnmwwnm

t
_t=s
+d/ e 2
0

Next, by the lemma lemma, , and (5.6)) we get, for all ¢t € [0, T},42)

T1

N\w
I\J\w

+

O%U+§Wﬁ0u

r1 T1

drds

1

drds.

T1

Wﬁ—ﬁi%—ﬂ%@ﬁW%ﬁWl

t ¥ (mano1)
Ju(t, ), < C<Hu1||LT1+||UOHW17T1)+/O (I+t—s) 2in e m

X [ (s =) ulr, )l ol Il drds

+

X
fie

t—s/@—ﬂ”ﬂ@ﬁWW&ﬂﬂhmw
0
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By using the interpolation inequality to the last term, we get

lu(t )M, < C(luall,, + luollyrr)

a1 1

+/0 (t— s+ 13 (FrE-7) /OS(S—T)—% lu(r, P [Jor, || drds

t
t—

T () /Os(s —7) 7 [lu(7) [P (7) |Q1”z;19 )

0 +5711
< | (7) [P v () |12, drds, (5.48)
with 1 —0 = %( ) . Therefore
u (t, )], < C (lluall,, + luollyir )
¢ ,E<L1+i1,i> s
. / ¢+ 1) T [ m e ) ot )| drds
0 0

t s
t

T / 5t~ 5) / (s = 7y lu(r, Y200 e, 2O e, P fo(r, )| drds,
From the definition of ¢ and 1, we infer that

lu(t ), < C(lluall,, + luollyrn ) +
s€(0,t)

sup 90(8)] lsup w<s>]

t S
+/ e T (t— s)/ (s—7) " (1+ T)_(apﬁﬂql)e_%(%Jr%‘(ZHql )0 474
0 0

p1 q1
X lsup 90(8)] lsup @D(S)] ,
s€(0,t) s€(0,t)
where we have have used the fact that (5.33]) and (5.43)) since (u,v) € X.
By virtue of (5.40)), we know that

1—v,— (ap1 — Bq1) 0 — ];[(fi—i—z—;— (%—1—5}11))(1—9)
= 1=y —(apr = Bq1) 0 — (m(a+p)+ @ (B+A))(1—0)

= —a—(ppu+al)(1-10)<0,

and since 2—y, — 5 (2 + 4 — L) J (B 44 L — (& + %)) = 0. Applying again Lemma
175 2 n T w

n w T1 71
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5.2 we obtain

[l ()M, < € (luollyrry + luall,,) +C

sup w(S)] [SUp 1/)(8)] :

s€(0,t) s€(0,t)

An estimate for [lu(t,.)]|, . Arguing in the same way as in the previous estimate

¢ 1
€7§W1 (t)(—'l,éo + Ul)

et ), < H(Kﬂﬂ — e A (o + ) L 2 3
- H (Ko(t) —e 2 (Wo(t) + ém(ﬂ)) )| +|le 2 (Wo(t) + éWl(t)) “l
+/Ot (Kilt=s) = e = Wit - ) /Os<s—f>—%!u(7) [P (r) ||| drds

M

t s
+/ ez Wh(t — s)/ (s = 1) M (r) [Po (7) "] drds.
0 0 M
From (5.23)), exist w', n’ satisfying
2 2
lm%&+2_<& ﬂ}<$+2<m%L_ 2m 2}
o ore N'mo w n mo Noroor

Note that 0 < ¥ (B +2 — L) <1,0< 4 ((2+2) - (2+2)) <1and

N/l 1 N 1 N
SSRE I N . TR R R N
2 \r1 m 2 \n w 2 T Ty n w
From (5.20) (replacing w by w') and thanks to lemma [5.5 lemma 5.4 and (5.6), we have

hut, )N, < c+o 3 Gw) H(%uo )

T1

,ﬂ(i,L) 7g(ifi>

+C+t) 2\ ) ([Jur]| oy + Jwolln) + C (X +1) 2N 0 lug|| i,
! ,ﬂ(ﬂJrLl,L) s _

s [ BB [ el o 12 drds
0 0
b ’ - 1-¢' 1-¢'

T / T (t—5) / (5 — 77 lu(r, Y20 [jo(r, )20

0’ o'
x Ju(r, s lo(r, IS drds.
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-1
with 1 - ¢ = 1 (pl v Q—l) . Combining the last inequality with (5.33), (5.34) and

M w1
(5.43]),we obtain

lutt, M, <€ Q+6 TG (uoll,, + fun)l,,)

ON(1_ 1 =
+C(1+1t) 2 (rar) ([Juall gnn + [lwollpn ) + C (1 +12) 2 (&) [wollyw1m

sup SO(S)] lsup 1/)(8)]

s€(0,¢)

¢ PL_a1_ 1 s a_(ri,a 5.49
X/ (I+t— 3)7%<7+J7H> / (s—7) 7 (1+ 7)7%<E+57<7+F)) drds (5.49)
0 0

t
+/ (t—s / s—T) M (1+7) (ep+5a)0 L%(%+%7(%+%>)(1*9,) drds
0

sup ¢ (s sup (s
s€(0,t) s€(0,t)
1

Multiplying both sides of (5.49) by (1 + t)%<ﬁfﬁ), we find

N({1 1
A+ 032G N, < € (Juollrn + ol + uall, + )

+[ sup ¢ (s)"*[ sup ¢ (s)]"
s€(0,t) s€(0,t)

(14 1)y i) -5 (o) S (-0 -3)

N
Hsup @ ()7 sup o (s)]% (14 6)* Giman)
s€(0,t) s€(0,t)

t s
0 0

x (14 7)*%<%+%’(%+%))(1*9l) drds.

We have from the definition of 1, w; that

— (ap1 + Ba1) 9’—% (& + 4 (& + 2)) (1-0)=—a=(pip+aA) (1 —0)+y -1

r T ™ w1
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Using the fact p = )\";]”—11 and the condition p < v; — @, to obtain
—a—Piutar)(1-0)+y,-1> -1
It yields then by the Lemma [5.2] that

$a-3)
(t+ 12 (), < C (ol + lluoll ey + luall,,) +C

sup 90(8)] lsup w<s>]

s€(0,t) s€(0,t)

1 1

t
+C(1+ t)%<ﬁfﬁ) / e (t—s)(1+ S)—a—(p1u+q1A)(1—9') ds
0

X
se(0,t) s€(0,t)

sup 30(8)] [SUp w(s>] :

From ({5.47)), we obtain & (i - i) —a—(pip+aN)(1—-0)=p— At = 0. Therefore,

1 M

by virtue of the Lemma [5.2] again, we conclude

1

N1 _ 1
e+ ¥ e, My, < C (luollyprn + ol + lluall,, ) +C

sup 90(8)] lsup w<s>] :

s€(0,t) s€(0,t)

Now, we estimate ||u (¢, .)]| . . We have to distinguish two situations.

||OO

Either: N < 2or (2 + 2 < + and et < 2). From (5.35),(5.38) and (5.39), there

T1

exists w” such that

2 2
max ]ﬂ—{—ﬂ——,&—kﬂ <&+2<min 1,—,&—1—2 .
rr ro N n  w 0w’ N'ri 1o

Note that

N (p q1 b1 q1 N (p q1 b1 q1
0<5(F+M <1,O<F+J<1and0<5 7’_1+7”_2_ F—FJ < 1.

Since w” € (rg,wy), using interpolation inequality as in (5.43), we obtain
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N N

lu(t, o < (E4+1) 20 ([luoll,, + lluall,,) + @+ 1) 2 ([Juollyree + [Jualls)

t P q S
+/ (t_s+1>—’¥<n*+w%)/ (5 — )77 lu(r, I lfo(r, )I|%, drds
0 0
t s
T / Tt - 5) / (5 = 1) Julr, I lo(r, )| drds.
0 0

Making use (5:33), (5:34) and (5:43), we get

N
lu(t )l < (1) 2 ([Juoll,, + lull,, +llwollwice + lluall)

Sup 90(3)] lsup ¥ (s) /U(1+t—s)]¥(5}f+5%>

s€(0,t) s€(0,t)

% / (S _ T)—“Yl (1 + 7—)7%(%+%7<%+L}’>> drds
0

supso<s>] [supws)] /Ote%—s)

s€(0,t) s€(0,t)

< / (s — 7)1 (1 4 7)o grgg
0

+

+

and as (ap; + fq1) < 1,

N p2—q1—1
o — = <0, a+1-— — apy — =0,
2r1 (g — (1 — 1) (p2 — 1)) 7 —apr — B

it follows from % [M + q—l] = 2 — v, that
r T

1

a+2—71—%(p—},+q—b)—%(ﬂ+q—1)+%(%+%)

n w T1 T2

Np1 _ Naq N _ _ Npr _ Ngx __
2r1 279 < 2r1 +2 71 2r1 2ry 0.

=a+2—7 —

Therefore, we conclude from Lemma [5.2] that

(t+ D" u(t, ) < Clluolly, +lually, +luollyrce+lurll)+C

sup 90(8)] [SUp 1/1(8)] :

se€(0,t) s€(0,t)
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Or else N =3 and (2 +

"' 1

L > % 77_1 + 4> %) Then, from ((5.35), (5.39) and (/5.40)),

we can choose w” such that

2 2
max p1+@__z£+q_7_ <&+ﬂ<min 1&—1—611 .
r ry N’ n, wp N n o w” ry  To

Since w” € (rq,w1), " (r1,7m,) by interpolation inequality, we get

e < Cllall, + uall, + ol e + 1)
t ,ﬂ(LurLl) s
+/(1+t—s) (P /(s—rw G, Y2 o, % drds
0 0
t s
[T [ o= ulr ) o drds
0 0
Mo < Cllal, + uall, + lolhyne + 1l

‘)—‘

4+ 4, )

w

+

sup go(s)] [sup w(s)] /Ot(l—l—t—s) 5(2

s€(0,t) s€(0,t)

></S<S—T)ﬁ (r+ 1A (F) gras

P1 q1 ¢
sup o (s)| | sup o (s) /etfu—@
sE(O,t) SG(O,t) 0

X / (s — )77 (L+7) PP drds,
0

+

Since ap; + Bg1 < 1, we observe that

PG 2 poq 2
T R .
T1+T2 N 7’1+7’2 N(ap1+qlﬁ)

It easy to see from (5.35)), (5.39) and (5.40|) that

PG 2 P 2
—t = <=4+ == :
max{n1 + o N} " + N (ap1 + q,5)

From these facts, we can assume that p—},+q—},) <B4 24— 2 (ap +¢q,0). Thus
atl-m-F(B-)-F(2-9)—ap+es-F(2+2-(5+%)) <0,

n w n
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and therefore, we conclude as in the previous case

(t+ D lu®)lls < C (luoll,, + lluolloo) +C

sup 90(8)] [SUp ¢(5)] :

s€(0,t) s€(0,t)

A combination of the above estimates yields the inequality

sup 90(8)] lsup ¢(s)] :

¢ (t) < C (lluoll,, + lluoll ) +C
se(0,t) s€(0,t)

By analogous computations, we get 1 (£) < C (|[voll,., + [[vol| o) +C

sup w<s>] [SUp 90(8)] :

s€(0,t) s€(0,t)
Denoting f(t) = sup ¢ (t) and g(t) = sup ¥ (t), we get
se(0,t) s€(0,¢)
f@) < Cllluollwrmpwree + luallprnpe) + CF g, (5.50)

9t) < Cllvollwrrapwree + 101l pranpee) + Cg(8)*2 F(E)%.

We now define h (t) := f (t) + ¢ (). Taking into account (5.50)) reads

h (t) < C (A + hprta (t) + hp2ta (t)) 7

< C e+ Mo (t) + hP2e (1) Vit € [0, Tinax)

where C' is positive constant independent of ¢t and A = ||ug ||y e + Uil prippee +
llvollyy1rempriiee + |01 froqz- By using this estimate and standard arguments as in [57], it
then follows that h(t) < Ce, V t € [0, Tiax). Hence f(t) < Ce, g(t) < Ce, Vt € [0, Trax)-

Now, we show the global existence result in the energy space. We define H () = ||u(t)|| ;. +
[v(t)]| 1 for all ¢ € [0, Thax). Making use of Lemmal[5.4 and Lemma 5.5}, it is deduced from

(5.20) that, for all t € [0, Tyax),

la(®) 1 < C (ollyrs + lunll) + / / 5 — 1) a2 ()2 drds,
1@l < C (oollygan + lonll) + / / 5 — 1) (o) |72 u(r) |2 drds.

0 J0

O
D

(5.51)
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Adding the two inequalities of ((5.51)) and using the L*-estimates of u and v, we have that

H{t) < C(luollyrs + [luallps + [lvollyrs + llvrl )
t s
+C/ / (s—7) " (L+7) PO y(r)||, drds
+C / / 2 (1+7) PPl y(r) |, drdds
< Cet C / / (s —7) 7 (14 7)) [ (7)drds
0 0
t s
+C’/ / (s—71) 7 (1+7‘)7ﬁp27°‘(q271) H(7)drds
0 0
t
< CeicC / (1+9 2+ (149" sup Hr)ds, (5.52)
0 0<7<s

From 1’ and Gronwall’s inequality, we get that H(t) < CeexpC (t”ﬁ_a + tHo‘_ﬁ)
for all t € [0, Tnax) - Therefore, we have that (u, v) {C’ ([0, Trax) ; Lt (RN)} N =1,2,3,

so for any r > 1, the solution (u,v) satisfies

CT€?1"€C(t1+B oy plta— 5)/r (1 +t)—(7“71)a/7“

[l ()1 r

||U (t)HLT < C’"E?l" C’(t1+,6 oy qlta— B)/r (1 _‘_t)f(rfl)ﬁ/r’ (553)

IN

Y

for all t € [0, Trnax)-
Now, let D = (0;, V),

ury, (t) = Kl(t)(%UO + U1> + Kg(t)lb(), Vg, (t) = Kl(t)(%vo + Ul) + Ko(t)?]o

From Lemma with m = 1, we see that

[Duz ()] < C(1+8) N> Y2 . |IDv ()| <CQ+1) V2,

HDK1 (t = s)* Jo, " (Ju(s)]")

< C(+t— )MV (fuls) ()] )

0s

o (llu(s)” IU(S)I(“IIO} : (5.54)
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|PEwE =5 g ()| < Crt—s)™ 7 [ o) [u(s)] )

5.7 (o)™ u(s)| ™))

where

Tou = lluolly + lluoll o + llually + llual g

Lo = [Jvolly + llvoll g + loally + [lvrll -

Then by use of (5.53) and (5.54)) and choosing ¢ < 1, we deduce from (5.17)) that

ds

Du )] < [1Du Ol + [ [|[PRE =5 2 (oo
<O+, 40 / (L s o () [o(s)| )
g, ()P o(s)| )] ds

<Cet o/ot (141 — 5N/ /0 (s =7 2 (oI, + ()2 drds
< Ce+ O/Ot (1+41t—s) V212

X /S (s—7) ™ (5%eC(Tl+ﬁ_a+Tl+a_ﬁ)/2 (14 7) CBrim B2 4 el (T agrttent) (1+ T)f(plfl)’8> drds
0

<C (1 O (1 4 gy ) VE, Yt € [0, Trnax)

where C' is positive constant independent of ¢. Similarly
1D ()| < C (1 I A N t)“) VE, Vt € [0, Tonax) ,

which completes the proof of the Theorem.
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Conclusion

As conclusion of this work, we note that the qualitative study of evolution problems such
as the study of existence and uniqueness of local / global for heat and damped wave
system with nonlinear source terms is interesting because it is a generalization of ordinary
problem equation, that we always have the asymptotic behavior of solution for damped
wave system is similar to the corresponding heat system in the infinity. We should also
note the importance of studying the blow up problem in finite time because they are
closest to reality because it is considered to be a model to many problems in many areas,
for example in chemistry.

Many questions remain unresolved and deserve closer consideration, including

e the blow up case of the semilinear heat system and the corresponding system of

damped wave system with nonlinear memory.

e The aim is to seek the necessary conditions between the parameters of the systems
D1, P2, 1, G2, V1, Va,and the dimension of energy space N without the need for a scaling
argument and without using the Fujita critical exponent, i-e the objective is to

establish the blow up of weak solution by using the test method function.
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