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Abstract

The present thesis is devoted to the study of well-posedness and asymptotic behaviour in time of
solution for damped systems. This work consists of four chapters. In chapter 1, we recall of some
fundamental inequalities. In chapter 2, we consider a very important problem from the point
of view of application in sciences and engineering. A system of three wave equations having a
different damping effects in an unbounded domain with strong external forces. Using the Faedo-
Galerkin method and some energy estimates, we will prove the existence of global solution in R"”
owing to to the weighted function. By imposing a new appropriate conditions, which are not used
in the literature, with the help of some special estimates and generalized Poincaré’s inequality,
we obtain an unusual decay rate for the energy function. In chapter 3, we will concerned with
a problem for coupled nonlinear viscoelastic wave equation with distributed delay and strong
damping and source terms, under suitable conditions we prove a blow up/growth results of solu-
tions. In chapter 4, we consider one-dimensional porous-elastic system with nonlinear damping,
infinite memory and distributed delay terms. We show the well posedness of solution by the
semigroup theory and that the solution energy has an explicit and optimal decay, for the cases

of equal and nonequal speeds of wave propagation.

Keywords and phrases: Viscoelastic wave equation, Strong nonlinear system, Global solu-
tion, Faedo-Galerkin approximation, Decay rate, Blow up, Strong damping, Distributed delay,

Porous-elastic system.

AMS Subject Classification: 35L05, 58J45, 35180, 35B40, 35120, 58G16, 35B40, 35L70.




Résumé

La présente these est consacrée a I'étude de I'existence, 'unicité et du comportement asymp-
totique en temps de la solution pour des quelques systemes amortis. Cette these se compose
de quatre chapitres. Au chapitre 1, nous rappelons quelques résultats et inégalités fondamen-
tales. Dans le chapitre 2, nous considérons un probleme trés important du point de vue de
I’application en sciences et en ingénierie. Un systeme de trois équations d’onde ayant des effets
d’amortissement différents dans un domaine illimité avec une forces externes. En utilisant la
méthode de Faedo-Galerkin et quelques estimations d’énergie, nous prouverons ’existence d’une
solution globale dans R™ grace a la fonction pondérée. En imposant de nouvelles conditions ap-
propriées, qui ne sont pas utilisées dans la littérature, a ’aide de quelques estimations spéciales
et de I'inégalité de Poincaré généralisée, nous obtenons un taux de décroissance inhabituel pour
la fonction énergétique. Dans le chapitre 3, nous traiterons un systeme couple d’équation d’onde
viscoélastique non linéaire avec un retard distribué et un amortissement et des termes sources,
dans des conditions appropriées, nous prouvons un résultat d’explosion/croissance des solutions.
Dans le chapitre 4, nous considérons un systeme de poreux-élastique unidimensionnel avec amor-
tissement non linéaire, mémoire infinie et termes de retard distribué. Nous montrons que la
solution est bien posée par la théorie des semi-groupes et que 1’énergie de la solution a une
décroissance explicite et optimale, pour les cas de vitesses de propagation des ondes égales et

non égales.
Mots-clés et phrases : Equation d’onde viscoélastique, Systeme non linéaire fort, Solution
globale, Approximation de Faedo-Galerkin, Taux de décroissance, Blow up, Fort amortissement,

Retard distribué, Systeme de poreux-élastique.
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Introduction

Stabilization of evolution problems

Problems of global existence and stability in time of Partial Differential Equations are subject,
recently, of many works. In this thesis we are interested in the study of the global existence and
the stabilization of some evolution equations. The purpose of the stabilization is to attenuate
the vibrations by feedback, thus consists in guaranteeing the decrease of energy of the solutions
to 0 in a more or less fast way by a mechanism of dissipation.

More precisely, the problem of stabilization consists in determining the asymptotic behavior
of the energy by E (t), to study its limits in order to determine if this limit is null or not and if
this limit is null, to give an estimate of the decay rate of the energy to zero.

This problem has been studied by many authors for various systems. They are several type
of stabilization,

(1) Strong stabilization: E (t) — 0, as t — oc.

(2) Logarithmic stabilization: E (t) < ¢(logt)™° ¥t > 0, (¢, > 0).

(3) polynomial stabilization: E (t) < ct=°,Vt > 0, (c,§ > 0).

(4) Uniform stabilization: E (t) < ce ™Vt > 0, (c,§ > 0).

For wave equation with dissipation of the form

u — Ayu+g <u,> =0,
stabilization problems have been investigated by many authors:

When g : R — R is continuous and increasing function such that ¢(0) = 0, global existence
of solutions is known for all initial conditions (ug,u;) given in H} (2) x L?(Q).This result is,

for a consequence of the general theory of nonlinear semi-groups of contractions generated by a

maximal monotone operator.
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Moreover, if we impose on the control the condition, YA # 0, g (A) # 0, then strong asymptotic
stability of solutions occurs in H} () x L*(Q), i.e.,

(u,u/) — (0,0) strongly in Hj (Q) x L* (),

without speed of convergence. These results follow, from the invariance principle of Lasalle. If
the solution goes to 0 as time goes to oo, how to get energy decay rates?

Dafermos has written in 1978 ” Another advantage of this approach is that it is so simplistic
that it requires only quite weak assumptions on the dissipative mechanism. The corresponding
drawback is that the deduced information is also weak, never yielding, for example, decay rates
of solutions.”

Many authors have worked since then on energy decay rates. First results were obtained for
linear stabilization, then for polynomial stabilization (see A. Haraux [28], V. Komornik [34], and
E. Zuazua [59] ) and then extended to arbitrary growing feedbacks (close to 0). In the same
time, geometrical aspects were considered.

By combining the multiplier method with the techniques of micro-local analysis, Lasiecka
et al [35, 18], have investigated different dissipative systems of partial differential equations
(with Dirichlet and Neumann boundary conditions) under general geometrical conditions with
nonlinear feedback without any growth restrictions near the origin or at infinity. The computation
of decay rates is reduced to solving an appropriate explicitly given ordinary differential equation
of monotone type. More precisely, the following explicit decay estimate of the energy is obtained:

E(t) < h(ti—1) V>0,

0
where ty > 0 and A is the solution of the following differential equation:

K (t)+q(h(t)) =0,t >0 and h(0) = E(0),

and the function ¢ is determined entirely from the behavior at the origin of the nonlinear feedback

by proving that E satisfies
(Id —q)" (E((m+1)ty)) < E (mty), ¥Vm € N,

System of nonlinear wave equations
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To enrich this topic, it is necessary to talk about previous works regarding the nonlinear
coupled system of wave equations, from a qualitative and quantitative study.Let us beginning

with the single wave equation treated in [37], where the aim goal was mainely on the system

gy + pug — Au — wAuy = uln|ul, (z,t) € Q x (0,00)
u(z,t) =0,z € 0Q,t >0, (0.0.1)

u(z,0) = up(x), ur(z,0) = uy (z),x € Q,

where 2 is a bounded domain of R", n > 1 with a smooth boundary 92. The author firstly
constructed a local existence of weak solution by using contraction mapping principle and of
course showed the global existence, decay rate and infinite time blow up of the solution with
condition on initial energy.

In m—equations, paper in [2] considered a system

m
Witt + YUt — Auz + U; = E |uj\pf|u,-
i j=1,i#j

Pig;, 1=1,2,...,m, (0.0.2)

where the absence of global solutions with positive initial energy was investigated. Next, a nonex-
istence of global solutions for system of three semilinear hyperbolic equations was introduced in
[3]. A coupled system semilinear hyperbolic equations was investigated by many authors and
a different results were obtained with the nonlinearities in the form f; = |ulP~!v|" 1 u, f =
0[P~ ul " .

In the case of non-bounded domain R", we mention the paper recently published by T. Miyasita

and Kh. Zennir in [39], where the considered equation as follows

o+ auy — d(z)A <u +wy — /Ot ot — s)u(s) ds) — ufufr, (0.0.3)

with initial data
u(x,0) = ug(x),
(,0) = uo(x) 004
u(z,0) = uy ().
The authors was successful in highlighting the existence of unique local solution and they con-
tinued to extend it to be global in time. The rate of the decay for solution was the main result

by considering the relaxation function is strictly convex, for more results related to decay rate

of solution of this type of problems, please see [51, 52, 58].

10
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Regarding the study of the coupled system of two nonlinear wave equations, it is worth recalling
some of the work recently published. Baowei Feng and al. considered in [24], a coupled system
for viscoelastic wave equations with nonlinear sources in bounded domain ((x,t) € Q x (0, 00))

with smooth boundary as follows

uy — Au + fot g(t — s)Au(s)ds + us = fi(u,v)
(0.0.5)
vy — Av + fot h(t — s)Av(s)ds + vy = fa(u,v).

Here, the authors concerned with a system in R™(n = 1,2,3). Under appropriate hypotheses,
they established a general decay result by multiplication techniques to extends some existing
results for a single equation to the case of a coupled system.

It is worth noting here that there are several studies in this field and we particularly refer to the
generalization that Shun and all. made in studying a complicate non-linear case with degenerate
damping term in [50]. The IBVP for a system of nonlinear viscoelastic wave equations in a

bounded domain was considered in the problem

(

Uy — Au + fotg(t — s)Au(s) ds + ([ul* + |v|D) Jug| ™ Luy = fi(u,v),

Vi — Dv + [ h(t — $)Av(s) ds + ([0]” + [u]?)|ve]" v = folu,v),

u(z,t) = v(z,t) =0,z € 0Q,t > 0, (0.0.6)
u(z,0) = ug(x),v(x,0) = vo(x)

\ u(z,0) = up(x), v(x,0) = vy(x),

where €2 is a bounded domain with a smooth boundary. Given certain conditions on the kernel
functions, degenerate damping and nonlinear source terms, they got a decay rate of the energy
function for some initial data.
Damped porous-elastic system

As introduced in [11], the one-dimensional porous-elastic model constitute a system of two

partial differential equations with unknown (u, ¢) given by

Pl = Mgy + Bps, in (Ovl) X (O7L)7

pOkSOtt = QPgrz — Buz — Tt — 5907 in (07 Z) X (Oa L) ) (007)

11
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where [, L > 0 the constant p is the mass density, x is the equilibrated inertia and the constants
o, B, 71, & are assumed satisfy an appropriate conditions. This type of problem has been studied
by many authors and a lot of results have been showed (Please see 21, 20, 22, 10, 5, 42, 43, 56]).
The pioneer contribution was obtained by [47] for the problem (0.0.7). The basic evolution

equations for one-dimensional theories of porous materials with memory effect are given by
PU = T:Ea ngtt = Hm + G, (008)

where T is the stress tensor, H is the equilibrated stress vector and G is the equilibrated body
force. The variables u and ¢ are the displacement of the solid elastic material and the volume

fraction, respectively. The constitutive equations are

t
T = puy, + bp, H=0¢, — / g(t—3s) ¢ (s)ds,G = —bu, — . (0.0.9)
0
A porous-elastic system was considered by [4] in the system

PUy — Mgy — b, = 0, in (0,1) x (0,00),

t (0.0.10)
J O — 0gq + bug + EP + / g(t —8) pe (r,8)ds =0, in (0,1) x (0,00).

0

System (0.0.10) subjected Neumann-Dirichlet boundary conditions where ¢ is the relaxation
function, the authors obtained a general decay result for the case of equal speeds of wave prop-
agation (See [27, 57]). In [25], the authors improved to the case of non-equal speed of wave
propagation. In [20] the authors considered the following system with memory and distributed

delay terms
.

PUt — HUgg — b¢x =0

JGu— bus + buy + €O+ /0 9(5)6re(t — 5)ds 0.0.11)

+ e + /72 l2(0)|é¢(x,t — 0)do = 0.

\ T1

The exponential stability results of systems with memory and distributed delay terms for the
case of equal speeds of wave propagation under a suitable assumptions are proved. In [32], the

following system was considered

Pl — Mgy — by = 0,

s (0.0.12)
o — s+ bty + a6 + / 9(8)ban(t — )ds + a(t) (1) = 0.

12
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The authors proved the global well posedness and stability results of (0.0.12) which has been ex-
tended in [33] for the case of nonequal speeds of wave propagation. Very recently, one-dimensional
equations of an homogeneous and isotropic porous-elastic solid with interior time-dependent de-

lay term feedbacks has been treated by E. Borges Filho and M. L. Santos in [11].

13
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Chapter 1. Preliminary

In this preliminary we shall introduce and state some necessary notations needed in the proof
of our results, and some the basic results which concerning the semi-groupe theory and Layponov
functionals and other theorems. The knowledge of all these notations and results are important

for our study, see, e.g., ([12, 13, 23, 15, 44])

1.1 Continuous function spaces

We start this work by giving some useful notations and conventions.

Let z = (z1, %3, ..., x,) denote the generic point of an open set 2 of R™. Let u be a function
_ Ou(x)
respect to z; (1 <4 < n). Let’s also define the gradient and the p-Laplacian from u, respectively

defined from €2 to R™, we designate by D;u (z) = w; (x)

the partial derivative of u with

as following

2

ou

ou Ou ou | 2
) ' and  |vult =] oz,

8.731’ 81’2,“', 813” i=1

Vu = (

Apu(x) = div (|Vu|p_2 Vu) (z).

Note by C(£2) the space of continuous functions from € to R, C' (€2, R™) the space of contin-
uous functions from € to R™ and C (ﬁ) the space of all continuous and bounded functions on

Q, it is equipped with the norm ||| ;

[ul| o = sup |u (2)]
z€Q

For k > 1 integer, C* (Q) is the space of functions u which are k times derivable and whose
derivation of order k is continuous on Q. C¥ () is the set of functions of C* (Q) whose support
is compact and contained in €2.

We also define C* (ﬁ) as the set of restrictions to Q of elements from C* (R") or as being the
set of functions of C* (), such that for all 0 < j < k, and for all 2y € 99, the limit mlLrBODju (x)

exists and depends only on .

Cee () or © (Q), is the space of the infinitely differentiable functions, with compact supports

15



Chapter 1. Preliminary

called test function space.
The Hélder space C* (€2), where € is an open subset of R" and k& > 0 an integer, 0 < o < 1,
consists of those real or complex-valued k-times continuously differentiable functions f on €2
verifying

(@) = 7 ()| < Clle - yl|°

where C' > 0, || < k.

1.2 L? Spaces

Let © be an open set of R", equipped with the Lebesgue measure dz. We denote by L! () the

space of integrable functions on €2 with values in R, it is provided with the norm
lullr = [ fu(2)] da.
Q
Let p € R with 1 < p < +o0, we define the space LP (Q2) by

LP(Q) = {f : Q — R, f measurable and [ |f (z)|" dz < —i—oo}
Q

equipped with norm

3=

fully = ([ (o) o)

Q
We also define the space L™ (€2)

L>(Q)={f:Q— R, f measurable, 3¢ > 0, so that |f (z)| <c¢ a.e. on Q},
it will be equipped with the essential-sup norm
ull 0o = essesﬂup|u(x)| =inf{c; |u(z)] <c ae. onQ} .
We say that a function f: Q — R belongs to L} () if 1xf € L? (Q) for any compact K C Q.

Theorem 1. (Dominated convergence Theorem )
Let {fu},>1 be a series of functions of LY (Q) converging almost everywhere to a measurable

function f. It is assumed that there exists g € L' (Q) such that for all n > 1, we get

ful <g a.eonQ.

16



Chapter 1. Preliminary

Then f€ L'(Q) and

hrf | fo—fll;i=0, and [ f(x)de= lim [ f,(z)dx.
n—-+0o0o Q

n—-+0o Q

1.3 Sobolev spaces

Definition 1. Let Q be an open set of R, and 1 < i < n. A function u € L} () has an i*"

loc

(Q) if there exists f; € L, () such that for all ¢ € C§° () we have

loc

Ju(z) 0 (z) da = _S{fi (2) ¢ (x) d.

Q

weak derwative in Lj,,

This leads to say that the i derivative within the meaning of distributions of u belongs to L}, (),

we write

ou

Oiu fi

1.3.1 W7 (Q) spaces

Let Q be a bounded or unbounded open set of R*, and p € R, 1 < p < 400, the space W7 (Q)
is defined by

Wh? (Q) = {u € L? (Q); such that du € LP (),1 < i < n}

where d;u is the i weak derivative of u € L}, (Q).

For 1 < p < 400 we define the space W, (Q) as being the closure of D (Q) in W* (Q), and
we write

Wy? (Q) =D (Q)"".

Theorem 2. (Poincaré’s inequality)
Assume Q is a bounded open subset of R", u € Wy* (Q) for some 1 < p < n. Then we have
the estimate

ullLa@) < ClIVullLr

and the constant C' depends only on q,p,n and €.

for each q € [1,p*], where p* =

17



Chapter 1. Preliminary

Remark 1. In view of this Poincaré’s inequality, if €2 is bounded, then on Wol’p (Q) the norm

||l wir) is equivalent to ||Vu| 1) .

Theorem 3. (Rellich-Kondrachov compactness theorem) [13]

Assume € is a bounded open subset of R™ with C' boundary, and 1 < p <n. Then
WP (Q) cc L1(Q)

for each 1 < q < p*.

1.3.2 W™P(Q)) Spaces

Let Q2 be an open set of R”, m > 2 integer number and p real number such that 1 < p < 400,

we define the space W™ (Q) as following
WmP(Q) = {u e LP(Q), such that 0°u € L? (), Va, |a] < m}

where v € N, |a| = a3 + ... + o, the length of o and 0%u = 97" ...05™ is the weak derivative
of a function u € L} (Q) in the sense of definition (1).

loc

The space W™P () is equipped with the norm

[ellwms = llull o + >0 0%l -

0<|a|<m

For p = 2, the space W2 (Q) is noted H™ (Q).

1.4 Semigroups of bounded linear operators

The goal of this section is to prove Lumer-Phillips’ theorem (see Theorems 1.4.3 and 1.4.6 of [44])

in a Hilbert space setting. For that purpose, we first recall the notion of m-dissipative operators.

Definition 2. Let A: D (A) C X — X be a (unbounded) linear operator. A is called dissipative
if R(Av,v), <0,Yv € D(A). The dissipative operator A is called m-dissipative if (A — A) is

surjective for some A > 0.

18



Chapter 1. Preliminary

Theorem 4. A linear operator A is dissipative if and only if
M = A), |l = Az] .V € D(A), X >0, (1.4.1)
Proof. Assume that A is dissipative and fix x € D (A) and A > 0. Then
Mizlly < RO = A)z,2)x
and by Cauchy-Schwarz’s inequality we conclude that
Mzl < IO = A allx |2y

that directly leads to (1.4.1). Conversely assume that (1.4.1) holds and fix x € D (A), then for
all A > 0, one has
M allx < Azl = 22% (Az, @), + [l Az -

Dividing this inequality by 2\, we get equivalently

1
m@u@%ggﬂmw§A>o

Passing to the limit as A goes to infinity yields the dissipatedness of A. Now we can prove some

useful properties of m-dissipative operators. ]

Theorem 5. Let A be a m-dissipative operator. Then the next properties hold.

1. A is closed.

2. For all X > 0, the operator \I — A is an isomorphism from D (A) onto X. Moreover
(A — A)_lis a linear bounded operator such that

(AT —A)~ <

1 ]_
HL(X) N

3. D(A) is dense in X.
Proof. Let us start with point 1. As A is a m-dissipative operator, there exists \g > 0 such that
R (MI — A) = X, hence by (1.4.1) it follows that Ao —A has a bounded inverse. As (Ao — A)™"

is bounded, it is also closed. Then Aol — A is closed and therefore A as well. To prove point 2

it suffices to prove that R (A — A) = X for all A > 0. For that purpose, we introduce the set

A ={X € (0,00) such that R(\[ — A) =X }.

19



Chapter 1. Preliminary

First A is open. Indeed (1.4.1) implies that A is a subset of the resolvent set p (A) of A. As p(A)
is open, for every A € A, there exists a neighborhood of A included in p (\A). The intersection of
this neighborhood with the real line is clearly included into A, which proves that A is open. Let

us also show that A is closed. Let a sequence. (A,),, of elements of A such that
Ap —A>0asn — o0

Then for an arbitrary element y € X, and any n, there exists x,, € D (A) such that
(Al —A), =y (1.4.2)

Owing to (1.4.1), it follows that
lzallx < A" yllx (1.4.3)

and therefore the sequence (x,)_ is bounded. Now we apply (1.4.1) with z, — z,,, and A, to

n
obtain

Am || Tn — xm”X < (2 — 2) — A2 — xm)”X )

and by using (1.4.2) we deduce that
Am #n = 2wl x < A = Al 2]l x -

and by (1.4.3), we deduce that there exists x € X such that x,, converges to x in X. But (1.4.2)
then implies that Az, converges to Az — y and since A is closed, we conclude that z € D (A)
with Az — Az = y. This shows that A\ belongs to A and the closeness of A is proved. In conclusion
A is a closed, open and non empty subset of (0,00) and therefore it coincides with (0, 00).

Let us finish with point 3. Let y € X be such that
(y,z)y =0,z € D(A) (1.4.4)

If we show that
(y, Az)yx = 0,2 € D (A) (1.4.5)

then we will obtain that

(y,x — Ax)y =0,z € D (A)
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and since R (I — A) = X, we deduce that y = 0.
It then remains to show (1.4.5). Let # € D (A) be fixed, then by point 2, there exists a

sequence (&), oy such that z,, € D (A) and
1
r=x, — —Azx,,¥n € N. (1.4.6)
n
This implies that
Az, =n(x, —x)

and from the regularity x,z, € D (A), we deduce that z,, belongs to D (A?) and that the next
identity holds
1
Ar = A (I — —A) Ty,
n

or equivalently

—1
Az, = A (1 _ %A) Az,

From point 2, we know that

and therefore

[Aza [y < [lAz] x -

Moreover as X is a Hilbert space, there exists a subsequence (Ax,y) of (Az,), and z € X
such that Awz,, converges weakly to z This implies that the sequence of pairs ((znk, Aznk));
converges weakly to(z,z) in X x X.Hence by Mazur’s Lemma there exists another sequence
((z1, z1)), made of convex combinations of (z,;, Ax,;) (that then guarantees that z; = A%;) such
that (7, z;) = (7, Ax;) converges strongly to(x, z) in X x X as [ goes to co. As A is closed, we
deduce that z = Ax.

Finally by (1.4.6) and (1.4.4) we have

(ya Axnk)x = Nk (yvxnk - I’) =0

and passing to the limit in &, we find that (1.4.5) holds.

Let us now go on with the notion of linear semigroups. O]
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Definition 3. A one parameter family (S (1)),so of £(X) is a semigroup of bounded linear
operators on X if

1.

S(t+s)=S5(t)S(s), Vt,s > 0.
The linear operator A defined by:

D(A) = {Z € X; lim % exists}

t—0t
and
Az = lim M,Vz € D(A)
t—s0+ t

is called the infinitesimal generator of the semigroup (S (t)),s, and D (A) is called the domain
of A.
A semigroup (S (t)),o of bounded linear operators is called a strongly continuous (or a
Co—semigroup )if
lim S(t)z=z VzeX. (1.4.7)

t—0F

A strongly continuous (S (t)),5, on X satisfying
1s called a Cy-semigroup of contractions.
Let us now prove some useful properties of Cp- semigroups of contractions.

Theorem 6. Let (S (t)),5, be a Co—semigroup of contractions on X. Then
1. For all x € X, the mapping t — S(t)x is a continuous function from [0, 00) into X.
2. Forallx € X and allt > 0,

o1tk
lim E/t S (s)xds =S (s)w. (1.4.8)

h—0

3. For allx € X and allt > 0, the element fot S (s) xds belongs to D (A), and

A(/OtS(s)xds) = S(t)r—= (1.4.9)

22



Chapter 1. Preliminary

4. Forall x € D(A) and all t > 0, the element S (t) x belongs to D (A), and the mapping

t — S (t)x is a continuous differentiable function from (0,00) into X and

CS(t)r = AS (t)x = 5 (1) A, ¥ >0 (1.4.10)

5. For allz € D(A) and allt > s > 0, we have
¢ ¢
S(t)x—S(s)x:/ S(U)Axdu:/AS(u)mdu.

Proof. For point 1, by (1.4.7), the continuity property trivially holds at ¢ = 0. Now fix z € X

and take an arbitrary ¢ > 0 then for A > 0, we may write
Sit+h)z—=St)x=5(t)(S(h)x—x),

and consequently

ISE+h)z—=SH)zlx <5z -2y,

On the other hand for A < 0 such that t + A > 0, we have,
Sit+h)z—St)z=S({t+h)(x—S(—h)x).

In both cases, by (1.4.7) we find that S (¢t + h) x — S (t) x goes to zero as h goes to zero. Point 2
directly follows from point 1.

To prove point 3, fix x € X and h > 0. then we clearly have
h)—1 [! 1/
&/ S(s)xds = —/ (S(s+h)x—S(s)x)ds
0

h h /o
1 t+h 1 t
= E/o S(s)xds—E/OS(s)xds

Hence by (1.4.8), we deduce that the right-hand side tends to S (¢)x — x as h goes to zero.By
the definition of A this proves the assertions. For point 4, let x € D (A) and ¢, h > 0,then by the

semigroup property

S(h)—1 S(h)—1
TS(t)x: S (t) (T) T

Hence by the definition of A and the continuity of the semigroup, we get

S(h)—1I
h

h—0+ h—0+

lim MS(t)x:S(t) lim < )x:S(t)Ax.
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This shows that S (¢) x belongs to D (A), that AS (t)x = S (t) Az and that the right derivative

of S (t) x exists with
+
le—tS(t)x =AS(t)x =5 (t) Ax

For the left derivative, for 0 < h < t we write

Sty —S({t—h)x
h

h
(S (t—h) Az — S (1) Az).

— St Az = S(t—h) (M—Ax>

1.5 Lyapunov Stability Theory

The investigation of stability for hereditary systems is often related to the construction of Lya-
punov functionals. The general method of Lyapunov functionals construction which was proposed
by V. Kolmanovskii and L. Shaikhet [19] and successfully used already for functional differential
equations, for difference equations with discrete time, for difference equations with continuous
time, is used here to investigate the stability of delay evolution equations, in particular, partial

differential equations.

1.5.1 Notations and definitions

Let U and H be two real separable Hilbert spaces such that U ¢ H = H* C U*, where the
injections are continuous and dense. Let ||||, || and |||, be the norms in U, H and H*respectively,
((-,7)) and (-,-) be the scalar products in U and H respectively, and (.,.) the duality product
between U and Ux. We assume that

ul < Bllull,uelU (1.5.1)

Let C(—h,0,H) be the Banach space of all continuous functions from [—h,0] to H, z; €
C(—h,0, H) for each t € [0,00), be the function defined by z;(s) = z(t + s) for all s € [—h,0].
The space C(—h,0,U) is similarly defined. Let A(t,-) : U — U*, fi(t,") : C(—h,0, H) — Ux* and
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fo(t,)) : C(=h,0,U) — Usx be three families of nonlinear operators defined for ¢t > 0, A(¢,0) =
0, fi(t,0) =0, fot,0) = 0.
Consider the equation

du(t)
dt

= A(t,u(t)) + fi(t,u) + fi(t,uy),t >0 (1.5.2)

u(s) =Y(s),s € [—h,0]

Let us denote by u(-;%) the solution of Eq. (1.5.2) corresponding to the initial condition .

Definition 4. The trivial solution of Eq. (1.5.2) is said to be stable if for any e > 0 there exists
0 > 0 such that

lu(t;9)] < e forallt >0, if [¢]g, = sup [P (s)] <.

s€[—h,0]
Definition 5. The trivial solution of Eq. (1.5.2) is said to be exponentially stable if it is stable
and there exists a positive constant X such that for any ¢ € C(—h,0,U) there exists C(which
may depend on ) such that |u (t;4)| < Ce™ fort > 0.

1.5.2 Lyapunov type stability theorem
Let us now prove a theorem which will be crucial in our stability investigation.

Theorem 7. Assume that there ezists a functional V (t,u;) such that the following conditions

hold for some positive numbers cy,co and X:

|u (t;u)] < e |u(t)”,t >0, (1.5.3)
Ju (0;uo)| < ez [2, (1.5.4)
d
=V (tu) 0,620, (1.5.5)

Then the trivial solution of Eq. (1.5.2) is exponentially stable.
Note that Theorem 7 implies that the stability investigation of Eq. (1.5.2) can be reduced to
the construction of appropriate Lyapunov functionals. A formal procedure to construct Lyapunov

functionals is described below.
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1.5.3 Procedure of Lyapunov functionals construction

The procedure consists of four steps.

Step 1.

To transform Eq. (1.5.2) into the form

dz(t, uy)

where z(t,-) and Ay(t,-) are families of nonlinear operators, z(¢,0) = 0, Ay(¢t,0) = 0,operator

Ay (t,-) only depends on t and u(t), but does not depend on the previous values u(t + s), s < 0.

Step 2.

Assume that the trivial solution of the auxiliary equation without memory

d?ii—it) = A (t,y(t)) (1.5.7)

is exponentially stable and therefore there exists a Lyapunov function v(¢,y(t)), which satisfies

the conditions of Theorem 7.

Step 3.

A Lyapunov functional V (¢, ut) for Eq. (1.5.6) is constructed in the form V = V1 + V2, where
Vi(t,ut) = v(t, z(t,u;)). Here the argument y of the function v(t,y) is replaced on the
functional z(¢,z;) from the left-hand part of Eq. (1.5.6).

Step 4.

Usually, the functional V; (¢, u;) almost satisfies the conditions of Theorem 7. In order to fully sat-
isfy these conditions, it is necessary to calculate %Vl(t, u;) and estimate it. Then, the additional
functional V;(t, u;) can be chosen in a standard way.

Note that the representation (1.5.6) is not unique. This fact allows, using different represen-
tations type of (1.5.6) or different ways of estimating 4V (¢,w,), to construct different Lyapunov

functionals and, as a result, to get different sufficient conditions of exponential stability.
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1.6 Problems with a delay

In this section we introduce a large number of problems, both old and new, which are treated
using the general theory of differential equations. We attempt to give sufficient description
concerning the derivation, solution, and properties of solutions so that the reader will be able
to appreciate some of the flavor of the problem. In none of the cases do we give a complete

treatment of the problem, but offer references for further study.

Economics models

The following problem is copied from an elementary text on differential equations by Boyce and
DiPrima [12]: “A young person with no initial capital invests k dollars per year at an annual
interest rate 7. Assume that investments are made continuously and that interest is compounded
continuously. If 7 = 7.5%, determine k so that one million dollars will be available at the end of
forty years.”
It is solved by writing
S"=0.0755 + k, S(0) =0,

and solving for S(40). Several things are idealized in the problem, but still it is a fair model. It
is noted there that in certain contexts continuous investment yields roughly the same as daily
investment and it allows the student the opportunity to see the power of differential equations
in giving a simple solution to an otherwise tedious problem.

Now the forty years is up and for computational convenience instead of the one million dollars
let us say that the person has $900, 000 to invest and to live off the proceeds. During times of low
interest rates a financial advisor may recommend bank certificates of deposit of 90-day maturity,
automatically renewed at the existing interest rate, but lettered so that $10,000 of the total
matures every day and both principal and interest are reinvested. This enables the investor
to quickly take advantage of rising rates and to lock in high interest long-term instruments if
they become available. We imagine that this is changed to continuous reinvestment, just as the

elementary problem imagined continuous investment of k dollars per year. If the total value is
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again S(t), then from just the investment we would have
S'(t) = b(t)S(t — (1/4)).

The b(t) represents a product. One factor is the fraction of the total amount of S(t — 1/4)
which was invested three months earlier and matured today. The other factor is the interest
being offered at that time. In addition, the person withdraws a percentage of the total S(t)

continuously for living expenses, resulting in an equation
S'(t) = —a(t)S(t) + b(t)S(t — 1/4), S(t) = ¥(t) for —1/4 <t < to.

Here, the initial condition is an initial function ¢ : [—1/4,0] — R with ¢ (t) being exactly that
amount S(t) which was invested at time .

We can draw several conclusions of the following type. First, if the solutions are bounded,
then times are likely to become difficult since inflation will eat away at the value and medical bills
will increase with time; at this time, some studies have shown that those retiring with income
sufficient to meet three times their current need approach desperate conditions within fifteen
years. Next, we can ask if solutions will tend to zero. If they do, the person will be destined for
the poor farm. At a minimum, the retiree must adjust the withdrawals so that the conditions of
our theorem are not met.

Clearly, in this example it will make sense for both a(t) and b(t) to vary; a(t) can be negative
the day the income tax refund check arrives, and b(t) can be negative when the bank fails and

the FDIC assumes control see [14].

Controlling a ship

Minorsky (1962) designed an automatic steering device for the battleship New Mexico. The
following is a sketch of the problem see [15].

Let the rudder of the ship have angular position x(t) and suppose there is a friction force
proportional to the velocity, say —cz/(t). There is a direction indicating instrument which points
in the actual direction of motion and there is an instrument pointing in the desired direction.

These two are connected by a device which activates an electric motor producing a certain force
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to move the rudder so as to bring the ship onto the desired course. There is a time lag of amount
h > 0 between the time the ship gets off course and the time the electric motor activates the

restoring force. The equation for x(¢) is
2" (t) + cx'(t) + g(x(t — h)) =0, (1.6.1)

where zg(x) > 0 if x # 0 and ¢ is a positive constant. The object is to give conditions ensuring

that x(t) will stay near zero so that the ship closely follows its proper course.

Epidemics (Cooke and Yorke)

In the work of Cooke and Yorke (1973) the Lotka assumption is changed so that the number
of births per unit time is a function only of the population size, not of the age distribution see
[15]. Under this assumption, we let x(t) be the population size and let the number of births be
B(t) = g(z(t)). Assume each individual has life span L so that the number of deaths per unit
time is g(x(t — L)). Then the population size is described by

'(t) = g(x(t)) — glz(t — L)), (1.6.2)

where ¢ is some differentiable function. We note that every constant function is a solution of
(1.6.2).

The following model for the spread of gonorrhea is considered by Cooke and Yorke (1973).
The population is divided into two classes:

(a) S(t) =the number of susceptibles, and

(b) x(t) =the number of infectious.

The rate of new infection depends only on contacts between susceptible and infectious indi-
viduals. Since Set) equals the constant total population minus z(t), the rate is some function
g(x(t)). Assume that an exposed individual is immediately infectious and stays infectious for a
period L (the time for treatment and cure). Then x also satisfies (1.6.2) holds. Now, at any time

t, z(t) equals the sum of capital produced over the period [t — L,t] plus a constant ¢ denoting
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the value of nondepreciating assets. Thus,
L
x(t) = / P(s)glz(t — s)]lds + ¢ (1.6.3)
0

- /t_L P(t — u)g[z(u)]du + c.

Some models of war and peace

L. F. Richardson (1881-1953, see [15]), a British Quaker, observed two world wars and was
concerned about them (cf. Richardson, 1960; Jacobson, 1984). He speculated that wars begin
where arms races end and he felt that international dynamics could be modeled mathematically
because of human motivations. He claimed that men are guided by ”their traditions, which are
fixed, and their instincts which are mechanical”; thus, on a grand scale they are incapable of
good and evil. He sought to develop a theory of international dynamics to guide statesmen with
domestic and foreign policy, much as dynamics guides machine design.

Let X and Y be nations suspicious of each other. Suppose X and Y create stocks of arms
x and y, respectively; more generally, x and y represent ”threats minus cooperation” so that
negative values have meaning. At least three things affect the arms buildup of X;

(a) Economic burden;

(b) Terror at the sight of y(¢) (or national pride);

(¢) Grievances and suspicions of y.

The same will, of course, apply to Y.

Richardson assumed that each side had complete and instantaneous knowledge of the arms

of the other side and that each side could react instantaneously. He reasoned from (a) that
dzx/dt = —ayz,
because the burden is proportional to the size z, and he argued from (b) that
dx/dt = —ayx + by,

because the terror is proportional to the size y. Finally, Richardson assumed constant standing
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grievances, say ¢; so that the complete system is

¥ = —az+by+ g, (1.6.4)

y = —agy+ b+ go,

with a;,b;, and g;, ¢ = 1,2 being positive constants. Domestic and foreign policy will set the a;
and b;, although Richardson maintained a more mechanical view.
Hill (1978) recognized deficiencies in Richardson’s model. He reasoned that it takes time to

respond to an observed situation and, therefore, proposed the model

¥ = —ax(t—T)+ byt —T)+ g1,

Yy = —ay(t—T)+bx(t —T)+ go.

where T' is a positive constant.

Prey-predator population models (Lotka-Voltera)

Let x(t) be the population at time t of some species of animal called prey and let y(¢) be the
population of a predator species which lives off these prey. We assume that x(¢) would increase
at a rate proportional to x(t) if the prey were left alone, i.e., we would have z/(t) = ajz(t),
where a; > 0. However the predators are hungry, and the rate at which each of them eats prey
is limited only by his ability to find prey. (This seems like a reasonable assumption as long as
there are not too many prey available.) Thus we shall assume that the activities of the predators

reduce the growth rate of z(¢) by an amount proportional to the product z(¢)y(t), i.e.,
2(t) = ara(t) — bia()y(t),

where b; is another positive constant.

Now let us also assume that the predators are completely dependent on the prey as their food
supply. If there were no prey, we assume y'(t) = —aqy(t), where as > 0, i.e., the predator species
would die out exponentially. However, given food the predators breed at a rate proportional

to their number and to the amount of food available to them. Thus we consider the pair of
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equations

Z'(t) = arx(t) — bx(t)y(t), (1.6.5)
y(t) = —agy(t) + bax(t)y(t),
where a1, as, by, and by are positive constants. This well-known model was invented and studied
by Lotka [1920], [1925] and Volterra [1928], [1931].
Vito Volterra was trying to understand the observed fluctuations in the sizes of populations

x(t) of commercially desirable fish and y(t) of larger fish which fed on the smaller ones in the

Adriatic Sea in the decade from 1914 to 1923 see [23].

The sunflower equation

Somolinos (1978) has considered the equation
" + (a/r)a’ + (b/r)sinx(t —r) =0,

and has obtained interesting results on the existence of periodic solutions. The study of this
problem goes back to the early 1800s and has attracted much attention. It involves the motion

of a sunflower plant see [15].
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The effect of damping terms on decay
rate for system of three nonlinear wave

equations with memories

1- Position of problem and preliminaries
2- Main results and Proofs

3- Conclusion

Here, we consider a system of three wave equations having a different damping effects in an
unbounded domain with strong external forces. Using the Faedo-Galerkin method and some
energy estimates, we will prove the existence of global solution in R™ owing to to the weighted
function. By imposing a new appropriate conditions, which are not used in the literature, with
the help of some special estimates and generalized Poincaré’s inequality, we obtain an unusual

decay rate for the energy function.
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2.1 Position of problem and preliminaries

We consider, for z € R", t > 0, the following system

( <]ut|“‘2ut>t +auy = O(x)A <u + wuy — fot w1 (t — s)u(s) ds> + f1(u, v, w)
<|vt|”*20t>t +avy = O(2)A (v + wvy — fot wa(t — s)v(s) ds) + fo(u, v, w)
<]wt|"“_2wt)t + aw; = O(x)A (w +ww, — [y wi(t — s)w(s) ds) + f3(u, v, w) (2.1.1)

u(x,0) = ug(x),v(x,0) = vo(z), w(z,0) = wo(x)

\ u(z,0) = up(x), v(z,0) = vi(x), w(z,0) = wy (z),

where a € R, w > 0, n > 3,k > 2, the functions f(.,.,.) € (R3 R),i = 1,2,3 are given by
fi(u,v,w) = (p+1) [d!u + v 4w P (w4 v 4+ w) + e|u|(p_3)/2u\v|(p“)/2} ,

f ( ? Y ) ( +
( Y ? ) ( + +

with d,e > 0,p > 3. The function ©(x) > 0 for all z € R" is a density and (0)~! = 1/0(z) = 6(x)

such that
2 2
6 € L"(R") with r=— " for 2<r< n
2n —rn + 2r n—2

(2.1.2)

It is note hard to see that there exists a function F € C'(R3, R) such that
wfy(u, v, w) + v folu, v, w) + wfs(u,v,w) = (p+ 1)F(u,v,w), V(u,v,w) € R (2.1.3)
satisfies
(p+ 1) F(u,v,w) = |u+ v+ wP + 2Juv| P2 4 2)vw|PHD/2 4 9wy PHD/2, (2.1.4)
We define the function spaces H as the closure of C§°(R™), as in [45], we have
H ={ve L2(R") | Vv e LAR™"Y},
with respect to the norm |[v||,, = (v, v);{2 for the inner product

(v,w)y = Vou-Vwdz,

R'Il
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and LZ(R") as that to the norm HUHLg = (v, U)i/f for
0

(v,w)ng/ Gvw dz.

el = ([ ool as)

is the norm of the weighted space Lj(R™).

For general r € [1, +00)

The lack of existence (Blow up) is considered one of the most important qualitative studies
that must be spoken of, given its importance in terms of application in various applied sciences.
Concerning the nonexistence of solution for a more degenerate case for coupled system of wave
equations with different damping, we mention the papers [46, 53].

We introduce a very useful Sobolev embedding and generalized Poincaré inequalities.

Lemma 1. [39] Let 6 satisfy (2.1.2). For a positive constants C, > 0 and Cp > 0 depending
only on 0 and n, we have

HU”% < Cr HUHH )

and

[0l 2 < Cplvlly,
forveH.

Lemma 2. [31] Let 0 satisfy (2.1.2), then the estimates

[|v] Ly <G, HU”H7

and

Cr=Cr HHHT; )
hold for v € H. Here T =2n/(2n —rn+2r) for 1 <r <2n/(n — 2).

We assume that the kernel functions wy, s, @3 € C*(R*,RT) satisfying

400
l—w=101>0 for ﬁl:/ wi(s)ds, wi(t) <0, (2.1.5)
0
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“+oo
- =m>0 for ﬁg:/ wa(s) ds, wy(t) <0,
0

—+00
11—z =v>0 for ﬁ:/ w3(s) ds, wy(t) <0,
0

we mean by RT the set {7 | 7 > 0}. Noting by

w(t) = max {wl(t), wy(t), w3(t)},

t>0

¢ t
Itn>151 /wl ds,/o wg(s)ds,/o w;;(s)ds}.

We assume that there is a function x € C'(R*™, R") such that

and

w.(t) + x(wi(t)) <0, x(0)=0, x'(0)>0 and x"(&)>0,i=1,2,3,

for any £ > 0.

Holder and Young’s inequalities give

(p+1)/2

(p+1)/2
haol %00 < (Il + ol )
2

< (U3, + mifol) ",

and
lowllf < (mllell + villiy) 7,

and
ol Z 2% < (vl + lhll3) ™

Thanks to Minkowski’s inequality to give

(p+1)/2
(p+1
Hu + v+ w”lf)(p_‘_z) < c (HuHiéerl) + HUH2 p+1) + ”wHL(erl))

+1)/2
< e (llull+ ol + ewl3) "

Then there exist 1 > 0 such that

(p+1) (p+1)/2 p+1)/2

1)/2
v+ wl el + 2 uvlf + 2 ow H&M [ 2 wu| 5D

pr1/2
Ly

—+1)/2
< (Ul + mlol + vlw]) .

(2.1.6)

(2.1.7)

(2.1.8)

(2.1.9)

(2.1.10)

(2.1.11)

(2.1.12)

(2.1.13)

(2.1.14)
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We need to define positive constants Ay and & by

11
No=n YD and & = (5 - m>n—2/<p—1>. (2.1.15)

The mainely aim here is to obtain a novel decay rate of solution from the convexity property of
the function x given in Theorem 10.

We denote an eigenpair {(\;,€;)};cn C R x H of
—@(1’>A61 = /\ie,» x € Rn,

for any 7« € N. Then

O<A <A< <A< T +oo,

holds and {e;} is a complete orthonormal system in H.

Definition 6. The triplet functions (u, v, w) is said a weak solution to (2.1.1) on [0, T if satisfies

for x € R™,

(

Jas <|Ut|f€*2ut>t¢dl‘ +a fp urpd = [, O(x)A <u +wuy — [P (t— s)uls) ds) i
+ Jon fr(u, v, w)pdz,

Jzn (!vtln—%t)twdx +a fp vpdr =[5, O(z)A ('U +wvy — [ @t — s)u(s) ds) e
+ Jon fo(u, v, w)ipde,

Jan <|wt|“*2wt>tllldx + a Jpo w¥dr =[5, O(z)A (w + wwy — f(f ws(t — s)w(s) ds) Udx

+ Jn f3(u, v, w)Wda,
(2.1.16)

for all test functions ¢, 1, ¥ € H for almost all ¢ € [0, T.
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2.2 Main results and Proofs

2.2.1 Main results
The next theorem is concerned on the local solution (in time [0, 77).
Theorem 8. (Local existence) Assume that
l<p< Z—i—; and that n > 3. (2.2.1)

Let (ug,vo,wg) € H® and (uy,vi,ws) € L§(R™) x L§(R") x L5(R"™). Under the assumptions
(2.1.2)-(2.1.13) and (2.1.5)-(2.1.10), suppose that

a+ Aw > 0. (2.2.2)
Then (2.1.1) admits a unique local solution (u,v,w) such that
(u,v,w) € X}, Xp=C([0,T); 1) NC'([0,T]; L§(R™)),
for sufficiently small T > 0.
Remark 2. The constant Ay introduced in (2.2.2) being the first eigenvalue of the operator —A.

We will show now the global solution in time established in Theorem 9. Let us introduce the

potential energy J : H> — R defined by
S = (1= [ (o) ds) fulfy + o)
+ (1 - /Ot oa(s) ds> lol2, + (2 0 v)
# (1= [ o) ds) ol + (o). 223)

The modified energy is defined by

k—1 " e e 1
E(t) = “—(luallfy + Nonllfy + lwell; ) + 57 (v, ) = / 0(a)F(u,v0,w)dr,  (2.24)

here
(w; 0w) (t) = / w0yt — 8) lwlt) — w(s)|2 ds,

for any w € L?(R"),j =1,2,3.

38



Chapter 2. The effect of damping terms on decay rate for system of three
nonlinear wave equations with memories

Theorem 9. (Global existence) Let (2.1.2)-(2.1.13) and (2.1.5)-(2.1.10) hold. Under (2.2.1),
(2.2.2) and for sufficiently small (ug,uy), (vo, v1), (W, wy) € H x L(R™), problem (2.1.1) admits

a unique global solution (u,v,w) such that
(u,v,w) € X*, X = C([0,400); H) N C ([0, +00); Li(R™)). (2.2.5)
The nonclassical decay rate for solution is given in the next Theorem

Theorem 10. (Decay of solution) Let (2.1.2)-(2.1.13) and (2.1.5)-(2.1.10) hold. Under condi-
tions (2.2.1), (2.2.2) and

vzncgjf&mﬁwnm<l7 (2.2.6

there ezists to > 0 depending only on w,, ws, ws, a, w, Ay and H'(0) such that

og5@<g%mm(—[llﬁ%0, (2.2.7)

0 L=y
holds for all t > t,.

In particular, by the positivity of p in (2.1.8), we have, as in [38],

og5@<5%mm(—ép@ma,

for a single wave equation. Condition (2.1.10) is imposed to make a different from [38] and [58],
it leads (¢ + vu) o u, here v € R.

The next, Lemma will play an important role in the sequel.

Lemma 3. For (u,v,w) € X3, the functional E(t) associated with problem (2.1.1) is a decreasing

energy.
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Proof. For 0 <t <ty <T, we have

E(ty) — E(t1)

th
— ZE(t)dt
/tl LB

r2 1 1
2 2 2
= = [ (el bl + gm0 - (o w) at
t1

to

|
—

1 1
2 2 2
(allody + el + Galt) ol — 5400 )

1

b2 1 1

2 2 2

= [ (il + oy + G ol - (0w ) a
t1

<

)

9

owing to (2.1.5)-(2.1.10).

The inner product is given as

(v,w)*:w/ Vv-dex+a/ Ovw dzx,

R

and the associated norm is given by
[oll, = /(v 0),,
Yo, w € H. By (2.2.2), we get
(v,v), = w/n |Vol? dx +a/" Ov?dr > (wh + a)/ Ov* dx > 0.

n

The following Lemma yields.

Lemma 4. Let 0 satisfy (2.1.2). Under condition (2.2.2), we get
Vwllvlly < vl < yJw+Chlvlly

forveH.

2.2.2 Proofs

We sketch here the outline of the proof for local solution by a standard procedure(See [58]).
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Proof. (Of Theorem 8.) Let (ug,u1), (vo, v1), (wo, wy) € H x L§(R™). For any (u,v,w) € X3, we

can obtain a weak solution of the related system

[ (1al=22) + a2~ O(@)A
(Inel201), +aye = O(@)A (y + wy) = —O(@)A [y ma(t = 8)o(s) ds + falu,v,w)
(I61"2¢)) + a6 = O@A ((+wG) = =O@)A fy @olt = shu(s)ds + fo(u,v,w)  (22:8)
2(2,0) = uo(x), y(x,0) = vo(x), {(2,0) = w(x)

| 2(2,0) = wa(2), ys(x,0) = v1(2), Gi(x,0) = w(x).

O()A (2 + wz) = —O(2)A [} @i (t — s)u(s)ds + fi(u,v, w)
(

We reduces problem (2.2.8) to Cauchy problem for system of ODE by using the Faedo-Galerkin
approximation. We then find a solution map T : (u,v,w) + (2,9,¢) from X3 to X?. We are
now ready to show that T is a contraction mapping in an appropriate subset of X2 for a small

T > 0. Hence T has a fixed point T (u,v,w) = (u,v,w), which gives a unique solution in X3. [

We will show the global solution. By using conditions on functions w, w9, w3, we have

1
Et) > §J(u,v,w)—/n 0(z)F (u, v, w)dz

1 1 2 1)/2 1 2 1)/2
> 5w w) = = ut v+ wlfh - p+10mw;;%fwww@;6fw\mgamﬁ
> 5w v,w) = ully - m ol + o ol
(p+1)/2
> J(u,v,w)—L<J(u,v,w)
p+1

= G(B), (2.2.9)

here 32 = J(u,v,w), for t € [0,T), where
G(§) = 5— —— ¢,

p+1

Noting that & = G(\y), given in (2.1.15). Then

G(E) >0 in £ €0,
G(E) <0 in £€> A

(2.2.10)

Moreover, 5li{rn G(§) — —oo. Then, we have the following Lemma
—+00
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Lemma 5. Let 0 < £(0) < &.
(i) If luoll5, + [[voll3, + llwoll3, < A2, then local solution of (2.1.1) satisfies

J(u,v,w) < A3, Vt €[0,T).
(13) If HuoHi + HUOHEA + Hon; > A2, then local solution of (2.1.1) satisfies

ulls, + ol + lwllz, > AT, WE € [0,7), A1 > Ao,

Proof. Since 0 < £(0) < & = G(\o), there exist & and & such that G(&) = G(&) = £(0) with
0< 51 < )\0 < 52.
The case (i). By (2.2.9), we have

G(J(uo;, vo,wo)) < E(0) = G(&),

which implies that J(ug, vo, wp) < &2. Then we claim that J(u,v,w) < &, Vt € [0,T). Moreover,

there exists ¢y € (0,7) such that

& < J(u(to),v(to), w(te)) < &.

Then
G(J(u(to), v(to), w(to))) > £(0) = E(to),

by Lemma 3, which contradicts (2.2.9). Hence we have
J(u,v,w) <& < N, Vt € [0,7).

The case (ii). We can now show that [jug||7, + |[voll3, + [[woll3, > &3 and that [jull3, + |jv]|3, +

Jw||3, > €3 > A2 in the same way as (7). O

Proof. (Of Theorem 9.) Let (ug,u1), (v, v1), (wo, w1) € H x Lj(R™) satisfy both 0 < £(0) < &
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and ||u0||$_[ + ||vo||§{ + ||w0||3_[ < A2. By Lemma 3 and Lemma 5, we have
2(k—1) (
K

2 2 2
ol + ol + el ) =+ Lkl + ol + v ol

2(k—1) ! 2
< —< luellzy + lloellzy + ||wt||m +11- wl(S) ds ) ||ull3, + (@1 0 w)

(1—/w2 i) Il + (200) + (1—/w3 i5) ol + (=20 0)

< 26(0) + -2 [t ull el + v ol |

2 (p+1)/2
< 2£(0) + —n<J(u,v,w ) '
p+1
n +1
< 2§ p
= 0+ P 1 0
= Y1), (2.2.11)
This completes the proof. O
Let
1 t , 1
Au,v,w) = 5 1— [ wi(s)ds | |lullz + 5 (w1 o u) (2.2.12)
0
1 t , 1
+ 5 1-— wQ(s)ds \|UHH+§(WQOU)
1 1
+ 5 (1 - / ws(s ) |wHH 3 (w3 0o w) — / 0(z)F (u, v, w)dz,

M(u,v,w) = (1 - /Ot @1 (s) ds> |[ull5, + (w1 0 u) (2.2.13)

b (1= [ e ds) bl + (o0

b (1= [l ds) fulf+ (oo w) = G+ [ 060 F 0wl

n

Lemma 6. Let (u,v,w) be the solution of problem (2.1.1). If

ol + llvoll3 + llwoll3, — (p+ 1) i 0()F (uo, vo, wo)dx > 0. (2.2.14)

Then under condition (2.2.6), the functional II(u,v,w) > 0, ¥Vt > 0.

43



Chapter 2. The effect of damping terms on decay rate for system of three
nonlinear wave equations with memories

Proof. By (2.2.14) and continuity, there exists a time t; > 0 such that
M(u,v,w) > 0,Vt < t.
Let
Y = {(u,v,w) | H(u(ty), v(ty),w(ts)) = 0, (u,v,w) > 0,Vt € [0,ty)}. (2.2.15)

Then, by (2.2.12), (2.2.13), we have for all (u,v,w) € Y,

A(u v w)
(- [ s )t (1= [ wmtoras) ol (1 [ mato)as) iy
+2€;+1) [(wlou)%—(onv)Jr(W:aow)} +mﬂ(u v, w)
> S [l m ol v ol + (100 + (2 00) + (o) |

Owing to (2.2.4), it follows for (u,v,w) € Y

all?, 4+ m o], + v ], < 2(p_+11>A(u,v,w) < 2§j’_+11)5(t) < 22’1”5(0). (2.2.16)
By (2.1.14), (2.2.6) we have
0+1) [ Flulto) o) wite) < (Wfutto HH Fmlotto) [, + v (o) )
< a2 E0) " el + m o)+ o) )
< A ||u<to>||H ot + v o) )

to

A

@1(s)ds) [lulto) I + (1 -
0

@ (s)ds) [u(to)ll,

[ (to) 15,

(1-
(1)) wolers)

< (- / - ds) futtol+ (1= [ als)is) ety
(1= ) =ate)ds) ot

hence IT(u(ty), v(to), w(ty)) > 0 on Y, which contradicts the definition of Y since IT(u(to), v(to), w(to)) =
0. Thus I(u,v,w) > 0, Vt > 0. a
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We are ready to prove the decay rate.

Proof. (Of Theorem 10.) By (2.1.14) and (2.2.16), we have for t > 0

2(p+1)

0 < 1l + m ol + v ol < 225 Ve 219
Let
I(t) = ﬂ,
1 — po(t)

where p and p defined in (2.1.8) and (2.1.9).
Noting that tliin wu(t) =0 by (2.1.5)-(2.1.9), we have
—+00

lim I(t)=0, I(t)>0, Vt>0.

t——+o0
Then we take ty > 0 such that

2(k—1)

- I(t) < min {2 (wA +a),x'(0)},

0<

with (2.1.10) for all ¢t > ;. Due to (2.2.4), we have

e < D (s + Il + ||th“) + 2 {(@10u) + (@2 00) + (w5 0 w)

n %(1_/ (s )Hu\li (1_/ (s )|\v!|§{+%(1—/0tw3(5)d5> lwll3,
(k —

<

D (s + Bl + el ) + 11 0w) + (2 00) + (3 0 )]
1
+ - po(O)[llull3, + loll3, + llwll3]-
Then by definition of I(t), we have

(’%_ 1) K K K 1
1@ < 0 (s + oy + sy ) + SaOul + ol + )2

S I0)(@ 0w + (@ 00) + (@5 ow)], (2.2.19)

and Lemma 3, we have for all ¢1,t, > 0

E(ta) — E(t)
to 1
2 2
<~/ ( 3 + alleal 25 + o lall + (@)l + ol + ||w||H]) di
t1

2 1 1 1
2 2 2
= [ (o bl ol = (0 0) = 5o n) - p(whow) ) a
t1
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then, by generalized Poincaré’s inequalities, we get

2 2 2
Et) < —Whi+a) [lwllZs + vl + lwl2s)

1 2 2 2
= SHO Ul + ol + w3
1
+ Sl(@ow) + (@ ov) + (@ ow),

Finally, Vt > ty, we have

E(t) + I(DEWR)

IN

+

K

{(K 10y - wr, + a>} (lalzg + el + iz )

0w + (@ 0v) + (@ ow)] + LLO(@1 0w + (@200) + (s 0 w)
%/Ot {@1(t =) + It (t — 1)} [|u(t) —u(r)|l5, dr
% / {@h(t —7) + I(O)@a(t — )} o(t) = v(7)]3, dr
% / {h(t = 7) + I(t)ws(t — )} [|w(t) — w(r)|5, dr

3 | =0+ 1Om 0} u(®) = ule =l o7

3 | =40 + 10} o0 = vt = 1) dr

+

%/0 {@}(7) + I(t)ws(r)} w(t) — w(t —7)|5, dr

%/Ot {—X<w1(7)> + X’(O)wl(T)} |u(t) — u(t — T)Hg{ dr
%/Ot {—x(%(r)) + x’(o)wg(r)} [o(t) — v(t —7)||3, dr
% /ot {_X<w3(7>) + X'(0>Ws(f)} |w(t) —w(t —7)|3, dr
0,

by the convexity of x and (2.1.10), we have

Then

x(€) > x(0) + x'(0)¢ = X' (0)¢.

£(0) < (i) exp - / rs)as).
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which completes the proof.
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Chapter 3

Coupled nonlinear viscoelastic wave
equation with distributed delay and

strong damping and source terms

1- Introduction
2- Blow up in finite time

3- Growth of solutions to system

3.1 Introduction

In this section, we are concerned with a problem for a coupled nonlinear viscoelastic wave equation
with distributed delay and strong damping and source terms, under suitable assumptions we will

prove the time blow up result and show the exponential growth of solutions. Namely, we consider
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the following problem

(

t
gy — Au — w1 Auy + / g(t — s)Au(s)ds
0

st [ (@t - 9de = Alw o), (5.0 € 2R,

T1

t
Vg — AV — woAvy + / h(t — s)Av(s)ds
0

< +mw+/“mammux—m@:ﬁmMm<aweaxR+ (3.1.1)

T1

u(z,t) =0, v(z,t) =0, z € N

u (z, —t) = fo(z,t), v (x,—t) =ko(z,t), (x,t) € Qx(0,7)
u(x,0) =ug (z),u (z,0) = uy (x), 2 € Q

o (), v, (2,0) = v (), € Q,

<
—
8
o
~~
|
<

where
fi(u,v) = ayu 4+ v|?PY (u 4+ v) + by |ufPulv[P?

fo(u,v) = ar|u + v]*PF (u 4+ v) + by |[v[PolulPF2, (3:12)
and wy,we, i1, i3, a1,b; > 0, and 7, 75 are the time delay with 0 < 7y < 75, and po, pg are a L™
functions, and g, h are a differentiable functions.

Viscous materials are the opposite of elastic materials that possess the ability to store and
dissipate mechanical energy. As the mechanical properties of these viscous substances are of
great importance when they appear in many applications of natural sciences. Many authors
have given attention and attention to this problem since the beginning of the new millennium.

In the case of only one equation and if w; = 0, that is for absence of Au;, and p; = us = 0. Our
problem (3.1.1) has been studied by Berrimi and Messaoudi [7]. By using the Galerkin method
they established the local existence result. Also, they showed the local solution is global in time
under a suitable conditions, and with the same rate of decaying ( polynomial or exponential) of
the kernel g. they proved that the dissipation given by the viscoelastic integral term is strong
enough to stabilize the oscillations of the solution. Also their result has been obtained under

weaker conditions than those used by Cavalcanti et al [16].

In [17] the authors are considered the following problem

t
uy — Au + / g(t — s)Au(s)ds + a(x)us + |u]"u = 0, (3.1.3)
0
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the authors proved the exponential decay result. This later result has been improved by Berrimi
et al [7], in which they showed that the viscoelastic dissipation alone is strong enough to stabilize
the problem even with an exponential rate.

In many works on this field, under assumptions of the kernel g. For the problem (3.1.1) and with
w1 # 0, for example in [30] Kafini et al proved a blow up result for the following problem

Uy — Au + / g(t — 8)Au(s)ds +u, = |[ulPu, (z,t) € R™ x (0, 00)
0 (3.1.4)

u(z,0) =wug(z),u (x,0) =uy (x),
where g satisfies [ g(s)ds < (2p —4)/(2p — 3), Initial data was supported with negative energy
like that [ uouidz > 0.
If (w > 0). In [49], Song et al considered with the following problem

uy — Au +/ g(t — s)Au(s)ds — Auy = [ulP~2u, (x,t) € Q x (0,00)
0 (3.1.5)

u(z,0) =wuo (z),u (x,0) =uy ().
Under suitable assumptions on g, that there were solutions of (3.1.5) with initial energy, they
showed the blow up in a finite time. For the same problem (3.1.5), in [48], Song et al proved
that there were solutions of (3.1.5) with positive initial energy that blow up in finite time. In

[54], Zennir studied the following problem

( t
uy — Au — wAuy + / g(t — s)Au(s)ds

0
+alu ™ 2uy = ulP?u, (z,t) € Q x (0,00), (3.1.6)
u(z,0) =wug (), u(z,0) =uy () x €
u(z,t) =0, x €09,

the author proved the exponential growth result under suitable assumptions.

In [36] the authors considered the following problem
ug — Au+ [77 g(s)Au(t — s)ds — e1Auy + eque|ue| ™2 = egufulP~?
u(z,t) =0, x€dt>0 (3.1.7)
u(x,0) =uo (z),u (,0) =uy (), x€Q,

they showed a blow up result if p > m, and established the global existence.

In the case of coupled of equations, in [1], the authors are studied the following system of
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equations
g — AU+ ug|ug|™" 2 = fi(u,v) (3.18)
Vi — Av + vl = folu,v),
with nonlinear functions f; and f; satisfying appropriate conditions. Under certain restrictions
imposed on the parameters and the initial data, they obtained numerous results on the existence
of weak solutions. They also showed that any weak solution with negative initial energy blows

up for a finite period of time by using the same techniques as in [29]. And in [6], the authors

considered the system:

wy — Au+ (alul® + blo|Hwu™ 2 = fi(u, v
= et (el ol = fi(,0) 510
v — Av + (alul? + blv|) v "2 = folu,v),

they stated and proved the blows up in finite time of solution, under some restrictions on the
initial data and (with positive initial energy) for some conditions on the functions f; and f;. In
[41], the authors extended the result of [6], are considered the following nonlinear viscoelastic

system:

wie = Au+ [ g(s)Au(t — )ds + (alul* + blo]'Yuglus "2 = fi(u, )

(3.1.10)
v — Av + [7 h(s)Av(t — s)ds + (alu]® 4 bv]®)vy|v |72 = falu,v),

they proved that the solutions of a system of wave equations with viscoelastic term, degenerate
damping, and strong nonlinear sources acting in both equations at the same time are globally
nonexisting provided that the initial data are sufficiently large in a bounded domain of (2.

A complement to these works, we are working to prove the blow-up result with distributed delay
of the problem (3.1.1), under appropriate assumptions and we prove these results using the
energy method. In the following, let ¢,¢; > 0,i =1, ...,12.

We prove the blow-up result under the following suitable assumptions.

(A1) g,h: R, — R, are a differentiable and decreasing functions such that

g(t)y>0 1—/ g(s)ds=1; >0,
0

h(t) >0 , 1—/Ooh(s)ds:l2 > 0. (3.1.11)
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(A2) There exists a constants &, & > 0 such that

g/ (t) < —519 (t) . > 07

h'(t) < =&h(t) , t>0. (3.1.12)

(A3) g, puy : [11,72] = R are a L™ functions so that

20 —1 2
(*5) [ mslolde <, 5>

I

N = N =

20 — 1 2
(25) [ oo <ps . 5> (3..13)
T1
3.2 Blow up in finite time
In this subsection, we prove the blow up result of solution of problem (3.1.1).
First, as in [40], we introduce the new variables
z,p,0,t) = u(x,t —
y(z,p,0.1) = w( op) (3.2.1)
Z(Lﬁ 0, t) = Ut<x>t - Qp)a
then we obtain
x? ) 7t + x’ ) 7t = O
oye(@, p, 0,1) + yp(, p, 0,1) (3.2.2)
y(l’, 07 9, t) = ut(xa t)?
and
zi(z, p,0,t) + z,(T,p,0,1) =0
0z(w, p, 0,t) + 25(, p, 0, 1) (3.23)
2(x,0,0,t) = vy(x, t),
Let us denote by
t
gou = / / g(t — 8)|u(t) — u(s)|*dsda. (3.2.4)
aJo
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Therefore, problem (3.1.1) takes the form

/

¢
gy — Au — w1 Auy + / g(t — s)Au(s)ds
0

T U +/ |M2(Q>|y($, 17 9, t)dg = fl(u7v)> LS Q,t >0

T1

t
vy — AV — wyAvy + /0 h(t — s)Av(s)ds (3.2.5)

T2
- / (0|2, 1, 0,6)do = folw,v), 7€ QL >0

T1

oy(x, p,0,t) + yp(z,p,0,t) =

0
L ta(x>p7 Q>t) + Zp(x>p7 Q>t) = Oa

with initial and boundary conditions

;

u(z,t) =0, v(z,t) =0 x €0,
y(@,p,0,0) = fo(z,0p), 2(z,p,0,0) = ko (z,0p)
u(z,0) =wuo (z), u (x,0) =u ()

\ v(x,0) =v(x), v (2,0) = vy (x),

(3.2.6)

where
(#,p,0,1) € 2 x(0,1) x (71, 72) x (0,00).
Theorem 11. Assume (3.1.11),(3.1.12), and (3.1.13) holds. Let
4 —
—1l<p< —n, n>3

n—2 (3.2.7)
p>—1, n=1,2.

Then for any initial data

(Uo, Uy, Yo, U1, f07 kO) S HJ

where

H o= H)(Q) x L*(Q) x Hy(Q) x L*(Q) x L*(Q x (0,1) x (11, 72))

x L*(Q x (0,1) x (11, 72)).
the problem (3.2.5) has a unique solution
ue C(0, T H),

for some T > 0.
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Lemma 7. There ezists a function F(u,v) such that

Flu,0) = = [ufi(u,0) + vfalu,v)]

= oy Ll o 4 2 2] > 0,
p

where

we take a; = by = 1 for convenience.

Lemma 8. [/1] There exist two positive constants ¢y and ¢y such that

Co

C
2(p+2) (‘u|2(p+2) + ’U|2(P+2)) < F(’LL,U) < 1 (’u‘Z(p-ﬂ) + ’,U’2(p+2)). (328)

2(p+2)

We define the energy functional

Lemma 9. Assume (3.1.11),(3.1.12),(3.1.13), and (3.2.7) hold, let (u,v,y,z) be a solution of
(3.2.5), then E(t) is non-increasing, that is

1 1 1 1
By = Slull+ Sl + S Vul + Sl 903

1 1 1
+§(gOVU)+§(hon})+§K(y,z)—/F(u,v)dx, (3.2.9)
Q
satisfies
E(t) < —cs{luld+ 2 + / / a(0)ly(, 1, 0, ) dodz
QJr

+// |1a(0)|2* (2,1, 0, t)dodz} <0, (3.2.10)
QJ7

where

Keo= [ [ " o2 (@l (@ p. 0.1) + lual)|2*(2, p, 0, Ydedpda. (3:2.11)

1
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Proof. By multiplying (3.2.5)1, (3.2.5)2 by uy, vy and integrating over 2, we get
d 1 1 1 1 1
T {§Hut|’§ + 5”“1&”% + 511”VUH§ + 512\|V7JH§ +5(g90Vu)
1
+§(h0Vv) — / F(u,v)dz}

Q
T2
= pullu? - / w / 2(0)ly(, 1, 0, t)doda

T2
o3 - / / 1a(0)|2(2, 1, 0, £)doda

1
2(goVu) - sg(t)[Vull} - [V

2 2
1, 1
+5 (oY) = ShOIVIE - wl VB, (3:2.12)

and, from (3.2.5)3,(3.2.5), we have

dtZ/// oluz(0)ly*(z, p, o,t)dodpda
:_5/// 2|p2(0)|yy,dodpdx
QJo Jn
1 7 ,
= T3 |2(0)y* (2,0, 0, t)dodx
__// |M2 |y I;LQ, )deZL’

- 4 / a(0)do) u 3

1 2
5 | [ @l w1, 0. )dgds,
QJn

dw/// olna(0)|2*(z, p, o, t)dodpdx:

:—5/// 2|p4(0)|22,dodpdx
QJO 1

1 ™ )
= +3 l1a(0)27(, 0, 0, t)dodzx

T1

__// |M4 |Z xalvga )deI‘
T1

- X / alo)do) v

1 2
5 | [ @1 0. 00deds
QJr
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then, we get

T2 1
GEO = —mlulp = [ [ (01 0. 0deds + 5(g0v0
QJr

1 1, (™
=39OVl Va4 5 [ a(edde)

T1

L / / (@12, 1, 0, t)dodz

ol = [ [ i@t o, deds + 50007
1
——h(ﬂﬁhwz—w%HV%HQ (/1lwdmdewH§
——// \114(0)|2%(z, 1, 0, t)dodz. (3.2.13)

By (3.2.12)-(3.2.13), we get (3.2.9). By using Young’s inequality, (3.1.11),(3.1.12) and (3.1.13)
n (3.2.13), we obtain (3.2.10). O

Now we define the functional

1 1 1 1
H(t) = ~B() = —llul— Sllwl — S0l Vul — Sl Vo3
1 1 1
—E(gOVu) — §(hOV’U) — §K(y, z)
+ﬂp+)WU+ﬂb +ﬂWﬂﬁﬂ

(3.2.14)

Theorem 12. Assume (3.1.11)-(5.1.13), and (3.2.7) hold. Assume further that E(0) < 0, then
the solution of problem (3.2.5) blow up in finite time.

Proof. From (3.2.9), we have
E(t) < E(0) <0. (3.2.15)

Therefore

H() = —E(t) > elull+ / / 2(0) |y (, 1, 0, t)doda
QJrm
T2
ol + / / 1a(0)|22(2, 1, 0, £)dod). (3.2.16)
QJr
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hence
T2
() > o[ [ @l odeds >0
QJn
T2
H'(t) > 03// l2(0)|22(2, 1, 0, t)dodz > 0, (3.2.17)
QJr
and
1 2(p+2) p+2
0 <H(0) <H(t) < m[”“ + v]|2(p+2) + 2||uvl; 5]
C1 2(p+2) 2(p+2)
< 2(p+2)[”“”2<§+2> + [[ollyia)- (3.2.18)
We set

K@it) = H +6/(uut +U”t>d$+g/(u1u2 4 pg0?)da
Q Q

+5 [ (V) +wa(Vep)as, (32.19)

where € > 0 to be assigned later and

2p+ 2
4(p+2)

By multiplying (3.2.5)1, (3.2.5)2 by u, v and with a derivative of (3.2.19), we get

I<a<

<1. (3.2.20)

K'(t) = (1—a)HH(#) +e(flullz + 0:ll2) — e(IVull3 + [[Vo]3)

+€/Vu/ (t —s)Vu(s dsd:c+€/Vv/ (t — s)Vu(s)dsdz
—5// |u2(g)|uy(x,1,g,t)dgdm—5// |pa(o)|vz(z, 1, o, t)dodx
QJr QJn

2(p+2 2
+ellu+vllEts) + 2wl B3] (3.2.21)
Using Young’s inequality, we get

/ / o) uy(e, 1, 0, )dodz < {8y / 12(0)|do)lull2

451//71 |\ (0)|y*(,1, 0, t)dodx},
(3.2.22)
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/ / a(@)|oz(z, 1, 0. t)dodz < {6 / a@)ldo)lvl?

// \ua(0)|2%(z, 1, 0, t)dodz},

(3.2.23)

and, we have

E/Otg(t — s)ds/QVu.Vu(s)dzvds = 5/Otg(t - s)ds/QVu.(Vu(s) — Vu(t))dzds
v [ ato)is| vl

v

t
- [ oast vl - Stgova) (3.2.04)
0

E/Oth(t — s)dS/QVv.Vv(s)dxds = E/Oth(t — s)ds/QVv.(Vv(s) — Vu(t))dxds

A%

g/oth(smsuwng ~ < (hoV), (3.2.25)
we obtain, from (3.2.21),
R0 2 (1= a)H @)+ <l + fulf)
~<((1=5 [ a6Vl + (01— 5 [ Hs)as)vel)
et / " Ja(o)ldo) 3 — <6 / " (o)l do) o]

—3 goVu _4_51//T1 \p2(0) |y (2, 1, 0, t)dodx
—— hon ——// \114(0)|2%(z, 1, 0, t)dodx
T1
2(p+2
mu +vllara + 2wl (3.2.26)

~ kHT(2)
45103 n 2 ’

Therefore, using (3.2.17) and by setting dy, d; so that,
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1 H—(¢
and s _hk 5 ( )7 substituting in (3.2.26), we get

R0 2 (1= ) = skHH () + o(ul + uul})
~<l(1 =5 | s NIVall el =5 [ has)Ivel:

2

H*(t), [™ €

— d 5 — —(goV
o [ (el — (0¥
H*(t), [™ £

— d 2 _ Z(hoV
o m(@do) ol - STy

2 2
+s[||u+v||2§§12§ +2||uv P13, (3.2.27)
For 0 < a < 1, from (3.2.14)
2 2 2 2
elllu + vl s + 2uvlPH3] = calllu+ v]503) + 2lluv|FE]

+e2(p + 2)(1 — a)H(?)
oo +2)(1 = )l + )
+e(p+2)(1- )1 - [ g(s)ds)[Vul?

)(1—a)(
—<(p+2)(1 — a)(goVu)
—e(p+2)(1 — a)(hoVv)
+elp+2)(1 — a)K(y, 2). (3.2.28)

Substituting in (3.2.27), we get
K(t) 2 [(1-a) = ekH°H () + l(p + 2)(1 = a) + 1] ([l + ul}3)

rellp+ 20 -a) (1= [ go)is) = (1= [ atsias) vl

rellp+ 20 a1 = [ 1)) = (1= 5 [ s 9ol
B0 ([ atonae)ial - SO [ naolac) ol

1
+e(p+2)(1 - a)K(y, 2) +¢l(p +2)(1 - a) = 5](goVu + hoVv)
+eafl|lu+ v|5015) + 2lluv||2H3] + e2(p + 2)(1 — a)H(2).

(3.2.29)
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Since (3.2.7) hold, we obtain by using (3.2.18) and (3.2.20)

a 20(p+2)+ 20(p+2)
H(0)[ull3 < ea(llullyira™? + [ol5e? s |ull3),
o 2a +2)+2 2 +2
H ) [v]3 < es(lvlloors™? + lulle a2 vl13),

for some positive constants ¢y, c5. By using (3.2.20) and the algebraic inequality

1
—)B+b), VB>0, 0<60<1, b>0.

B"S(B+1)§(1+b

We have, Vt > 0

[ ||2‘”+2 < d([lull3B) + H(0)) < d([lull3Et3) + H(t)),

2(p+2) > (p+2) (p+2)
20(p+2)+ 2(p+2 (p+2)
loll3erss ™ < d(llollatrs) + HE) < d(|[oll5ET3) + (),
where d =1 + H(O Also, since

(X+Y) <C(XT+Y), X,Y >0, v>0.

We conclude

2a +2 2 +2 2 +2 2(p+2 2(p+2
lolseZs2ull < co(llvloiis) + lull3®) < er(llvlatns) + llullais),
2a(p+2 2 2 2 2) 2 2 2 2
lulle 52 10ll3 < es(ullyits) + [0157) < colllullzb i) + lvlaits)-

Substituting (3.2.31) and (3.2.33) in (3.2.30), we get

2 +2 2 +2
cro([[vl5ts) + lull5tt5) + cioH(t),

a 2 2 2 2
H ) |[vl3 < en(lulla s + [[vll3055) + enH(t).

(1) ull3

IN

(3.2.30)

(3.2.31)

(3.2.32)

(3.2.33)

(3.2.34)
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Combining (3.2.29) and (3.2.34), using (3.2.8), we get
) > [(1-a) - sJH () + l(p+2)(1 — ) + (w3 + ]2
+e{l(p+2)(1—a)— 1] — / 9(3)ds)[(p +2)(1 — a) — L]} Vul
+e{llo+20 - 0) =11 = ([ A+ 201 - 0) = Tl

+e(p+2) (1 —a)K(y,2) +e[(p+2)(1 —a) — %](goVu + hoVv)
)\1 + AQ

+e(ena — 3 + Il
A1+ Ao
2 2)(1—a)— H(t
e B0 (),
(3.2.35)
where A\ = e [ |12(0)|do, Ao = 11 [ |1a0)|do.
In this stage, we take a > 0 small enough so that
=(p+2)1—a)—1>0,
and we assume
o0 o 2)(1—a)—1 2
max{/ g(s)ds,/ h(s)ds} < (p+2)(1=a) =2 04—11_ 1 (3.2.36)
‘ ‘ (p+2)1—-0a)-3) '

we have
a = {<p+2><1—a>—1>—/0g(s)ds<<p+2><1—a>—§>}>o
o = {<p+2><1—a>—1>—/0h<s>d8<<p+2><1—a>—§>}>o

then we choose k so large that

A1+ Ao
Qg = acy— 0,
2c3K
A1+ A
= 2 2)(1 —a) — 0.
Qs (p+2)(1—a) Sy

We fixed k and a, we appoint ¢ small enough so that

ag = (1 —a)—er > 0.
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Thus, for some g > 0, estimate (3.2.35) becomes

K'(t) > B{HE) + luell3 + lvellz + [IVull3 + [[Volf3
+(goVu) + (hoVv) + K (y, 2)
Hllullots) + Il i)} (3.2.37)
By (3.2.8), for some ; > 0, we obtain
K'(t) > B{HEE) + w3 + [lvell5 + IVull3 + [ Voll3
+(goVu) + (hoVv) + K(y, 2)

Hllu + 50T + 2lluv|2H3]}, (3.2.38)
and
K(t) > K(0) >0, ¢>0. (3.2.39)

Next, using Holder’s and Young’s inequalities, we have

L
| / (wy + vo)da| 5 = Ol + el

+Hwbpﬁ + [loella ], (3.2.40)

1,1
Where;+§:1.

We take 0 = 2(1 — «), to get
0

<2p+2).
—a " 1_2q =2p+2)

Subsequently, for s = (1_22(1) and by using (3.2.14), we obtain

2
lull3 sy < d(lullsers) +H),

2(p+2) (p+2)
== 2(p+2
llagisy < d(llvll5bts) +Ht), V> 0.

Therefore,

1

11—« 2 2 2 2
| / (wu +vv)dz| " > enflullyt ) + [olb s + lludl3 + [l + H()).
(3.2.41)
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Subsequently;,

1

Kia(t) = (Hl—a+g/(uut+vvt)d5p—|—g/(u1u2+u302)da¢
0 0

—l—%/(aunZ + woVu?)dz) a
0

_2 _2
< c{H(t) +|/(uut+vvt)dx|lla +ully™ + (I Vull;™
P pe
vl + Volly}
< C[HE) + [z + vz + 1 Vullz + [[Vollz + (goVu)
2 2 2 2
+(hoVv) + [[ull 3215 + [lvl5E 3. (3.2.42)

From (3.3.15) and (3.3.18), gives
K'(t) > ACT== (1), (3.2.43)

where \ > 0, this depends only on 5 and c.
by integration of (3.3.19), we obtain

o 1
K== (0) — At
Hence, K(t) blows up in time
1l -«
T<T'=—+——.
- Aake/(1=2)(0)
Then the proof is completed. O
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3.3 Growth of solutions to system

In this section, we prove the growth result of solution of problem (3.1.1).

First, as in [40], we introduce the new variables (3.2.1) then we obtain (3.2.2) and (3.2.3).
Therefore, problem (3.1.1) takes the form (3.2.5) with initial and boundary conditions (3.2.6).
Contrary to the previous paragraph in the last section, in the next theorem we give the global
existence result, its proof based on the potential well depth method in which the concept of
so-called stable set appears, where we show that if we restrict our initial data in the stable set,

then our local solution obtained is global in time.

Theorem 13. Suppose that (3.1.11),(5.1.12),(3.1.13), and (3.2.7) holds. If ug,vo € W, uy,v; €
H}Q) and y,z € L*(Q x (0,1) X (11,72))
bC?  2p
(=
[ “(p—2)

where C, is the best Poincare’s constant. Then the local solution (u,v,y,z) is global in time.

E(0)"7 <1, (3.3.1)

To achieve our goal, we need to use Lemma 7, Lemma 8 and Lemma 9 and then define the

functional H(#) as in (3.2.14).

Theorem 14. Assume (3.1.11)-(3.1.13), and (3.2.7) hold. Assume further that E(0) < 0, then
the solution of problem (3.2.5) growths exponentially.

Proof. From (3.2.9), we follow a similar calculation as in section 3.2. Until this step, we set

Kt) = H+5/(Uut+vvt)d$+%/(u1u2+u302)d$
0 0

+5 [ @ (0P + (Vo). (3:32)

where € > 0 to be assigned later.

By multiplying (3.2.5)1, (3.2.5)2 by u, v and with a derivative of (3.3.2), we get

K'(t) = H@)+e(lulll + lvll) — e(IVul3 +[[Vo]3)

+5/Vu/ (t —s)Vu(s dsd:z:+€/Vv/ (t — s)Vu(s)dsdx
—8// \p2(0)|uy(x, 1, 0,t)dodx — 5// lpa(0)|vz(z, 1, o, t)dodx
Q T1 Q T1

2 2
+ellu+vll5Ets) + 2luw|F13). (3.3.3)
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Using Young’s inequality, we get

[ [ @t 0 0dods < (5 [ aloldo)ul?
QJrn T1

1 &
+—/ / 2 (0)|y*(z, 1, 0, t)dodx}.
451 QJr

e/Q/T2 lpa(o)|vz(z, 1, 0,t)dodx < 5{(52(/72 l1a(0)|do)||v]|3

452//71 ’/,64 ’Z €, Q7t)dgdx}

(3.3.4)

(3.3.5)
and, we have
e/otg(t - s)ds/QVu.Vu(s)dxds = E/Otg(t - s)ds/QVu.(Vu(s) — Vu(t))dzds

t

+e [ g(s)ds||Vull3

v

e [! £
5/ o(s)ds]|Vull} — = (g0Vu) (3.3.6)
0

a/ot h(t — s)ds/QVv.Vv(s)d:cds = e/ot h(t — s)ds/QVv.(Vv(s) — Vo(t))dzds
+e /Oth(s)dsHVng

Y
(ST

/ A(s)ds |Vl — 5 (hoV0). (3.3.7)

0
we obtain, from (3.3.3),

R0 = B0+ (ol + t
~<((1=5 [ a6)aVuli+ (1= 5 [ Hs)as)velR)
et [ ma0)ldo)ul} =<8 [ (o))l

—3 goVu // lp2(0)|y? (2,1, 0, t)dodx
T1

—5 (hoVv) // \14(0)|2%(2, 1, 0, t)dodx

2
+elllu+ v||2<z12§ +2l[uv|573). (3.3.8)
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Therefore, using (3.2.17) and by setting d;, d; so that, Do
1C3

K
T2

1 p—
4(5203 N 2

and

K'(t) >

E, substituting in (3.3.8), we get

[1 = ex] H’(t) +e(luell3 + [lvell3)

I 2
s IVulf — 1= 5 [ hds)|vel:

( / " alo)ldo) ul} — & (g0Vu)

[\3|,_.
o\,.

—&

2e3k ),
! </T2| (@ldo)[v]12 - E(hoVo)
—e— v||3 — =(hoVv
256 ), Hal0)|aQ 27 5

2 2
t+elllu+vl5ET5) + 2wl

For 0 < a < 1, from (3.2.14)

2 2 9 9
clllu+ o220 + 2ol = eallu+ vl221 + 2ol

(p+2)

+e2(p + 2)(1 — a)H(¢)
#2(p-+2)(1 = o)l + )
Fe(p+2)(1—a)(1— / 9(5)ds)[| Vul2

relp+2)(1 = a)(1 = [ h(s)is) ol
—e(p 4+ 2)(1 - a)(goVu)
—e(p+2)(1 — a)(hoVv)
Felp+ 21— @)K (y,2)

(3.3.9)

(3.3.10)
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substituting in (3.3.9), we get

K'(t) > [1—enH(t) +el(p+2)(1 — a) + (luellz + [lvell3)

rellp+ 20 (1= [ o)) — (01— [ ae)as)Ivul
+el(p+2)(1 — a)( /Oh 1—%/0 h(s)ds)]|| V|3
oo ([ laleldo)ul} =5 [ Ins(@ld)ol

+e(p+2) (1 —a)K(y,2) +e[(p+2)(1 —a) — %](goVu + hoVv)

+eaf|lu 4+ v][3ETD - 2l|uv|[B53] + e2(p + 2)(1 — a)H(?)

2(p+2)
(3.3.11)
Using Poincare’s inequality, we obtain
K'(t) = [1—ex]H(t)+el(p+2)(1 - Ctl) + 1([Juell3 + [lvell2)
+ello+20 -0 =11 = (| g+ -a) =
o[ s vl
+ello+20 -0 =1 = ([ M+ 21— a) = 5]
gl (o9l
+e(p+2) 1 —a)K(y,2) +e[(p+2)(1 —a) — %](goVu + hoVv)
ecoallully3) + 1056 55)
+e2(p +2)(1 — a)H(?)
(3.3.12)
In this stage, we take a > 0 small enough so that
ap={p+2)(1—a)—1>0
and we assume
> > (p+2)(1—a)—1 20
max{ [ g(s)ds, h(s)ds} < = (3.3.13)
I I (p+2(1-a)-5) 07!
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then we choose k so large that

%)

ag

= {(p+2)(1—a)—1)—/0g(S)dS((p+2)(1—a)——)

c

([T halds) > 0

T1

= {21 —a)—1)— / h(s)ds((p+2)(1 —a) — 1)

c

([ atsds)} > 0

T1

we fixed xk and a, we appoint € small enough so that

and, from (3.2.19)

ay=1—exk>0

2(p+2) p+2
2p+2) w4 vll5042) + 2luv]pis]
(&1

2(p + 2)

IN

2(p+2 2(p+2
(luliars) + ol

Thus, for some S > 0, estimate (3.3.12) becomes

K'(t) = BLH(E) + fluells + llvells + [ Vull; + [Voll3

+(goVu) + (hoVv) + K (y, 2)

2 2 2 2
Hlul3 5 + 3030

By (3.2.8), for some ; > 0, we obtain

and

K'(t) > Bu{H() + luell3 + [[vell3 + [[Vull3 + [ Vol
+(goVu) + (hoVv) + K (y, 2)

2 2
|+ vll3E 15 + 2fuv] 23]}

K(t) > K(0) >0, t>0.

1
2

1
2

(3.3.14)

(3.3.15)

(3.3.16)

(3.3.17)
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Next, using Young’s and Poincare’s inequalities, from (3.2.19) we have

K(t) = (Hl—a +5/(uut —f—vvt)d:p—}—g/(MluQ +M31)2)dx
Q Q

—l—%/(leuZ—l—wngQ)dac)
0

< CofH() +| /Q(uut T ov)da] + [[ulls + [Vl
+olle + 19012}
< () + 3 + ol + [Vl + | Vol3
< CHE) + a3+ lloell3 + [Vl + Vol + (90Vu)
+(hoVo) + [ulli ) + 1o l50 ) (3:3.18)

for some ¢ > 0. From inequalities (3.3.15) and (3.3.18) we obtain the differential inequality
K'(t) > MC(t), (3.3.19)

where A > 0, depending only on 5 and c.

a simple integration of (3.3.19), we obtain
K(t) > K(0)e™ vt > 0 (3.3.20)

From (3.2.19) and (4.2.12), we have

‘1 2(p+2) 2(p+2)
K(t) < m[”“”z(mz) + |vll5g2)]- (3.3.21)

By (3.3.20) and (3.3.21), we have

2(p+2 2(p+2
lullo23) + [[oll5015) > Ce™) vt > 0

Therefore, we conclude that the solution is growths exponentially. This completes the proof.

[]

69



Chapter 4

Well-posedness and stability result for a
nonlinear damped porous-elastic system
with infinite memory and distributed

delay terms

In the present chapter, we consider one-dimensional porous-elastic system with nonlinear damp-
ing, infinite memory and distributed delay terms. A new minimal conditions on the nonlinear
term and the relationship between the weights of the different damping mechanism are used to
show the well posedness of solution by the semigroup theory and that the solution energy has

an explicit and optimal decay, for the cases of equal and nonequal speeds of wave propagation.

4.1 Introduction

We investigate the well-posedness and stability results with distributed delay for the cases of

equal and nonequal speeds of wave propagation, under an additional conditions, of the following
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Chapter 4. Well-posedness and stability result for a nonlinear damped
porous-elastic system with infinite memory and distributed delay terms

system (
Pl — Hlgy — by =0
St — O¢uz + buy + &b + /OOO 9(p)@aa(t — p)dp (4.1.1)
ot [ @l - ode+ al0)f(é) =0,
where \ ’

(x,0,t) € (0,1) x (11, 72) x (0, 00),

with the Neumann-Dirichlet boundary conditions
uz(0,t) = uy (1,8) = ¢ (0,t) = (1,t) =0, t>0, (4.1.2)
and the initial data

u(x,0) =ug (), (x,0) =uy (), z€(0,1)
(;5(%,0):¢0($),¢t($,0)=¢1<x>, 136(0,1)
di(x, —t) = fo(z,t), (x,t) € (0,1) x (0,72). (4.1.3)

Here p, ui, J,b,0,& and py are positive constants satisfying pué& > b2, the term «a(t) f(¢;), where
the functions a and f are specified later, represent the nonlinear damping term. The term
/ K |p2(0)|d(z,t — 0)do is a distributed delay that acts only on the porous equation and 71, 7o
a;é two real numbers with 0 < 7 < 79, where s is an L*>function and the function g is called

the relaxation function. We first state the following assumptions:

(H1) g € C' (R, R,) satisfying

4(0) > 0, 6 / T yp)dp =10, / " o)y = g0, (4.1.4)

(H2) There exists a non-increasing differentiable function o, n : Ry — R, such that

g'(t) < —n()g(t), t=>0, (4.1.5)
and
()
lim ) = 0. (4.1.6)
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(H3) f € C°(R,R) is a non-decreasing such that there exist vy, ve, & > 0 and a strictly increasing
function G € C'([0, 00)), with G(0) = 0 and G is a linear or strictly convex C*-function on (0, €|
such that

s*+ f2(s) < sf(s), V|s|<e

vils| < |f(s)] < vols|, V|s| >e. (4.1.7)
which implies that sf(s) > 0 for all s # 0. The function f satisfies

£ (th2) = f(1)] < ko(lthal” + [iha1|”) b2 — hal, ¥, 40 € R, (4.1.8)

where kg, 5 > 0.
(H4) The bounded function ps : [11, 2] — R satisfying

/ " a(0)de < . (4.1.9)

T1

Now, as in [40], taking the following new variable

y(xvpv o, t) = th(l',t— Qp>7

then we obtain
Qyt(xapa o, t) + yp($7 P, 0, t) =0

y(x,0,0,1) = ¢u(x,1).
As in [26], we introduce now the following new variable
n'(z,s) = ¢(x,t) — p(x,t —s), (x,t,8) € (0,1) x Ry x R,
where 7' is the relative history of ¢ satisfies
nt+n' = ¢z, t), (z,t,5) € (0,1) x (0,1) x Ry x R,.

Consequently, the problem (4.1.1) is equivalent to

)
Pl — Mgy — by =0

T — 1bun + bty + €6 + /0 9(p)nt, (p)dp

+ pa oy + / 2 (0)|y(z, 1, 0,t)do + au(t) f(¢r) = 0 (4.1.10)

T1

oyi(x, p,0,t) + yp(z,p,0,t) =0

. 7]115t + 772 = ¢t(x7t)7
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where

(x,p,0,t) € (0,1) x (0,1) x (11, 72) x (0,00),

with the following boundary and initial conditions

g (0,) = uy (1,1) = 6 (0,8) = ¢ (1,¢) = 0,¢ > 0, (4.1.11)

w(2,0) = uo (x) , us (x,0) = uy (z), x € (0,1)
¢ (,0) = ¢o (), ¢ (,0) = ¢1 (), 2 €(0,1)

y(z, p,0,0) = fo(z, po), = €(0,1),p € (0,1),0€ (0,72)
n'(2,0) = 0,7 (x,s) = no(z,5), (w,5) € (0,1) x Ry.

Meanwhile, from (4.1.1); and (4.1.3), it follows that
d? 1
— [ u(z,t)dz=0. (4.1.12)
dt? J,

So, by solving (4.1.12) and using the initial data of u, we get

/Olu(x,t)dx:t/olul(x)dx+/Oluo(x)dx.

Consequently, if we let

u(z,t) =u(z,t)— t/o uy (z) dx — /0 ug () dz, (4.1.13)

we get

1
/ u(z,t)dr =0, Vt>0.
0

Therefore, the use of Poincare’s inequality for w is justified. In addition, simple substitution
shows that (u, ¢, y,n') satisfies system (4.1.1). Henceforth, we work with u instead of u but write
u for simplicity of notation.

By imposing a new appropriate conditions (H3), with the help of some special results, we obtain
an unusual weaker decay result using Lyaponov functiona, extending some earlier results known
in the existing literature. The main results in this manuscript are the following. Theorem 2.1

for the existence and uniqueness of solution and Theorem 3.7 for the general stability estimates.
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4.2 Well-posedness

In this section, we prove the existence and uniqueness result of the system (4.1.10)-(4.1.12) using

the semigroup theory. To achieve our goal, we first introduce the vector function

U= (u,us, , 1,9, Ut)T7

and the new dependent variables v = u;, ) = ¢, ¢ = n', then the system (4.1.10) can be written

as follows
Uy =AU +T'(U)
(4.2.1)
U(0) = Uo = (uo, u1, ¢o, ¢17f0,770)T,
where A : D(A) C H :— H is the linear operator defined by
v
b
Hux:p + _¢:p
p p
(G
l b 1 [
= T VYxx T T W%z 7 T d
AU = | F¥ae + e = S00 + J/o 9(P)puz(p)dp | (4.2.2)
P L[
_ My 2 1
o= | el 10 0de
1
-y
o
— s T 1/}
and
0
0
0
rU) = " ) (4.2.3)
== fW)
0
0

and H is the energy space given by

H = H0,1) x L*(0,1) x Hy(0,1) x L*(0,1) x L*((0,1) x (0,1) x (11, 72)) % Ly(0,1),
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where
[20,1) = {®eI2(0.1) / /1<I>(:z:)d:z:—0},
H!(0,1) = H'(0,1)N L2(0,1),
L,(0,1) = {®:R, — HL0,1), // (p)dp < o<},

where the space L,(0,1) is endowed with the following inner product

(@1, Pa)r,01) = // P)P1:(p) P2. (p)dp-

For any

— (w,0,0,0,y,0)T €H, U=(0701730" cH.

The space H equipped with the inner product defined by

~

1 1 1
(U,U)y = / voudr + ,u/ Uglgde + J | pdx
0 . 0 . 0 .
+ f/ opdx + l/ Oppdr + b/ (upd + Up)dx
0 0 0

1 1 T2
+ / / / olpa(0)lyydedpdz + (@, P) L, 0,1)- (4.2.4)
0 0 T1

The domain of A is given by

UeH /ue H*NH! ¢e€ H*NH,
D(A) = { ve H, e Hj0,1), v Ly0,1),
y7yp € L2((07 1) X (07 1) X (7—177—2))7 y(x70797t) - W

where

HZ(0,1) = {® € H*(0,1) / ®,(1) = ®,(0) =0}.
Clearly, D(A) is dense in H. Now, we can state and prove the existence result.

Theorem 15. Let Uy € H and assume that (4.1.4)-(4.1.9) hold. Then, there exists a unique
solution U € C(Ry, H) of problem (4.2.1). Moreover, if Uy € D(A), then

U e C(R., D(A) NCLHR,,H).
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Proof. First, we prove that the operator A is dissipative. For any Uy € D(A) and by using
(4.2.4), we have

(AU, U)y /dex—// lp2(0)| Yy (x, 1, o, t)dodx

/ / / |12(0)|y,ydodpdr — / / P)Pap(P)pa(p)dpde.

(4.2.5)
For the third term of the RHS of (4.2.5), we have
1 1 T 1 1 T2 1 d )
—/ / / |2 (0)|ypydodpdr = —5/ / / na(0)l -y dpdodz
0o Jo Jn 0o Jrn Jo P
1 1 [p) )
— 5 | [ (0?1 .00
0 T1
1 1 T2 )
+ 5/ / |k2(0)[y™ (2,0, 0, t)dodx. (4.2.6)
0 T1
By using Young’s inequality, we get
1 T2 1 T2 1
[ [ cstoleyte oot < 5( [ luatolde) [ (127)
0 T1 T1 0

1 1 T2
w5 [ @l 1. 0o

By integration the last term of the right-hand side of (4.2.5), we have

/ / P)@ap(P)px(p)dpda = / / p)dpdz. (4.2.8)

Substituting (4.2.6), (4.2.7) and (4.2.8) into (4.2.5), using the fact that y(x,0, o,t) = ¥ (z,t) and
(4.1.9), we obtained

(AU, Uy < (1 - / 12(0)ldo / Wi+ / / p)dpds

<0. (4.2.9)

Hence, the operator A is dissipative.

Next, we prove that the operator A is maximal. It’s enough to show that the operator (Al — .A)
is surjective. Indeed, for any F = (fy, fo, f3, f1, f5, [6)T € H, we prove that there exists a unique
V = (u,v,0,%,y,¢) € D(A) such that

(M — AV =F. (4.2.10)
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That is

M —v=f; € H(0,1)

PAU — pgy — b, = pfs € L2(0,1)
Ao —1b = fs € Hy(0,1)

me—wm+m%+s¢—%:g@mmwmp

+ +/ \ua(0)|y(z, 1, 0,t)do = J fy € L*(0,1)

T1

Agyt($7p7 0, t) +yp($>P> 0, t) = Qf5 € L2((07 1) X (Oa 1) X (7—177-2))

| Ao+ s =0 = fo € L,(0,1).

(4.2.11)

We note that the equation (4.2.11)5 with y(z,0, 0,t) = ©(x,t) has a unique solution given by

p
y(z, p,0,t) = e 2 + o / e fi(x, 0, 0, 1)do,
0

then
1
0

and we infer from (4.2.11)g that

o = e /OS e’ (v + fe(1))dr,

and we have
v=2Au—fi, v =Xp— [
Inserting (4.2.13), (4.2.14) and (4.2.15) in (4.2.11)5 and (4.2.11),, we get
PN U — Uy — by = hy € L2(0,1)

,U3¢ - ,u4¢xx + bux - h2 € L2(07 1)7

(4.2.12)

(4.2.13)

(4.2.14)

(4.2.15)

(4.2.16)
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where

T2
s = JN + &+ M + A/ |12 (0) e *edo

71

=1 h 1—eM)d
14 +/0 g(p)(1 —e**)dp,
hi = p(Afi + f2)

ho = (JA 4 + / a(0)leedo) s + T

T1

(4.2.17)

T2 1
—/ le(g)lekg/ e f5(x, 0, 0,t)dodp

T1 0
n / g(p)e / "+ fo(r))sadrdp.

We multiply (4.2.16) by u, qg, respectively and integrate their sum over (0, 1) to get the following

variational formulation

~ ~

B((u, ¢), (u, ¢)) = T(u, 9), (4.2.18)

where
B: (H(0,1) x Hy(0,1))* = R,

is the bilinear form defined by

~

B0, @3) = ¥ [ et [ ot p [ e
" /01 Gpdodr + b /Ol(ux$+ o1, )d, (4.2.19)
and
T:(H!(0,1) x Hy(0,1)) = R,

is the linear functional given by

Y(@,¢) = /01 hitidz + /01 haddx (4.2.20)
Now, for V' = H!(0,1) x H;(0,1), equipped with the norm

Iw, O = Nl +1ol3 + lull3 + a3,

we have

1 1 1
B((u, 9), (u, ) = AQp/O uzdxwg/o ¢2d:c+u/0 uzdr

1 1
+2b/ u$gbdx+u4/ P2dx. (4.2.21)
0 0
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On the other hand, we can write

j 4 2bu,$ + ji3d” = %[u(ux+§¢>2+ﬁ3<¢+%ux>2

o+ (= 5)#)

Since pué > b%, we deduce that

2 2 1 by B\
i + 2,6+ iyt > <[ (= —Jud + (s — =) 7).
2 3 H
then, for some My > 0
B((u, ¢), (u, ¢)) > Mol|(u, 9)|7- (4.2.22)
Thus B is coercive, similarly,
Y(@,6) > M@, )| (4.2.23)

Consequently, using Lax-Milgram theorem, we conclude that (4.1.10) has a unique solution
(u,¢) € HL(0,1 x Hy(0,1).
Substituting u, ¢ into (4.2.13), (4.2.14) and (4.2.15), respectively, we have

ve HN0,1), e Hy0,1), € L,0,1)

Yy, € L*((0,1) x (0,1) x (11, 72)). (4.2.24)

Moreover, if we take 7 =0 € H!(0,1) in (4.2.18) to obtain

1 1 1 1
/.Lg/ opdr + b/ Uppdr + u4/ QpPrdr = / haod, (4.2.25)
0 0 0 0
we get
1 R 1 R R
u4/ Ppdpdr = / (hy — ps¢ — buy)ddr, Yo € Hy(0,1), (4.2.26)
0 0
which yields
ibee = (ho — pa3d — buy) € L*(0,1). (4.2.27)
Thus
¢ € H*(0,1) N H}(0,1). (4.2.28)
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Consequently, (4.2.26) takes the following form

1
/ (—pane — ho + s + bug)dd = 0, V3 € HL(0,1).
0

Hence, we get

_[1'4¢wz + Nng + bua: = h2~

This give (4.2.16)y. Similarly, if we take q/g =0¢€ Hj(0,1) in (4.2.18) to obtain
1 1 1 1
u/ uxﬁxdijb/ gbﬂxdz%—)\z,o/ uudx :/ hiudz,
0 0 0 0

1 1
u/ Uy Uy dr = / (hy + bo, — Npu)udz, Vi € H.(0,1), (4.2.29)
0 0

we get

which yields
— Uy = (hy + b, — N2pu) € L2(0,1). (4.2.30)
Consequently, (4.2.29) takes the following form
1
/ (— gy — h1 — bo, + N2 pu)udr = 0, Vu € HX(0,1).
0
Hence, we get

— Uy — DDy + )\qu = hy.

This give (4.2.16);.
Moreover, (4.2.29) also holds for any ® € C'(]0,1]). Then, by using integration by parts, we

obtain

1 1
,u/ U $pdx +/ (—h1 — bde + N2pu)Pdr =0, V& € C*([0,1]). (4.2.31)
0 0
Then, we get for any ® € C*([0, 1])
U, (1)®P(1) — u,(0)®(0) = 0. (4.2.32)

Since @ is arbitrary, we get that u,(0) = u,(1) = 0. Hence, u € H2(0,1) N H(0,1). Therefore,
the application of regularity theory for the linear elliptic equations guarantees the existence of

unique U € D(A) such that (4.2.10) is satisfied. Consequently, we conclude that 4 is a maximal

80



Chapter 4. Well-posedness and stability result for a nonlinear damped
porous-elastic system with infinite memory and distributed delay terms

dissipative operator. Now, we prove that the operator I' defined in (4.2.3) is locally Lipschitz in
H. Let

U= (u,0,6,4.,¢) €HU=(@706770" €
Then, we have

ITU) = T(O) |5 < Ms|| £(&) — ()| 2 0n)-

By using (4.1.8) and Holder and Poincare’s inequalities, we can get

A

1F () = F@)lr2on < ko(llll5s + D15l — ]
kl”% - 77D:v||L2(01)7

IN

which gives us

IDU) = T(U)|l3 < My||U = U3

Then, the operator I' is locally Lipschitz in H. Consequently, the well-posedness result follows
from the Hille-Yosida theorem. The proof is completed. O

4.3 Stability Result

In this section, we state and prove our decay result for the energy of the system (4.1.10)-(4.1.12)

using the multiplier technique. We need the following Lemmas.

Lemma 10. The energy functional £, defined by

1
E(t) = %/ [puf + 2 + J 7 + 192 + €% + 2bu, @) da
1
5/ / p)dpdx
2 2
+2/0 /O /ﬂ olu2(0)y” (z, p, 0,t) dodpdz, (4.3.1)
satisfies
gt < Q/ @d$+'l/ | a0 wana + ae /ﬁ¢t (60)da
< (4.3.2)

where 1o = 1 — [ |pa(0)|do > 0 and ¢(s) = 1" = ¢(x,t) — p(x,t —p).
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Proof. Multiplying (4.1.10); by w; and (4.1.10) by ¢;, then integration by parts over (0,1) and
using (4.1.11), we get

1d
2dt

/ Dut / p)ex(p)dpdx + / ¢jdx

/ " / a()ly (2,1, 0.) dodz + a(t) / of (60)d = 0. (433)

The last term in the LHS of (4.3.3) is estimated as follows
1 T 1 T2 1 )
/ qbt/ l2(0)ly (2,1, 0,t) dodr < 5(/ |M2(Q)|dg> / P2da (4.3.4)
0 T1 T1 0
1 1 T2 )
0 1

1 00 1d 1
- T T dpd S__
| ou | s ranas < 55 [
1

1
[,ouf + pul 4+ Jé7 + 002 + £ + Qbuxgzﬂ dx

and

/ " o) (p) dpd
/ " 4 ()2 (p) dpdr. (4.3.5)

Now, multiplying the equation ((4.1.10))s by y|u2(0)| and integrating the result over (0,1) x
(O, 1) X (7'1, 7'2)

d 1 [t [t [ ,
dt 5/ / / olu2(0)y*(x, p, 0, t)dodpdx
0 0 -
1 1 1.,.2
- _/ / / \12(0)lyy, (2, p, 0, 1) dodpdz
- __/ / / |'u2 l’ )y Py O, )dgdpdx

= / / |112(0 (2,0,0,t) — y*(z,1, 0, t))dodx

= %(/T1 !ug(g)!dg)/ (bfdx—%/ /T2 l12(0)y? (z,1, 0, 1) dod. (4.3.6)

Now, using (4.3.3), (4.3.4), (4.3.5) and (4.3.6), we have

) < ~(m- / 12(0)ldo / G+ / / p) dpdz

—ot) /0 ouf (), (43.7)
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then, by (4.1.4), there exists a positive constant 7y such that

) < 770/ prdx + ~ // p)> (p) dpdx — aft /gbt (¢y)d

hence, by (4.1.5) — (4.1.9) we obtain £ is a non-increasing function.

(4.3.8)

Remark 3. Using (u& > b?), we conclude that the energy E(t)definie by (4.5.1) satisfies

1

Et) > 5

1
/ [ + 2 + J6 + 162 + €6

/ p)dpdx
+§/ / / olp2(0)|y? (z, p, 0,t) dodpdz,
0 0 Jn

1 b? ~

Mzg(/ﬁ—g)>07 §=

where

then E(t) is positive function.
Lemma 11. The functional
Dy ( —J/ gzbtqbdx—l— ¢/ s ( dydx+“1/¢dx

satisfies

1 1 1
Di(t) < l/ P dr — i /¢dw+€1/ ufdx+c(1+g)/ prdx
0 1 Jo
+c// goz dpdx+c/ f2gz§t
C Ha\0)|y \x, 1,0, oax,
+ i \ (0)1y* (z,1, 0,t) dod
T1

Whereﬁzf—%>0.

(4.3.9)

(4.3.10)

(4.3.11)
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Proof. Direct computation using integration by parts and Young’s inequality, for £; > 0, yields

D (t) = —z/1¢§dx—(5——>/ $idx + - /1¢t/xut(y)dydx
/gbx/ p) ¢z (p) dpdz + aft /gbfgbtda:

v [ dtae— [ [t 1,000

—z/o ¢§dx—(§——)/ ¢2dx+c(1+€l)/ prdx
+51/1 </ u dy> d:c+/ @/ p) dpdz

/ 6 / a(0)ly(, 1, o, )dodz + a(t) /0 67 (dn)da. (43.12)
1( mut (y)dy)zdxg 1( 1utdx> dr < lthdx.
So, estimate (4.3.12% becénes /0 /0 /0
Dy(t) < —5/ <b2daf—<§——)/ ¢2dx+c(1+ >/ P2da
+€1/ " dx—/ ¢/ a(0)ly(x, 1, 0, t)dodz
/wa/ p) ¢z (p) dpdx 4 ot /¢f ¢)d (4.3.13)

The last term in the RHS of (4.3.13) is estimated as follows

/(bx/ p) e (p) dpdx < 0(51/ P2dr + — // p)dpdz,
46,

where we have used Cauchy-Schwartz, Young and poincare’s inequalities, for d;,d5, 03 > 0.

IN

By Cauchy-Schwartz inequality, it is clear that
2

(4.3.14)

By substituting (4.3.14) into(4.3.12), we obtain

Di(t) < —<l—C(51—M1052—053)/1¢id5[‘—(é—;)/gbdl[‘

1 1
+e / o 4 o1+ — /¢§dx+ C// 9 (p) P2 (p)dpdz
40,

1
1 ( 4.3.1
452/ / |/L2 |y z, 1,01 de$+453/0 f ¢t ( 3 5)
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Bearing in mind that u& > b* and letting 6, = -, dy = and 03 = &, we obtain estimate

1
67 6c,u
(4.3.11). 0

Lemma 12. Then, for any e2 > 0 the functional

/ gbxutdx—l—/ bruyd x——/ ut/ p) ¢x (t — p) dpdz,

1 1
Dy (t) < —i 2d:v%—c/ ¢2d:v+052/ ufd:)s+c/ ¢rdx

/ / p) 5 (p) dpdx — — / / p) dpda
+C// |2 (0) |y (x, Q,t)dgdw+c/0 fA(¢u)dx

L
N <j _ ;) /0 Uy Guadl, (4.3.16)

Proof. By differentiating D5, then using (4.1.10), integration by parts and (4.1.11) we obtain

1 1
Dy (t) = —%/0 uldw +(lir]g°—ﬁ)/uw¢mdx+ ——% / P2dx

satisfies

—§ uxgbd:v % / o / p) dpdz
o / / dpdx—% / o f (1) de
—71 / Sz~ / o / (@, 1, 0,t)dodz. (43.17)

In what follows, we estimate the last six terms in the RHS of (4.3.17), using Young, Cauchy-

Schwartz and Poincare’s inequalities. For d4, 05,25 > 0, we have

§ §

—= zd<5 uld
Jouqﬁx 4/ x+4J540

Pdx.

By letting 64 = using Poincar’s inequality, we get

65’

¢ ! bl 1
—2 | uppdr < — [ widr+ c/ P2d, 4.3.18
J/O 6J Jo 0 ( )

and by Young and Chauchy-Schawrz’s inequalities, we get

/qsx/ dpdx<c55/ gbdm+4—55// p) dpdz.
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By letting 65 = we obtain

6J7

%/ p) dpdx < —/ <b2dx—|—c/ / p) dpdz.

Simﬂarly, Ves > 0 we have

/ / p) dpdx < 082/ urdr + —/ / p) dpdz,

and
1 1
,UIG 2 M1 2
. d dr,
/Cbtu < /Ouw :E+2J56/0¢ta7
and
l/l /T2| (0)ly(x, 1, 0,t)dods < 5”“/1 24
Joule Hl0)y\x, 1, 0, oar =~ 9 Oug;x
tage [ ol e
2J57 0 " H2l0)|Y y 1, 0, 0,
and

aft) ! a(0)ds (! a(0) [*
20 [uponar < S [an s 58 [ oo
Replacing (4.3.18)-(4.3.23) into (4.3.17) and letting ds = 67 = # and dg =

6(0

Lemma 13. The functional

1
Ds (t) == —p/ uudz,
0

1 3[u 1 1
Dy (t) < —p/ uldr + 7/ uZdz + c/ P2dx.
0 0 0

Proof. Direct computations give

1 1 1
D (t) = —p/o u?dx—l—,u/o uid:v—i—b/o Uz pdx.

The estimat (4.3.24) easily follows by using Young and Poincaré inequalities.

1 1 1 1
b
Dy (t) < —p/ ufdx —|—,u/ uidx+ bs/ uidw + 4—/ q52dx
0 0 0 € Jo
1 1 1 be 1
< —p/ uldr + ,u/ udr + be/ udx + —/ p2dz,
0 0 0 de Jo

by taking € = £, we obtain (4.3.24).

satisfies

(4.3.19)

(4.3.20)

(4.3.21)

(4.3.22)

(4.3.23)

, yields (4.3.16).

O

(4.3.24)
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Lemma 14. The functional
1 1 T2
Dit)i= [ [ [ o lalls? (o.p. 0.0) dodpd
0 0 1
satisfies
1 1 T2 1
Dy(t) < —m/ // Q\Mz(@)\yQ(ﬂs,p,@,t)dgdpdx+u1/ ¢7da
o Jo Jn 0
1 T
—771/ / |u2(0)[y (%, 1, 0,t) dod, (4.3.25)
0 T1

where ny 1S a positive constant.

Proof. By differentiating D,, with respect to t and using the equation (4.1.10)3, we have

1 1 T
Dy(t) = —2/0 /0/ e |p2(0)lyy, (z, p, 0, ) dodpdx
T1

1 r1 rm
- _/ / / oe” | us(0)ly” (x, p, 0, 1) dodpd
o Jo Jn

1 T2
- / / a(0)le=%2 (&, 1, 0,1) — o (.0, 0, )| dodz.
0 1

Using the fact that y(x,0,0,t) = ¢i(x,t) and e 2 < e < 1, for all 0 < p < 1, we obtain
1 1 T2
Di(t) = —m / / / olua(0)ly” (x, p, 0,1) dodpda
0 0 T
1 Lp) ' T2 1
[ [T o et deds + [ latolde [ ot
0 1 0

T1

Since —e™? is an increasing function, we have —e=¢ < —e™ ™ for all ¢ € |11, 7).
Finally, setting 171 = €™ and recalling (4.1.9), we obtain (4.3.25). We are now ready to prove

the main result.

Theorem 16. Assume (4.1.4)-(4.1.9) hold. Let h(t) = a(t). n(t) be a positive non-increasing
function. Then, for any Uy € D(A), satisfying for some ¢y > 0

1 1
mam{/ gng(x,s)dx,/ qﬁgsx(m,s)dx} < ¢y, Vs>0, (4.3.26)
0 0
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there exist positive constants 1, B2 and P such that the energy functional given by (4.3.1) satisfies

1 By + B3 fO dp
£(t) < BiG; < e )dp ) , (4.3.27)
where
Golt) = tG (e4t), ¥eo > 0, and w(s) = / o(o)do. (4.3.28)

Proof. We define a Lyapunov functional
L(t) :=NE(t)+ N1Dy (t) + NoDy (t) + D3 (t) + NyDy (t) , (4.3.29)

where N, Ny, Ny, and N, are positive constants to be chosen later. By differentiating (4.3.29)
and using (4.3.2), (4.3.11), (4.3.16), (4.3.24), (4.3.25), we have

N 1
Lt < - l—l—ch—c}/ ¢2dr — [p — Nygy — NQCEQ]/ uldzx
: N.
: 1
— |moN — Ny (1 + 5_) — Nac — M1N4} / ¢t2d$
1 0

) 1 T2
~ [Nai — Ny — eNy] / / () (2,1, 0, £) doda

1 N.
—Nlﬁ/ ¢*dx + {— - 6—2] / / p)dpdx
_N4771/ / / olus(0)|y* (z, p, 0, t) dodpdx

+c [Ny + Ny / f2(o dl’+N2X/ Uy Ppdir,

where y = (4§ — %) and by setting

R
AN, 2 4cNy’
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we obtain

IN !
Lt < — [Tl —cNy(1+ Ny) — c} P2dx — 5/ urdz
bN2 3,u

[5—71/ ud:v+cN1+N2// p)dpdx

— [noN — cN1(1 + Ny) — Ny — 11 N4 / ¢;du

1 T2
— [Nagi — Ny — Ny / / () (2,1, 0,1) dodz

—Nm/ ¢*dx + {——CN2:|/ / p)dpdz
_N4771/ / / olpa(s)y? (x, p, 0, 1) dodpdx
T1

+c [Ny + Ny / (o dx—l—Ngx/ Uy Ppdx.

Next, we carefully choose our constants so that the terms inside the brackets are positive
choose N, large enough such that

b 3
e )

2J 2
then we choose N; large enough such that

IN
aQZTl—cNQ(1+N2)—c>0

then we choose N, large enough such that

Q3 = N4771 —cNy —cNy > 0,
thus, we arrive at

L) < /gbd:zc—a / Prdx — / dx—al/l w?dx
ngN—c/ ¢tdx+[——c}// p)dpdx
+C// P (p dpd:c—ozs// |ua(0)y? (,

/// olp2(0)|y? (. p, 0,t) dodpda
/ F2(60)dz + o / T
0
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where ag = Ny = (5 — %) Ny, and as = Nox = Ng(% — %) On the other hand, if we let

L£(t) = NiDy (t) + NoDo (t) + D3 (t) + NyDy (1),

1 T
S JN td t d
2O < M [ ool o [ sty
1 fe'e)
+N2/0 ¢xut+ux¢t_u%ut/o g (p) ¢ (t —p)dp

1 1 1 T
+p/ IutU\dx+N4/ / / 0™ |ua(0)|y* (, p, 0,t) dodpdz.
0 0 0 T1

Exploiting Young, Cauchy-Schwartz and Poincaré inequalities, we obtain

then

1

dx

0

dx

1
@) < c/ (uj + @7 + 2+ uZ + ¢°) dx+c// (p)dpdax

/// olua(s)|y* (z, p, 0, t) dodp

<
Consequently, we obtain
(€)= |L(t) - NE[t)] <€ (1),
that is
(N=c)E(t)< L)< (N+c)E(t). (4.3.31)

Now, by choosing N large enough such that

N
?—C>0,N—C>0,N770—C>07

and exploiting (4.3.1), estimates (4.3.30) and (4.3.31), respectively, give

0E (1) < L) < € (1), Y 1> 0, (4.3.32)
and
/:,/ (t) < —k)l +/€2// dpdx
2 t d TT Id P 4333
+ /0<¢t+f<¢>>x+a5/0u¢x (4339

for some kq, ko, k3, o, c3 > 0.
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Case 1. If y = (% — %) =0, in this case, (4.3.33) takes the from
ﬁl (t) < —kl +k'2/ / dpdx
+k3/ (97 + f*(¢r))dx. (4.3.34)
0
By multiplying (4.53.34) by h(t) = a(t).n(t), we obtain
h(t)L'(t) < —kih(t)E (t) + kah( / / p)dpdx
Hhh () / (62 + P (00))de (133

We distinguish two cases
o G is linear on [0,¢]. In this case, using the assumption (4.1.7)1 and (4.3.2), we can write
1
ksh(t )/ (&} + f2(d0))do < k‘gh(t)/ G f (B4))dr < —kan(t)E' (1), (4.3.36)
0

and by (4.1.5) we have

/ / pypds = / / p)dpds

< / / p)dpdx
< / / p)dpdz
< —2a(t (4.3.37)
and by (4.3.26 we obtain
1 1 1
/ ©2(s)dr = 2/ ¢i(x,t)da:‘+2/ @2 (x,t — s)dx
0 0
1
< 4sup gb x, s d:17—|—2sup/ o, (v, 7)dx
s>0 7>0
< l VNP, (4.3.38)
then, we get
8E(0 o
/ / p)dpdx < ( l( )+200)h(t)/ g(p)dp. (4.3.39)
t
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Hence

() / / T g )dpdr < 200 (1)
+(%(O> + 2¢o)h(t)w (t). (4.3.40)

Inserting (4.3.36) and (4.3.40) in (4.3.35). Since W' (t) < 0,d/(t) < 0,7/ (t) < 0. Then, we

have
L (t) < —kh(t)E (t) + vh(t)w (1), (4.3.41)
and
miE(t) < L1 (t) < meE (L), (4.3.42)
with
mp =T, Mg = C2h(0) + k37](0) + 2/{720[(0) + 71,
where

Li(t) = h(t)L(t) + (ksn(t) + 2kea(t) +11)E(L) ~ E(2), (4.3.43)
y = (%@ £ 20), 7> 0 and @ () = /toog(p)dp.
Since E'(t) < 0,Y t > 0. By using (4.3.41), we have
£(T) /O "y < (E}g—(lo) + /0 ' h(t)w(t)dt) | (4.3.44)

Using the fact that Gy is linear. Then

ORI h(t)w(t)dt) | (4.3.45)

&ﬂgcq’< Jo h(t)dt

with By =, [y = L}C(lo)’ B3 = ll This completes the proof.

e G is nonlinear on [0, ], we choose 0 < g1 < € and we consider
[1(t) = {JS € (Oa 1)7 ‘¢t| < 61}’ I = {:E € (071)7 ‘¢t| > 61}7

we define

I:[¢mew
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Using Jensen’s inequality and the assumption (4.1.7);, we have

$hi(t) / (& + 2(é0))dz < kb / o (60))d
< I(0) — En(eW).  (43.46)

Inserting (4.3.46) in (4.53.35), since o/ (t) < 0,7/ (t) <0 and E'(t) <0, we obtain

Ly (1) < —kih(H)E (t) + yh(t)w(t) + ksh()GTHI(1)). (4.3.47)
and
maE(t) < Lo (1) < ma&(L), (4.3.48)
with
ms =71, My = CQh(O) + kéT](O) + 2/{3204(0) + 71,
where

Lo(t) = h(t)L(t) + (kgn(t) + 2koa(t) + 1)E(t) ~ E(1).

Now, for ey < &1 and by using £'(t) < 0,G" > 0 and G” > 0 on (0,¢|, we define the
functional L3(t) by,

Eg(t) = G/<€Og(t)>£2(t) + 7'28(25) ~ g(t), Ty > O,
satisfies

Lit) = E'(t) (oG (e0€(t))Lo(t) + 1) + L5(6)G' (e0E(2))
< —kih(t)Go(E(t)) + G (o€ (8)) h(t)w (t)
+Eh(H) G (e0E(1)GTHI(1)). (4.3.49)

To estimate the last term of (4.3.41), using the general Young’s inequality
AB < G*(A)+G(B), if A€(0,G'(¢)), Be€(0,¢),
where

G*(A) = s(G)7(s) = G(G) ' (s), if s€(0,G'(e)),
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satisfies
ksh()G (20 (1)GTHI(1) < Kieoh(t)Go(E(1)) — kyn(t)E' (). (4.3.50)

Inserting (4.3.50) in (4.3.41) and letting ey = we get

Qleé )
L5(t) + ksn()E'(t) < —kih(t)Go(E(t)) +vG' (o€ (t))h(t)wm (t). (4.3.51)
Since n/'(t) <0, then
Ly(t) < —kih(t)Go(E()) + G (o€ (1)) h(t)m(t),
where

Li(t) = Ls(t) + kgn(H)E(t) ~ E(1).

Since a(t), Go(E(t)), G'(e0€(t)) are non-increasing functions,

then, for any T > 0

leO(E(T))/OTh(t)dt < k:l/OTh(t)Go(g(t))dt

IN

£4(0) +7G"(20£(0)) /OT h(t)e (t)dt,

Li0) s ACEEO)

which gives (4.3.27) with y =1, [y =
kq kq

The proof is now completed.

Case 2. ]fX:(’ﬁ—%);éO and

k112l
Nl < s if X <0

No(lp + bp)
kyp®
2N2p

Ix| < if x> 0.

This case is more important from the physical point of view, where waves are not necessarily of

equal speeds. Let

Denotes the first-order energy defined in (4.3.1) and

gg(t) = g(uty ¢ta Yt, th)
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Denotes the second-order energy, Then, we have

() < —n / B + / / P)P2(p

—o/(t)/ Gue f (Pr)dx — O‘@)/ St (¢1)dx

_ / P+ / / PP (D

ra(t) (2 [ ourtonir - [ ¢§tf’<¢t>dx). (4.3.52)

—o/(1)

Since f,g are non-decreasing functions, a(t) is a positive function and lim;_, =0 = 0, we
deduce that
&) < _770/ ¢ttdx+ / / %m
< —m / ¢, (4.3.53)
0

where ny = pn — [ |pa(0)|do > 0.

The last term in (4.3.33), by using (4.1.10);, Young’s inequality and by setting K = X]X”’ = %

and a5 = xNs as follows

s /0 sty — O / @uttdm—bﬁ / 2dz
(][ ot [ o]

[ e [

K(E [ /0 Grupd + /0 @utde

K] [ b
+T ¢pdr + |K| | uide. (4.3.54)
0 0

N(t) = (/01 G dr + /01 gbxutdx) ,

IN

Let
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then (4.3.33)

K] / uidx+k3 / (& + F2(60)de

S —k’4gl + k’z/ / dpdx
L / s+ ky / (62 + 13(60))d (4.3.55)
where
]{34 = k’l — 2@ > 0.
I
Let
R(t) = L(t) + KN (t) + N5 (&1 (t) + Ex(t)). (4.3.56)

Indeed, by using Young’s inequality, we obtain

N@)] = | / Pugda| + | / dytipdi]

1
2/ 2dx + /gbtdx—I— /ngdx—i— /uida:

< &), (4.3.57)

IN

111 l}
J1E p

By (4.3.32) and (4.3.57), we get

where Cy = maz{

IR(t) — Ns(E1(t) + E1))] < (e3 + Co)EL(E) < e(Ex(E) + Ex(2)), (4.3.58)

and

(N5 — ) (Ex(t) + &(1)) < R(t) < (N5 + c)(Eu(t) + &(1)), (4.3.59)

and by using (4.3.53), (4.3.55) and (2), we obtain

R'(t) = L'(t)+ KN'(t) + N5(&(t) + E5(t))

—ka&y(t +k2// dpdx

1
Ty / <¢§+f2<¢t))dx—<nozv5—@> / 2. (4.3.60)
0 0

IN
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We choose Ny large enough, such that

K
7’]0N5—%>0, N5—C>0,
we obtain
R(t) ~ (&1(t) + & (1)), (4.3.61)
and

R,(t) S —k’451 —l-k‘z// dpd$

+I<:3/0 (67 + f2(y))du. (4.3.62)
By multiplying (4.3.62) by h(t) = a(t).n(t), we obtain
h(OR (1) < —ksh(t)E (t) + kah( / / p)dpdx
Fhh () / (6 + P(60)d (1363

We distinguish two cases

e G is linear on [0,¢|. In the same way that in the previous case, we obtain

R (t) < —ksh(t)E (t) + vh(t)w (1), (4.3.64)
and
mi(E1(t) + E(t) < Ra(t) < ma(&i(t) + E(2)), (4.3.65)
with
myp =Ty, Mo = CQh(O) —I— l{/‘gn(O) —f- 2]620[(0) + 71,
where

Rit) = h@)R(t) + (ksn(t) 4 2ka(t) + 1)E(E) ~ (E1(F) + Ex(1))
vy o= (%(0)4-200) 71 >0 and w(t :/ g(p

Since E'(t) < 0,Vt > 0. By using (4.3.64), we have

E(T) /0 : h(t)dt < (R;fio) + %4 /D : h(t)w(t)dt). (4.3.66)
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Using the fact that Gy is linear. Then

Ri0) 4 o (T h(t)w(t)dt) (4.3.67)

R1

with 1 =(, [s = R}CEO), b3 = 14 This completes the proof.

e G is nonlinear on [0,¢], we choose 0 < g1 < €. And in a similar way to that in the previous

case, we get

R, (1) < —kih(t)E (t) + vh(t)w(t) + Kyh(t)GH(I(t)), (4.3.68)
and
with
mg =711, my = c2h(0) + k5n(0) + 2kocr(0) + 7,
where

Ra(t) = hOR(t) + (ksn(t) + 2kea(t) + 11)E(L) ~ (Eu(t) + E(1)).

Now, for eg < €1 and by using E'(t) < 0,G' > 0 and G" > 0 on (0,¢]|, we define the
functional L3(t) by,

Rg(t) = G/(Eog(t))RQ(t) + ng(t) ~ (gl(t) + gg(t)), Ty > 0,
satisfies

R3(t) = E')(e0G (£0E(1))Ra(t) + 72) + R5H(1)G (o€ (1))
< —kih(t)Go(E(1)) + G (20€ (1)) M(t) (t)
FELR(H G (o€ (£))GHI(E)). (4.3.70)

To estimate the last term of (4.3.70), using the general Young’s inequality

AB < GA)+G(B), if Ae(0,G'(e)), Be(0,¢),
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where
G'(A) = s(G)7H(s) = G((G)H(s)), if s€(0,G'(e)),

satisfies

KLA(DG (2E(1)GHI(1) < Kieoh(DGolE(L)) — Kin(t)E' (1) (4.3.71)
Inserting (4.3.71) in (4.3.70) and letting ey = 2’“—,;3 we get

RL(t) + Kn()E' () < —kih()Go(E()) + G (o€ (D))h(t)w(t).  (4.3.72)
Since 1/ (t) <0, then

Ry(t) < —ksh(t)Go(E(1)) + G (20l (1)) h(t) (1),
where
Ra(t) = Rs(t) + kn(t)E(t) ~ (&1(t) + &(1)).

Since a(t), Go(E(1)), G'(0€(t)) are non-increasing functions, then, for any T > 0

k4G0(E(T))/OT h(t)ydt < Ky /OT h(t)Go(E(t))dt

< Ra(0) +7G'(20€(0)) /0 ) h(t)eo(t)dt,

which gives (4.8.27) with 1 =1, [y = Rz—io) and B3 = %ﬂg(o)).

The proof is completed.
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Conclusion and perspective

Damping arises from the removal of energy by dissipation. In the past few years, damped
systems has been actively studied both quantitatively and qualitatively, which is associated
with the evolutional equations (Systems). The importance of the present research lies with
describing the role of three different damping terms in a system of three wave equations with three
different variables in the presence of strong external forces that make the issue very important in
application point of view, the complete study concerning to existence and uniqueness in addition
to the nature of decay for the energy function makes it easy for applications in the sciences. This
type of problem is not previously considered, it is new, especially in the presence of the memory
functions. In this direction, one can ask the next question. For some similar problem with n
equations and n independent variable, can one obtains a results of the existence/nonexistence

and asymptotic behavior of solution over time?
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