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Abstract

In this thesis, we use the Malliavin calculus to derive the Pontryagin’s stochastic maximum
principle under the form of necessary and sufficient optimality conditions. In the introductory chapter m,
we state and build the framework that we use in the following chapters. We introduce the necessary tools
from the Malliavin calculus, the Russo & Vallois integral, and apply the Doss-Sussmann transformation
to our system, which is governed by backward doubly stochastic dynamics driven by standard Wiener
and fractional Brownian motions. At the end of this chapter, we present important Girsanov theorems
and uniqueness and existence result. In chapter @, we derive the Pontryagin stochastic maximum
principle for a system driven by standard and fractional Brownian motions, with Hurst parameter
H e (%, 1) . In chapter B, we solve a stochastic optimization problem for backward stochastic differential
equations driven by fractional Brownian motions, using the Malliavin calculus, where we minimize the
cost functional, which is in the risk-sensitive type, with respect to the admissible control. In addition,
we present the necessary and sufficient optimality conditions for this problem. Finally, we apply the
pre-established results to an interesting linear-quadratic control problem.

Our work is considered an extension of the approaches of Buckdahn et al. in [12, 13] and Zahle
in [62, 63] and the risk neutral stochastic maximum principle established by Yong in [61] to backward

stochastic differential equations driven by fractional Brownian motions.

Keywords. Stochastic maximum principle, fractional Brownian motion, Malliavin derivative, risk-

sensitive, variational equality, Doss-Sussmann transformation.
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Résumé

Dans cette these, on utilise le calcul de Malliavin pour etablir le principe de maximum stochastique
de Pontryagin, sous la forme de conditions nécessaires et suffisantes d’optimalité. On la commence par
un chapitre introductif El, ol on construit la machinerie qu’on utilise dans les chapitres suivants. On
introduit les outils nécessaires du calcul de Malliavin, 'intégrale de Russo et Vallois, et on applique la
transformation de Doss-Sussmann au notre systeme, qui est gouverné par une EDSDR dirigée par des
mouvements Browniens standard et fractionnaire. Dans le chapitre , on dérive le principe de maximum
stochastique pour un systeme dirigé par une EDSR gouvernée par un mouvement Brownien standard.
On établit une égalité variationnelle et des conditions nécessaires d’optimalité. A la fin de ce chapitre,
on présente quelques théoremes de Girsanov pour les mouvements Browniens fractionnaires et un autre
résultat sur l'existence et I'unicité des solutions. A la fin de cette these, en chapitre a, En utilisant le
calcul de Malliavin, on résout un probléeme d’optimisation stochastique pour une classe des équations
différentielles stochastiques rétrogrades gouvernées par des mouvements Browniens fractionnaires. On
minimise la fonction de cotit, qui est a la forme risk-sensible, par rapport aux controles addmissibles.
De plus, on introduit les conditions nécessaires et suffisantes d’optimalité et on applique la théorie qu’on
a déja construit a un probleme de controle stochastique de type linéaire quadratique.

Notre travail est une extension des approches de Buckdahn et al. [12, [13] et Zahle [62, 63] et le
principe de maximum avec probabilité risk-neutre établi par Yong en [61] aux équations stochastiques

rétrogrades dirigées par des mouvements Browniens fractionnaires.

Mots clés. Principe de maximum stochastique, mouvement Brownien fractionnaire, la dérivée de

Malliavin, risque sensible, égalité variationnelle, transformation de Doss-Sussmann.
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Symbols and Abbreviations

The main abbreviations and symbols used in this thesis.

Abbreviations
FBM fractional Brownian motion.
BSDE Backward stochastic differential equation.
fBSDE fractional backward stochastic differential equation.
BDSDFE Backward doubly stochastic differential equation.
FBDSDE fractional backward doubly stochastic differential equation.
i.e. Namely or that is.
a.s almost surely.
a.e almost everywhere.
cadlag continue a droite a limite a gauche.
SMP Stochastic maximum principle.
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Symbols

R
C([0,T],R)
{]:tX}ogth
(Q,F,P)

D

inf g
Lz(]:T7IP>)
<Q7*7:7 P, {}-tX}ogth)
Iz [l
<>,

P

E[]

w

BH

N

P<Q

P,

HG

The set of all real numbers.
The space of continuous functions assuming values in R.
The filtration generated by the process X over the time span [0, 7.
Probability space.
The Malliavin derivative.
The infinimum of the functional g.
The space of F-measurable and P-square integrable functions.
Firltered probability space.
The norm of the process x in the space €.
Endowed inner product or p-inner product.
Probability measure.
Mathematical expectation with repect to the underlying
probability measure.
Quasi-conditional expectation.
Standard Wiener motion.
Fractional Brownian motion with Hurst parameter H
The totality of null sets with respect to some probability measure.
Risk-neutral cost functional.
lifie =7,
Kronecker’s symbol :
0 otherwise.
The set of all admissible controls.
End of proof.
The probability measure P is absolutely continuous with respect
to the measure Q.
The ristriction of the measure P to the Filrtation Fr.
The risk neutral Hamiltoniaion.

The risk sensitive Hamiltonian.
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Introduction

Historically, one may claim that the first rigorous appearance of optimization theory took
place when Lagrange tried to solve the ” bmchz’:stochmneE problem” proposed by Newton in
1699. Lagrange published two papers [35, 36]. The first one: ”Essai d’une nouvelle methode
pour determiner les maxima et les minima des formules integrals indefinies,” and the second
one: "Meécanique Analytique,” in 1762 and 1788, respectively. At this time, great math-
ematicians as Johann Bernoulli, his brother Jacob, Newton, Leibniz, and Euler acclaimed
the solution that Lagrange had produced. However, it was Euler, as officially documented,
who collaborated with Lagrange. Ever since, the couple Euler—Lagrange have been formally
considered ,5.J;odfafchersE of Variational Calculus. This theory, ever since, alongside with op-
timization and optimal control theory have been used to model a variety of sciences which
are related directly or indirectly to applied mathematics.

For instance, consider the rush hour in a megalopolis (New York, London or Paris.) It is
evident that the daily behaviour (flow) of the passengers on a principal road is unpredictable,
yet it is stochastic. However, without any previous study, one can tell that around the rush
hour, since every worker is returning back to home, a potential heavy congestion is produced
and almost every road is blocked. At this moment, governments should think of minimizing
the flow of passengers and regulate it in order to avoid such blocks or overflows. Another
interesting phenomena comes from finance. It is widely known that wages in public sectors

are regulated and employees tend to draw them on the same day of the month (since wages

LGreek: brachis= short, brachiston = the shortest, chrone = time.

2Godfather: who started or developed something such as a style of music as the godfather of that thing.
Oxford Learner’s Dictionary.
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are available at a specific time and public sector employees are supposed free at a certain
time of the day.) In this case, the probability that a sudden crash would occur in the whole
country is likely high. Consequently, if some employees do not get their wages, they are likely
to go on a strike, and again the economy would be paralysed. Hence, governments should
think of a solution to this cash overflow, bankruptcy or even inflation (e.g. bank accounts
are empty or some people can not access or use their money).

In formal and rigorous mathematical framework, there exists mainly two major ap-
proaches to solve such problems of optimization (stochastic or deterministic): the program-
ming dynamic principle and the Pontryagin’s maximum principle.

The first approach consists of showing that the value functional associated to such prob-
lem satisfies a parabolic partial differential equation called: the Hamilton-Jacobi-Bellman

(HJB PDE) equation of the form:

) _
o FIE{LV(ty) +ity, )} = 0,

where L" refers to the infinitesimal generator associated to the diffusion solution to the HJB
PDE. In our thesis, we are not concerned with this principle. Nevertheless, we can refer to
an interesting pioneering works on this principle as: [2, B8, [16, B2, 41]].

In this thesis, we use the second approach: the Pontryagin’s® stochastic maximum prin-
ciple to deal with an optimization problem called stochastic control problem for an It6 dy-
namics driven by both standard and fractional Brownian motions.

In [46, 47|, Pardoux and Peng obtained their pivotal existence and uniqueness result for

solutions to Backward SDEs and Backward Doubly SDEs. The first appearance of stochastic

maximum principle theory was in the series of papers by: Bensoussan [4], Bismut in [[7, §],

3 After the Soviet Mathematician: Lev Semenovich Pontryagin (03/09/1908-03/05/1988, Moscow, Soviet
Union), his autobiography can be found in Russian at: http://ega-math.narod.ru/LSP/book.htm.
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Haussmann [24], and Kushner [34]. In [48], Peng introduced a result on backward stochastic
differential equations and applications to optimal control, then in [49], they obtained another
important result on the optimal control for forward backward SDEs when the control domain
IS convex.

We use the Malliavin calculus to realise our objectives. In the first place, Paul Malliavin
had introduced a proof of the existence and regularity of the density function of random
vectors and the ellipticity of Hormander operators in [38]. He used what became a corner-
stone in the calculus named after him: the integration by parts formula. Since then, various
extensions of this approach have taken place as: [9, B3, 58, 60].

Among these extensions, comes this thesis, where we use the Malliavin calculus to realize
two major objectives. The first one [10] is the Pontryagin’s stochastic maximum principle for
risk neutral cost functional for a backward doubly stochastic differential equation driven by

fractional Wiener and standard Brownian motions:
—dy; = f (t, 91, 2, 00) dt + g (yy) dBf — 2 dW,. (1)

The second one [11], is the risk sensitive Pontryagin’s stochastic maximum principle for

backward stochastic differential equations driven by fractional Wiener motion:
_dyt =49 (t7 Yts 2t Ut) dt — thBz{{’ (2)

in equations @) and (E), v = v(t,w) is a stochastic process assuming values in a non-empty
Borel set U C R.

The main motivation for using the Malliavin calculus is the lack of the semi-martingale and
Markov properties of the fractional Brownian motion when the Hurst parameter is different
than one half. The problem that we treat in this thesis consists of making decision depending
on what has happened to the state process (y;, z;) up to the moment ¢, in order to choose a

suitable process u; = u(t,w), such that
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J (u) = inf J (v),

veld

for a cost (performance) functional J, that we define according to our objective: risk neutral
or risk sensitive performance. If the infinumum wu; is attained, i.e. exists, we call it optimal
control. Since the stochastic term indicates the natural effect of the interference of a ran-
domness on the state process, then such a problem is yet regarded as generalization of the
deterministic case (i.e. where the state dynamics is an ordinary differential equation) and

it broadens the range of its applications, mainly to finance, energy and physics, among others.

This is a thesis for the degree of Doctorate in Applied Mathematics: Probability. 1t is
written upon two articles, and it is organized as follows:
In chapter m, we introduce the main tools and build the general environment that we shall
work in all along this thesis. We define the Malliavin calculus with respect to standard and
fractional Brownian motions, in particular: the Malliavin derivative, the duality formula and
the integration by parts formula. We introduce a brief introduction to stochastic calculus
with respect to fractional Brownian motion, with Hurst parameter H &€ (%, 1), including
the Ito-Russo-Vallois stochastic integral with respect to fractional Brownian motion. We
finish this chapter by applying the Doss-Sussmann transformation to the underlying back-
ward dynamics and obtaining new backward stochastic differential equation driven only by
standard Brownian motion.
Chapter B presents the first main result of this thesis: The Malliavin calculus used to derive
Pontryagin’s stochastic maximum principle for a system driven by fractional Bownian and
standard Wiener motions. We derive a variational equality in the first section, then in the
second we derive necessary sufficient optimality conditions. At last, we present the Girsanov
measure changing theorems to cover fractional calculus and we introduce a pioneering exist-
ence and uniqueness result obtained by Hu and Peng in [29)].
Chapter E presents the second main result of this thesis: Pontryagin’s Risk-Sensitive Stochastic
Maximum Principle for fractional Backward Stochastic Differential Equations Via Malliavin

Calculus. We optimize a risk-sensitive cost functional for a system driven by backward SDE

4
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governed by fractional Brownian motion. We use an auxiliary result of Young [61], and de-
rive the necessary and sufficient optimality conditions. At last, we apply the pre-introduced

theory to an interesting linear quadratic example.



Chapter 1

Introduction to Malliavin Calculus

In this auxiliary chapter, upon two major sections, we build the framework that we
work on all along this thesis. In the first section , we introduce the Malliavin calculus
for standard Wiener motions and define the Malliavin derivative. In the second one @,
we introduce the fractional Brownian motion and extend the Malliavin theory from the first
section to cover fractional calculus. Finally, we define an Itd stochastic integral called the
Russo & Vallois integral, introduce the Doss-Sussmann transformation and give a uniqueness
and existence result for a backward stochastic dynamics. Among others, the main references

of this chapter are [6, 27, 42, 13, 44, 45)].



Chapter 1. Introduction to Malliavin Calculus

Statement of the Problem

Let (O, F, (Fi)yag, P) = (Ql,fw, (F) o ,IP’1> ® (QZ,]-"B, (FP) s ,IP>2> be a filtered
probability space, satisfying the usual conditions. € = Cy ([0, 7],R) and Qs == C ([0,7],R)
are two classical Wiener spaces endowed with the topology of uniform convergence, with
time horizon T > 0. On €); we define one-dimensional standard Brownian motion W =
{W,(w),t <s < T}, and on €y we define a fractional Brownian motion BY =
{BH 1 <s< T} with Hurst parameter H € (%, 1) . We suppose that g§B’W) is the IP-

augmentation of the natural sub-filtrations of W and B¥ defined for each t € [0,T] by

G""W) = F v FE
F¥y = o W(T) =W (s)it<s<T]VN,
and FE' = o[BH(s);0<s<t]VN,

respectively, where N denotes the totality of P-null sets and o7 V o3 denotes the o-fields
generated by o7 U 0y. Note that the collection {Qt(B’W)} is neither increasing nor decreasing

and it does not constitute a classical filtration. Thus, we introduce the backward filtrations

H = (QEB’W)) ,
te[0,7)
where Q") = FI, v FF" forall t €10,T],
d F = (.7: )
L an [£.T] te[0,7)

All along this thesis, we shall work in the following spaces.

1. C([0,T];R) := {Continuous and H-adapted processes £ = {&(w)} .}
T

2. M%([0,T];R) == {F—adapted processes ¢, such that E [/ |§t|2dt] < oo.}
0

3. H (R) = { & : H-progressively measurable, such that there exists F2"-measurable

random variable ¢ := ((w) bounding £ almost surely. }

4. HA(R) := { £ : real valued H-progressively measurable processes, such that

{/ &I° dt‘ BH} < oo, P-as. }



Chapter 1. Introduction to Malliavin Calculus

1.1 Malliavin Calculus with Respect to W (.)

For more details on the Malliavin Calculus with respect to standard Brownian motion
W, may the reader consult [44, 45].
At the outset, we start by the Wiener-I1t6 chaos expansion. Such famous expansion is a pivotal
tool in stochastic analysis, in particular, the Malliavin calculus. In 1938, Wiener proved its
first version. Later in 1951, It6 showed that in the Wiener space setting the expansion could

be expressed in terms of iterated It integrals.

Theorem 1.1.1 (The Wiener-1té Expansion) For all Fr-measurable and square integ-

rable random variable G: G € L? (F}W),]P’l) , we have the following decomposition

G=> I.(gn), (1.1.1)

n>0

for a unique sequence of symmetric deterministic functions g, € L*>(\"), where X\ is the

Lebesgue measure on [0,T] and

I, (gn)—n!/OT/Otn /Ot /Ot o (b1, s £2) AW (£1) oo dWV (2)

is viewed as the n-times iterated integral of g, with respect to W (.), forn = 1,2, ... and

Iy (g0) = go is a constant. In addition, we have the following isometry
2 2
E (G?) = 1G22, = Zn! 19nll72(an) -
n>0

Proof. The proof of this theorem is based on the It6 representation theorem of an

Fr-measurable and square integrable random variable, for the details we refer to [45]. =

Definition 1.1.1 (Malliavin Derivative) We define the subspace of all Fr-measurable

and square integrable random variables satisfying

2 . 2

n>0

8



Chapter 1. Introduction to Malliavin Calculus

and we denote it Dg/). For all G € Dg/) and t € [0,T], we define the Malliavin derivative

DG of G at point t with respect to W (.) by

DtG = Zn]nfl (gn (’7t>> )

n>1

where we keep the last variable t,, =t and the notation I,_1 (g, (., 1)) stands for applying n-1
times iterated integral to the first n-1 variables ty,to, ..., 1,1 of gn (t1, ..., t,) , and we have the

1sometry

T
B | [ (062 = S nant ol = 16T
0 ,

n>1
then the mapping (¢, w) — D;G (w) belongs to L? (A @ Py) .
The next two theorems concern the Malliavin derivative D,. They provide us with smooth

and fine properties that we use in the next chapters.

Theorem 1.1.2 (Chain Rule) Consider a sequence from Dgg) 0 (1, o, G and a real

valued functional with continuous and bounded partial derivatives ¥ : R™ — R, m € N*, then

U

UGy o) € DY) and D0 (G, ooy Gn) = 0_xi<

Proof. See [14]. m

Theorem 1.1.3 (Duality Formula) Let G be in Dg]) andy (t) be an .E(W)-adapted process

E[/OTyQ(t)dt} < 0.

E {G/OTy (t) AW (t)] —E [/OTy (1) DtGdt} . (1.1.4)

with

Then

Proof. See [14]. m

1.2 Malliavin Calculus with Respect to B (.)



Chapter 1. Introduction to Malliavin Calculus

To the best of our knowledge, the most distinct references that the reader may use are
the books of Biagini et al. [6] and Hu [27].

The existence of the fractional Brownian motion (FBM in short) follows from the general
existence theorem of centered Gaussian processes with given covariance functions.
The FBM is divided into three different families corresponding to 0 < H < 1/2, H = 1/2,
and 1/2 < H < 1. This last case is of concern to us in our work. It was B. Mandelbrot that
named the parameter H of B after the British hydrologist Harold Edwin Hurst, who made
a statistical study of yearly water run-offs of the Nile river. He considered the values 91, ..., d,
of n successive yearly run-offs and their corresponding cumulative value A,, = > | §; over
the period from the year 662 until 1469. He discovered that the behavior of the normalized
values of the amplitude of the deviation from the empirical mean was approximately cn’?,
where H = 0.7. Moreover, the distribution of A,, = """ | §;, was approximately the same as
nfd,, with H > 1/2. Hence, this phenomenon could not be modeled by using a process with
independent increments, but rather the §; could be thought as the increments of a FBM.
Because of this study, Mandelbrot introduced the name Hurst indez (see [30, 50]).
Recently, there have been several approaches introducing integral representation for the frac-
tional Brownian motion. We believe that the most suitable one for our work is the one
introduced by Norros et al. in [42]. For more details on such approaches one can refer to

17, B9, 13, b5, b6] and the references therein.

1.2.1 Fractional Calculus

By the approach of Norros et al. in [42], for a canonical Wiener process BY defined on

(25, we have the integral representation

t
Bg{:/"{‘H(tﬂS)ng?
0

where kp is the kernel of BY defined as

ki (t,s) = OZHs(éH)/tT(H” (r — S)(H_%) dr, with ay = \/5 (

H(2H —1)
2—-2H,H-1)

10



Chapter 1. Introduction to Malliavin Calculus

1
and (3 is the beta function given by (5 (a,b) = / re=t (1 — r)b_l dr,a,b € [0,1].
0
By definition, B is a Gaussian process with zero mean and covariance function
1
for all s,t€ [0,T] : Ry (t,s) =E (BfBT) = 3 <t2H + 82 — |t — s|2H> :

We define the Hilbert space

ci@ = {1 ma® = [ [ 70070 plu)dud < ool

endowed with the inner product

<hom= [ [ 76000 dude

for all f, g € L2(R), where for all (u,v) € [0,T]?, we have p (u,v) = H (2H — 1) |u — v[* 2.

Definition 1.2.1 Let Py be the subspace of Ei(R), namely the set of all functions © of the

form

O f </OT yl(t)dBf,/OTvg(t)dBtH,...,/OTwm(t)dBtH>, (1.2.1)

where [ is polynomial of m variables and (Vi)o<i<,, 8 an orthogonal sequence of ﬁz(R),

namely

<7, >p= 0l [villplVillps for alli,j =1,m.

The Malliavin derivative of such a random variable © € Pr is defined for all s € [0, T

Dfo = i of (/OT%(t)dBf,/OTfyg(t)dBtH,...,/OTfyn(t)dBfl> i (). (1.2.2)

i=1 Oz;

Definition 1.2.2 Let Dy 5 be the Banach space which is the completion of Pr with respect
to the norm

10112 =E (/[0 + 1Dy ell7) .

and we define the derivative of all © € Pr

T
D7e ::/ p(s,v) DFOdv,s € [0,T). (1.2.3)
0

11



Chapter 1. Introduction to Malliavin Calculus

Definition 1.2.3 (Fractional Conditional Expectation)

1 Let G =73,.017 (Ga) € D( ). Then we define the fractional (or quasi-) conditional

expectation of G with respect to FP by
G|fB = Z IB 10<s<t) (124)

fort € [0,T] and a unique sequence of symmetric deterministic functions g, € L* (\"),

where \ is the Lebesque measure on [0,T] and

B (52) —n'/ / / / G (b1, s t) dB (1) dBY (1),

is viewed as the n-times iterated integral of g, with respect to B(.), forn =1,2, ...
2. We say that G is FP-measurable if E [G|FPl =G, t>0.

Remark 1.1 The fractional conditional expectation E is different from the ordinary expect-

ation.

Definition 1.2.4 (Quasi-Martingale) The process Y; is called an F-quasi-martingale if
there exists an F-martingale process {Y1(t,w)} and a process {Ya(t,w)} with a.e. path function

{Ya(.,,w)} of bounded variations on [0,T], such that P (A) = 1; where
A= (Y(t) = V(1) + Yalt):t € 0.7]} € .

giwen A is a measurable subset.

We introduce the following generalizations of the famous [t6 and integration by parts formu-

las, respectively.

Theorem 1.2.1 Let 7 € C2([0,T] X R) and u,v : [0,T] — R be two deterministic con-
T

tinuous functions such that u € L2(R) and / [u(s)|ds < +oo. We suppose that |lu(t)]|> is
0

continuously differentiable as a function of t € [0,T]. We denote

12



Chapter 1. Introduction to Malliavin Calculus

t t
= =5 +/ v(s)ds + / u(s)dwl,
0 0

where Zq is a constant, then for all t € [0,T] we have

tom
0 Os

Yom o _ P0%n . d
—(S,:s>d:s -+ 5 . @(S, Zs)%"lb(S)szS,

—-(s,5s)ds
(1.2.5)

where

SOl = utt) [ us)ott. s)as (1.26)
Proof. See 27]. m

t
Theorem 1.2.2 Let ®(t) = / e(u)dWH. (e(u),0 < u < t) is a stochastic process such that
0

T T
E {||5||,2)+/ / |Dfe(t)|2dsdt} < +00,
0 0

and there exists « > 1 — H such that
Ele(u) — e(v)]* < Clu —v[**,
where |u—v| < 6 for d >0 and

lim E[D; [e(u) — e(v)] [* =0,
|lu—v|—0
0<u,v<t

DI is defined by ) and DI by ) Let h be in C?([0,T] x R) with bounded

derivatives. Moreover, we suppose that

L [(s) D5 (s )|d5+!|—(t (1))l

/ / D [ah (t, ()3 (t)] |2dsdt] < to0,

then for all 0 <t < T we have

13



Chapter 1. Introduction to Malliavin Calculus

h(t, ®(1)) = h (0,0) + /a (s, ®(s d+/ax3<1> (s)dW X
gtl (5,®(s)) e(s)DED(s)ds .a.s.

Proof. See [27]. m

Theorem 1.2.3 Let x2,1m2 be in Do

Ixallio = (||>(2||2 + |1Df x| 2 ) < 400 and

17211 5 = E (IInal|7 + 1Dy n2l[7) < +o0,

and assume that D x5 (s) and Dny (s) are continuously differentiable in (s,t) €

P-almost all w € Q). Suppose that

B ([ B8 () + 19 5) ] s ) < o0

in addition, fori=1,2,

([ (a6 P+ o)) ds) < oo

If we put

Then we have

(26) (1) = / Z(s)m(s)ds + / Z(s)nals)dWH + / G(s)xa(s)ds

+ [ Gemaan + [ s 2(s) + xa(DIG(] s

Or under differential notation

14
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dZ(t) = fi(t)dt + fo(s)dBf and

dG(t) = g1 (t)dt + go(t)dB}.
Then
d(ZG)(t) = Z(t)dG(t) + G(t)dZ(t) + [m(O)DI Z(t) + x2()D G(t)] dt. (1.2.8)
Proof. See [27). =

1.2.2 The Russo & Vallois Integral

Since the FBM fails the semimartingale property unless H = 1, the classical stochastic
[t0 integration is no longer applicable to define a stochastic integral with respect to the FBM.
Meanwhile, several approaches to give a sense to an integration with respect to the FBM have
taken place in the literature, for instance [0, 27] and the references therein. Amongst these
approaches, the one so-called: the Russo-Vallois backward stochastic integration introduced

by Russo-Vallois in [51, 52], which we use in chapters E and B

Definition 1.2.5 Let V = {V (t),t € [0,1]} and A = {A(t),t € [0,1]} be two continuous

stochastic processes at 0 and 1, we set

t+e) Al —Alt)

I (c,V,dA) = / v Al - dt,
[*(S,V,dA):/1V(t)A(t)_AL(t_€)vo]dt,
and I° = ];—ﬁ.

We define the limits, in probability

15
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1
lim I~ (8,V,dA):/ Vd™ A,
e—0 0

1
lim [+ (5,V,dA):/ VA,
e—0 0

1 1
and lim I° = 5{/ Vd~A —|—/ VdtA}.
0 0

e—0

These limits are called forward, backward and symmetric, integral of V with respect to A,

respectively.

Remark 1.2 In chapter @, we shall derive a stochastic maximum principle for a class of
backward doubly stochastic differential equations. However, due to the poor properties present
by the fractional Brownian motion, we need to proceed by an intermediate step called: Doss-

Sussmann transformation, which we explicit in the immediate next paragraph .

1.2.3 Doss-Sussmann Transformation of Fractional BDSDE

In chapter E, we study a system governed by backward doubly stochastic differential

equation, driven by standard Wiener and fractional Brownian motions

—dyy = f(t, ytaztavt) dt+g(yt)dB{{ — 2 dW4,

(1.2.3.1)
Yyr = é-a te [07T]7
associated with the cost functional, with initial cost
T
J(v)=E [/ Ity 2, v) dt + U (y* (0))] , (1.2.3.2)
0
which we want to minimize over I/, namely, to find the control u such that
J (u) = inf J (v). (1.2.3.3)

veld

16
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In (), the integral with respect to the Brownian motion W is an It6 backward

integral, while the integral with respect to the FBM B! is in the Russo-Vallois sense, where

f:0T]xRxRxU — R,
:0,T]xRxRxU — R,
and g, V: R — R.

For the well-posedness of the control problem {(|1.2.3.]J),(t1.2.3.j),(|1.2.3.Ei)}, we assume

Assumptions 1.1

1. The function f is Lipshitz in (y, z) .

2. Forallt €]0,T):|f(¢,0,0)] < C uniformly.

3. The function g : R — R belongs to C3 ([0,T];R).
We define a solution to the system ()

Definition 1.6 We say that the couple of processes (ys, zs) is a solution of equation (I2Z=3),
if for all s € [0,T], we have

1. (ys, 25) € HF (R) x H2 (RY).

2. The Russo-Vallois integral /.g (y:) dB} is well defined on [0,T].
0

3. The equation (IZ231) holds P-a.s.

Remark 1.3 Unfortunately, as we have mentioned in remark , because of the properties
of FBM B* | the classical methods to solve such problem lead to an unevitable dead-end.
However, Buckdahn and Ma introduced a new method to investigate this equation in [14, |15],

using the Doss-Sussmann transformation, (may the reader see [62, 65]).

e define n:[0,7] x R — R the unique solution of the stochastic flow as

!This paragraph is adapted from the paper of Zihle [63].

17
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n(t,z) =+ /Otg (n(s,z))dB, t € [0,T], (1.2.3.4)

in (), the integral is defined in the Russo-Vallois sense.

Via the Doss-Sussmann transformation, the solution of this equation can be written as

n(t,z) = ¢ (z, Bf) , where (z, z) — ( (z, 2) is the solution of the partial differential equation

%(m,z) = g(((z,2)), for z € R,
C(z,0) = z (1.2.3.5)

By the classic theory of partial differential equations, we know that for all z € R, the mapping
x — ((z,2) is a C3-diffeomorphism over R. Hence, we can define its a-inverse and denote

it by ¢ (z, 2), that is, ¢ (¢ (z,2)) = z, for all (z,z) € R% By chain rule, It follows that

¢ dp
5o (0 (0.2),2). 55 (0,2) =1
(1.2.3.6)
¢ ¢ Oy
%( <x’z)’z)+8_((’0(35’2)’2)@(%2) —0
Therefore
g = g (G ewa9) =),
- 1.2.3.7)
*p ac 9 (
(92(36,2) = [a—x(:c,z)} @(%2)

Hence, the immediate consequence is that 7 (¢,.) = ¢ (., Bf) : R — R is a CZ-diffeomrphism,

and we can define
o(t,x)=C(x,) (@)= (z, Bff) | for all (t,z) € [0,T] x R,

by the generalized It formula ([L.2.2), it comes that

gb(t,x)—x—/o g(ac)%(s,x)stH, teoT].

18
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We denote by Q= {w €y sup |BI| < oo}, then we have P, () = 1.
0<s<T

We define

ye = 1(t,Yy) = ¢ (Yi, BY) then 'Y, = ¢(t, 1) = ¢ (i, BY) . (1.2.3.8)

Applying the Itd generalized formula () to ¢(t,y;) and using the identities (I"2238) and
(C=223) yield to

0
ay, = dqﬁ(t, yt) =dy; —g (yt) —¢ (t, ?/t) dBtH

9y
0 0 0
= f (t; Yt, 2t) a—i (t,ye) dt + g (ye) a—jj (t,y:) dB]! — zta—j (t, yr) AW,
|Zt| 82¢ d9
T 2 o (t,ye) dt — g () oy (t,y:) dB/!
0 %) 0? 0
- {f () 52 1)~ 228 <t,yt>} it = 252 () W
If we put z; = Zt? (t,Y;), then the couple (Y, Z) satisfies the backward stochastic differential
Yy
equation
—dY, = F(1,Y:, Zy,v)dt — Z,dWy,
(1.2.3.9)
Yr = & te€0,T],
where

1 0 1 0?
;)

Remark 1.4 The BSDE ) is driven only by the standard Brownian motion W, (w) for
allt €10,T). In [31], Kobylanski dealt with the class of functions as the generator F(.,.,Z),

namely, functions with quadratic growth in the variable Z.

Existence & Uniqueness Result

In order to assure the existence and uniqueness of the solution to equation (), the

following assumptions are presumed.

19
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Assumptions 1.2.2

1. For all (Y, Z) H-progressively measurable, the function
F:Ox[0,T]xRxR—-R

is measurable and continuous in (t,Y, 7).

2. There exists a real valued and FE" -measurable random variable
K : Qo — R, such that |F (t,Y, Z)| < K (1+|Z)%).

. oy H .
3. There exists some positive real valued FE -measurable random variables C and e, and

FB" @ B([0,T])-measurable functions k, I. : Q5 % [0,T] — R, such that

Z—F(t,Y,Z)‘ <k(t)+C|Z|, forall (t,Y,Z), P—a.s.,
Y

F
’aa—(uY,Z)‘ <I.(t)+¢e|Z]?, forall (t,Y,Z), P—a.s.
z

Remarks 1.2.1

1. The main reason of using a space of a.s. conditionally square integrable processes
instead of the space of only square integrable processes is the fact that we may be
provided with a.s. bounded conditional expectation of /T \Z,n|2 dr by an a.s. finite
process, as studied by Kobylanski in [31], since there does 72015 exist a direct way to solve

the BDSDE (I=2=310)).

2. Assumptions impose a quadratic growth on the generator F in the variable Z, as
has been accentuated, such kind of BSDE was studied in [31], where an existence and

uniqueness result of the solution to equation ) was established (see Theorem 2.3

20
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and Theorem 2.6). We do not detail this result in this thesis. Nevertheless, we shall

exaggerate the following assumptions.

Assumptions 1.2.3

1. f,1I and ¥ are continuously differentiable in (y, z,v).
2. The derivatives of f, g and h are bounded by C (1 + |y| + |v| + ||z]]).
3. The function g belongs to C3 (R).

4. The derivative of W is bounded by C (1 + |yl).

Given assumptions , for all v € U the equation () admits a unique strong solution.
The following theorem illustrates how we have transformed () into only BSDE ()

using the Doss-Sussmann transformation.

Theorem 1.2.4 The process (y*,2") € HF (R) x H% (RY) is the unique solution of ),

0
then if we put y? = n(s,YY?) and 2¥ = a—n (s,YV)Z?, where n is defined by , then
Y

(YY", Z") € HF (R) x HF (Rd) is the unique solution of backward stochastic equation

—dY? = F(t,Y7, 20, v)dt — Z0dW,,
! (&Y, 20 w) e (1.2.3.11)
Yi = € telo,T).

Where F' (given by (|1.2.3.1()) is a continuous function with quadratic growth in Z.

1.3 Girsanov Theorems and Existence and Uniqueness
Result for Systems Driven by Fractional Brownian

Motions

21
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We introduce Girsanov’s theorems and change of probability measures formulas. In
addition, we give an existence and uniqueness result for a class of backward stochastic dif-

ferential equations driven by fractional Brownian motion that serves our goal in chapter B

1.3.1 Change of Probability Measures and Girsanov Transforma-

tions

Definition 1.3.1 On (Qa, F, (F)o<i<r, P2), we say that the probability measures Po| 7, and

Q are equivalent probability measures on Qs if and only if

Pylr, < Q and Q < Po|£,., we write Py| £, ~ Q,

namely, if Py| £, and Q have the same zero sets on Fr.

The following theorems are considered as extensions of the standard changing probability

theorems of I. W. Girsanov []

Theorem 1.3.1 (Fractional Girsanov Formula I) Let vy € £ (R)NC (R) and let
Y € L2(R). Define

A(t) = / plt, $)1(s)ds,

(1.3.1)
) = el [ A(o)dBY - 3IhIE)

Then the map w — ¢(w +7) belongs to L2(IPy) and

) Y(w + 7)dPy(w) = ) P(w)e(y)dPy(w),

Proof. See [H] n

Corollary 1.3.1 Let g : R — R be bounded and ¢ as defined in (I37T), and v € L2(R) N
C(R). Then,

5!+ | tws)ds)] B [g(Be()].
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Proof. See [5] m

Theorem 1.3.2 (Fractional Girsanov Formula II) Let T' > 0 and let v be a continuous

function with suppy C [0,T]. Let K be a function with suppK C [0,T] and such that
<K, f >,=<7, f >12m), for all f € L*(R), suppf C [0, T

1.€.
[ K©ptt.s)ds =r@ro<e<T
R
On the o-algebra FH generated by {Bf 0<s< T} , define a probability measure P*7 by

PH

B =D {—/Otms)dBf - %HK(t)ll,%}

t
Then B (t) .= BE + / v(s)ds,0 <t < T, is a fractional Brownian motion under PH".
0

Proof. See [5] =

1.4 Uniqueness and Existence Result

This section is adapted from the pioneering paper of Hu and Peng [29]. Throughout this

section we let

ny = 1o + by +/ o,dB
0

unless otherwise stated, where 7, is a given constant, b, is a deterministic differentiable

function of t, and oy is a deterministic continuous function such that ||o||; exists for all ¢ and

d
%( llo||:) exists and it is strictly positive. Set & = g(nr) where g is a continuous function.

We consider the following backward stochastic differential equation:

dy, = —f(tmt,yt, Zt)dt - thBg{ (1 4 1)

yr = &

23
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A solution (pair) to () is given by two adapted processes ((y, 2¢), 7,0 <t < T)

= no + by +/ osdBH

I . (1.4.2)
%=€+/‘ﬂ&mym%w&ﬁ/ZAB£O§t§T
t t

d
To find a pair of solutions we consider u(t,7;). Denote &; = £(|]0||t2) The It6 formula

(see Theorem 2.3 in [19] and [27]) yields to

0 0 , 1_0°
dutm) = Se(tm)dt+ L) [bdt + 0dBY] + 56,55 (t )t
ou o 1_0%u ol
= fat( tme) + by . - (tme) + 2Uta 5 (£ 7e) dt‘i‘Uta (t,n)dB.
If u satisfies the quasi-linear partial differential equation () then
0 0
Ault,mi) = —f (b, plt ), =005 (6 m))dt + oS (tm)d B, (1.4.3)
Thus we have the following theorem.
Theorem 1.4.1 Let u(t,x) be the solution of the following PDE
0 1602
o= TRy (e
ot 2 Ox2 ox ot Ox (1.4.4)

wT,z) = g(x).

w(t, z) is continuously differentiable with respect to t and twice continuously differentiable with
respect to x. Then (yy, z) = (u(t,m), —atg—’;(t, n:)) satisfies the following backward stochastic

differential equation
dys = —f(t, 06y, 2¢)dt — thBtH

(1.4.5)
yr = g(nr).

The following lemma is important in dealing with the existence and uniqueness problem of

the backward stochastic differential equation ()
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Lemma 1.4.1 Let b(s,x) and a(s,z),0 < s < T,z € R, be continuous with respect to s and
continuously differentiable with respect to x and let both of them be of polynomial growth. Let

o be continuous and let ||o||s be an increasing function of s. If

t t
/ b(s,ns)ds +/ a(s,ns)dB? =0,vt € [0,7], (1.4.6)
0 0

then

b(s,z) =a(s,z) =0,¥s € [0,T],z € R. (1.4.7)

Proof. See 29]. =

Proposition 1.4.1 Let ) have a solution of the forms (y = p(t,m), z = v(t,n;)), where

w(t,x) is continuously differentiable with respect to t and twice continuously differentiable

0
with respect with to x. Then —Uta—'u(t,x) =v(t, ).
x

Proof. By the It6 formula, we have

0 0 1_0°
du(t,n,) = —t(t,nt)dt + a—u(t n.) [bjdt + odBf] + 30152 l;(t,nt)dt
au /a’u 1 82/11 8/11 i (148)
= a_(t ne) + by . ——(t,m:) + 20168 2(@ ne) | dt — Uta (t,m)dB;".

Or we can write

0 1o T
t Tlt 5 / |: + bsau(s’ns> + 20'5a /;(3,7]5):| ds —/t 088M(S ns)dBH
(1.4.9)

So
T O 1_0 T ou =
/ [ ) + bsa (s,ms) + 503—2(5,773)] ds — /t asa—x(s,ns)st :

_ 0P
ox
T T
1 ns,— 5 ms)sv(s,m,))ds + / v(s,ne)dBH.
t

This is also true for ¢ = 0, namely,
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T
-

T a'u T -
— f(s,ns,a—(s,ns),y(s,ns))d8+/ v(s,ns)dBH.
0 S 0

O O 1_0%u T ou -
|:a_s(3an5) + bs%(&ns) + 508@(87778) ds \/0 Us%(sans)st .

Substracting the two equations, we obtain

t

"o e 1_ 0% O H
N A |:%(57773> + bs%(‘g?ns) + 505@<87775):| ds = 0 08%(5’773)6135 ’
t

! 0
= [ s ) vs,n)ds + [ visnaBl
0

0

for all 0 < ¢ <7T. From Lemma , we have
o
v(t,x) = —ata—x(t,x);‘v’t €(0,7T),z eR. (1.4.10)

This proves the proposition. m
Remark 1.4.1 From the above proof, we also see that if the nonlinear differential equation

2

1.0
(ta I) + éaa_;;(t7$) + f(ta xau<t7x)7 —0¢

o
o1

o

ou B
"or ——(t,x)) =0 (1.4.11)

(t,x)+b e

has a unique solution, then the backward stochastic differential equation ) also has a

unique solution.

In chapter E, we use the machinery that we have established in chapter EI to derive
Pontryagin’s risk-sensitive stochastic maximum principle for a fractional backward stochastic

differential equation.

26



Chapter 2

Pontryagin’s SMP for a System
Driven by Fractional Brownian and
Standard Wiener Motions via

Malliavin Calculus

This chapter presents the first main result of this thesis: The Malliavin calculus used to
derive an SMP for a system driven by fractional and standard Brownian motions. This result
is published in [10]. We are at the brink of solving some stochastic optimization problem for
a class of backward doubly stochastic differential equations. The following triplet forms our

problem: non linear backward doubly stochastic differential equation

—dy, = f (t, Yt, Ztavt) dt +g (?/t) ng{ — 2 dW4,

(2.1.1)
yr = éat € [07T]7
the cost functional, with initial cost
T
J(v)=E U I (t, ), 2 o) dt + 0 (y* (0))] (2.1.2)
0

and we want to find an admissible control u € U called optimal, that solves
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J (u) = inf J (v). (2.1.3)

veld

In solving the stochastic control problem {(blﬂ),(blj),(blj)}, we establish necessary and

sufficient optimality conditions satisfied by some optimal control, in the form of Pontryagin’s
stochastic maximum principle. However, as has been accentuated in the previous chapter,
there does not exist an explicit method to study the BDSDE (R.1.1)) using classical methods,

what makes us invite the Doss-Sussman transformation introduced in chapter EI, section

and apply it to the triplet {(blﬂ),(blj},(bl?ﬂ)}, what gives us the following new control

problem
—dYY = F (Y, ZPv)dt — ZdWy,
t ( t t t) t t (214)
YR = &teloT].
where F' is given by (I"ZZ310), and the cost functional becomes
T
T =E U (LY, 20, v) dt + 0 (V" (0))] (2.1.5)
0
which we aim to minimize over U, i.e. find the optimal control u € U such that
J (u) = inf J (v). (2.1.6)

velU

Remarks 2.1.1

1. The transformed cost functional J defined in (Z138) results from injecting the trans-
formation (CZ3R) into the cost functional (C2Z232) as follows:

0
(Y2, 20 0) = Tt ot ), 2020

3y (t,y7),v) and ¥ (Y"(0)) = W (6(0,y5))
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2. By a simple verification of the new diver F, we have :

P2, 20) = S0 { et 2500 + 5225 .o |

82
877

9¢
< ‘Ca—y(t,yt) {1+ In(t, ye)l + + [ +‘ gy v

fl

0
Zta—Z@, W)

Then F satisfies assumptions .

2.2 Variational Equality

For more details on the Malliavin derivative of backward stochastic differential equations,

may the reader see the paper of El Karoui et al. [21]. In this section we shall derive

stochastic maximum principle for the control problem {(blél]),(bld),(bld)} We intoduce

the following assumptions and definitions.

2.2.1 Assumptions and Definitions

Definition 2.2.1 Let U be a non-empty subset of R. An admissible control v is a G;-adapted
process assuming values in U such that E [ sup |vt|2] < 00.We denote by U the set of all

0<t<T
admissible controls.

Assumption 2.2.1 For allt,r € [0,T], t <r, and all bounded random variables 8 = 0 (w) ,

the control

Y9 (5) = 0 (w) Ly (s), for all s € [0, T

belongs to U.

Assumption 2.2.2 For allu, v € U, with vy bounded, there exists o > 0, for alle € (—0,0),

the conver combination u + 7 belongs to € U.

Under assumptions th and |1.2.Eﬂ, we have the following lemma.
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Lemma 2.2.1 For all u, v € U, with v bounded, the process

% . . d ute
Y (t) = D,Y (t) = Zye ®)]._,
exists and satisfies the equation
( ~ ~ OF ~ OF
—dY, = Y;a—y (t, Y%, Z% up) + Zt% (t, Y, Z%, uy)
oF ~
Y (T)= 0, telo,T].

\

Proof. We know by a lemma (lemma 1.3.4) in [44] that an It6 integral is differentiable in
the Malliavin sense if and only if the integrand is so. Supposing assumptions and
hold, by Lebesgue’s dominated convergence theorem and the chain rule , we get

d [T T(_oF ~ OF OF

— | F (s Yuter gutey = Y, — Zo— il

i, (5, Y4, 204 ug +ev)|__, ds /t { 3y (s) + s (5) +7(s) 9 (s)}ds,
and

T T _
/ D, ZydW, = / Z,dW..
t t

Therefore, it follows that the process (Y}, Z;) is differentiable in the Malliavin sense, where

D.Z, = 25, and its Malliavin derivative <§N/t, Z) satisfies (221). m

Having applied the Doss-Sussmann transformation to the control problem { (b 11]) , (b 1 j) , (I‘Z 1 ﬂ)}

and obtained the new control problem{(b.l.41),(}2.1.5),(}2.1.@}, given assumptions and
and proved lemma , we present the first main result of this chapter.

Theorem 2.2.1 [Variational Equality] We suppose that assumptions l??]i and 1222* and
lemma are verified, and u is the optimal control of ), then the following variational

equation holds
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T
~ OF ~ OF
O:E/(; L(t) {}/ta—y (t,}/;u7ZZL,ut>+Zt§ (t,Yt“,Zf,ut)

F T_
+7 (t) 88— (t, Y, Z¢, ut)} dt — IE/ Z,D,L (t) dt (2.2.2)
u 0
T T
~ OlIl oIl
B[ ZS 2+ E [ 1) G0 (Y 2w
where
U (Y b oIl
L(t) = OV (¥y') + ot (s, Y, Z" u,) ds. (2.2.3)

Oy o Oy

Notation 1 Before making the proof of theorem , for the sake of simplicity we introduce

the shorthand notations

OF OF OF oIl oIl oIl
At)=A@,Y> Z¢ A=F —, — — II, —, — —
0 (8, Y2, Z¢ ), where "yl 9z ou’ T Oy’ 0z o ou

Proof. We suppose that assumptions and hold, lemma , and let u be an

optimal control. Then u is a critical point of the cost functional, in the sense

d
0i= = Tlu+en)| o

By the definition of J from (), we get

T
0 = j]E[ / I (¢, V", 27 ute) dt+\IJ(Y0“+”)}
0

de

d T

= E { / IL (¢, Y, Z{77 utey) dt]
0

L e (2.2.4)
B,

e=

We shall detail the proof upon the following two main arguments

T
4 E {/ I (¢, Y, Z{"7 utey) dt} and (2.2.5)
de 0 o
d urte
T E (@ (Yo )], - (2.2.6)

In the first step we detail the first term (2.2.5).

Step 1: We start by permuting the derivative sign with the mathematical expectation and the

Lebesgue integral by Lebesgue bounded convergence theorem as
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d T
dg E |:/ H (t’ Y;u—f‘E'Y? Z:‘i‘E'Y, U+57) dt:|
0 e=0 (2.2.7)

T
=FE {/0 dig II (t, Ytu+57’ Z;”+sw7u+gy) ’5:0 dt} )

then, by the chain rule (), we obtain

Td
E |:/ 2 (t, Y;qus’y’ ZquE'Y,U‘Hf'}/) L:O dt‘|
0

d
_ E(/OT E}Zgg()%—zgn()+7(t)g—g(t)] dt) (2.2.8)

_ E(/OT [Yt?;m} dt) +E</O th?)IZI()—FW(t)g—S(t)] dt).

In the first term of this last equation, we inject Y (t) by its value from (), we get

{/ 7, — dt}
/0 {/Tl o +ZS?9_Z(S) +7(s) 2—5 (8)] dS}dt (2.2.9)
dw’

o8 ([ )

In the last term of (), by Fubini theorem, we permute the mathematical expectation

with the Lebesgue integral

E 0 ‘22()(/%@%) dt = /OTEB—S (t) /tTZSdWS} dt. (2.2.10)

Applying the duality formula (|114|) to (b.?.ld), we get

/OTE{g—g(t) /tTZSdWS] dt:/OT(IE/tTZD [a;;()} ds)dt.

We make a change of variable stot : 0 < s <t < T, and by Fubini theorem we

permute the integrals with respect to dt and ds, we get
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//ZD{ ]dsdt: //ZD{ ]dtds
- o o]

After applying Lebesgue’s theorem and the duality formula, () becomes:

Hence, we inject the new expression () in the first term of (), we get the
detailed form of () as

T
]E |:/ i H (t Yu+€’7 Zu+6’7 U—’—S'y){ dt:|
o de

- E(/ [n@?wﬂ;a@—no 105y 0] )
2G5+ G () ds b

o] ol a0
[ oo ([ 0 0 o))

In the second step we detail the second term (R.2.6).

(2.2.12)

Step 2: To explicit (), we use similar tools and steps. At first, by Lebesgue’s bounded

convergence theorem, we permute the derivative with the mathematical expectation

La ), (2 L)L), 22w

Applying the chain rule (113) to (5213), we have

d uTe ~u\I] (Yu)
B (i 0wl =B TR 2219
In (), we replace }70“ by its value from (), we get
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. {%q’g)} 5 {\ng)/j {?gj 0+ 250 () + 105 (t)} " o

g [200) ZydW, | .
5[ 2]

We apply the duality formula () to the last term in the previous equation (),

we obtain ] {@é};u)/oTthWt} . UOTZDt [\pgyf()“)} dt] . (2.2.16)

Inserting this simplified expression (led) in (tZ.Q.ld), (b26|) becomes

o[ e [1GR [ (i 0 a0 0 ole

T [0 (Yy
o 252
0 y
Now, by virtue of the results of Steps 1 and 2, we gather the simplified expressions

of the terms () and () obtained in () and (), respectively, in one

equation

+ IEJ( OT [Z—Z(t)—l—fy(t)a—g(t)} dt) (2.2.18)

0
WO M5S0+ 25 @) 405 )] a

that is
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o = B|(Z5T 2—2 () s) /{?2—5 0+ 2.5 @)+ 05 0] a

4 E (/OT [Zg—f () + 7 (t) Z—H(w] dt)

=20 [fp00] [ ] ) o

(2.2.19)
Taking into consideration L (t) is given by (), then () becomes
v (YO“)/T ~ OF ~ OF OF
0 = B|=p | N, 0+ A 005, 0 d
T y "ol ~ Ol oIl
_E /0 2,0, [ (Y] dt} +E (/0 lYta_y )+ 25 0+ 5, (t)} dt)
(T (S OF ~ OF OF

([ 2[R0 pa <002 0] a)

which ends the proof. m

2.3 Necessary Optimality Conditions

In this section @, we shall use the results and tools from section @ to build an adjoint
process for our system and express necessary optimality condition in terms of this adjoint

process, as the second main result of chapter E

Theorem 2.3.1 (Necessary Optimality Condition) Let u be an optimal control minim-
izing the functional J over U and (Y*, Z}') denote the corresponding optimal trajectory given

by () . Then, in the sense of (222), the following necessary optimality condition

0
E % [H (t7Y;€u7 Ztu’ut) —I—p(t) F(t7Y;€u’ Zf7ut)]

gt} — 0. (2.3.1)

holds, where the process L (t) is defined in ), p(t) and M (t) are given
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10 - /Mts

M (t,s) = a]:;y( G(t,s),
N (s,Y,Z,u) = L(s)F(s), and

Gt s) — oxp (/t (g—gm—%(%—f (7"))2) dr+/:%—§(r)dwr>.

Proof. We consider the variational equation from ()

0= LTy = B L0[RG 0+ 25 0]

+ E/ Y (#) [L(t)gF(Ha—H()] dt (2.3.2)

+ ?E/O Z {g—f()DtLZZ)L} dt.

Let ¢,7 be in [0,7], such that 0 < t —r <t < T, we pick a bounded and G;-measurable

random variable ~:

and inject it into equality (), we obtain

0 = Hy+ Hy+ Hy
- efrw RS 0250 )
+ E/jre [L(s)aa—]:(s)—f—g—g(s)] ds

+E /0 'z [z—f (1) (s) — DL (s)} ds,

where
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H —E /0 L(s) [zf;_j (s) + 2;%—5 (5)} ds, (2.3.3)
Hy—E /t ;e lL () g—i (s) + ‘;—5 @)} ds, and (2.3.4)
Hy—E /0 'z [g—f (s) - DL @)} ds. (2.3.5)

From (), fort <s<T,
Yo (s) =0, then 175 =0, hence ZS =0.
Then, for t —r < s < t, equation (Z221) becomes

- ~ OF ~ OF oF ~
Vo= [0 22 () 1 20 2 () + 02 (5)| s - 2 23,
d s s+ ay (8) + Zg+ B (S) + Qau (S) ds s+dWsa ( 3 6)

with terminal condition at time ¢ given by Y,.

We shall make the proof upon three steps, as follows:

Step 1: Let be the geometric Brownian motion

G (t,s) = exp (/t (‘2—5 (r) — % @-Z (r)>2> dr+/stg—j(r)dWT) ,

by the It6 formula, we can simply show that
dG (t,s) = G (t,s) {— (t)dt + — (1) th} G (s,8) =1, (2.3.7)

hence, using () and () to apply the stochastic integration by parts formula to
the product )N/G, we obtain

dY,G (t,s) = Y, dG(t,s)+ G (t,s)dY,+d <Y, G(t,s) >
F

~ 0 oF
= Y.G(t,s) [8_y (t) + 5 (t) th}
~ OF ~ OF oF ~
- G(t,5) [Y5+a—y (s)+ Zﬁa (s) + 6% (3)] ds — G (t,8) Zg+dWy
~ OF

+ G(ts) Zo o ()t
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Then

(s)ds + G (t,s) {ZS+ - 32+8—F @)} dW,.  (2.3.8)

1(V.G(0.5)) = ~0G (t.5) 2 a

Ou
We integrate () from s to t, we get the explicit solution of the dynamics (2.3.6):

?(s):?(tm(zﬁ,sH/ HG(t,v)Z—Z(v)dv—/ G (t,v) (Zv—ﬁ,g—f(m) AW,

(2.3.9)
fort —r <s.

But at time t =t — r, the term including 6 vanishes, and () becomes

V() =V (t—r)Glt—rs)— / TG (Z - i,aa—f ('U)) A, (23.10)

If we define
N (s,Y,Z,u) = L(s)F(s), (2.3.11)

then replacing in (R.3.3), we obtain

Hy = E/Ot (81\(;—;‘9)}7 )+ 2N (S)Z(s)> ds.

At first, we differentiate () with respect to r at r = 0. We permute the expectation
with Lebesgue’s integral by Lebesgue’s bounded convergence theorem, and using the
fact that %—];7 and 2 are caglad, we omit the following part from the derivative of (2.3.3)

dii E/jr (5]2—;3)? (s)+ 2N (S)Z(s>) ds

E [% / t (‘9]2;3)17(3) + MEZ(S)Z(S)) ds

t—r

Without the part from ¢t — r to t, the derivative of () with respect to r at r =0

becomes
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% - i E/t <8N(S)?(s)+ aN(S)Z@)) s

-4 IE/O (8];; )P (5 + a]\gf)z(s)> ds

Hence, we inject the explicit solution () in (@) and using the fact that G is

(2.3.12)

independent from r, we obtain
dH dH;

o :%{E Vota]g—y(s)(?(t—r)ea—r,s)

- 8”0@,@ (Z m%—f( >> de> ds”
(

r=0

Removing again the part from ¢ — r to ¢, that is

dH1 . d t=r 8]\7(3) i
WT_ —%E/O ( ay G(t—T,S)Y(t—T> dST:O
t—
+iE/ Z(s)aN()d
dr r=0
t—r
—i]E/ aN / Gty (7, =725 ) aw, ) ds
dr 0z —0

Step 2: By Lebesgue’s bounded convergence theorem, we perumute the derivative with the
integrals (the expectation and the Lebesgue’s integral) and by Fubini’s theorem, we

permute the expectation and the Lebesgue integral, as follows
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A= di E/ [ajg; VGt —r5)V (1 7’)} zn (2.3.13)
/Otdii [ (t—r,s)?(t—r)} s
/Otdii { (t,s))N/(t—T)] Tzods,
Agzdi /traN()Z()ds O,and (2.3.14)
Ay = dii o 6N { (2 - K(Z—Z (v)) dWU} ds _ (2.3.15)

By the definition of Y (s) in (2221), we have

Vit—r) = /ttr {a—F(v)ﬁ++a—F(v)Z 9‘2—F( )] dv—/ttTZﬁdWU.

0z
(2.3.16)

Therefore, replacing (b31d) in (b3123|) and using Fubini’s and Lebesgue’s dominated

convergence theorems, we have

Alz/dTE(a]g;)G(t,s)?(t—r)) ds

r=0

- [ a5 %5 0w [ G oTa|_ o
. / CZE a];y( )Gt s) ttr?a_];(”) 7. dv s
+/0 C%E a]g—y(s)(;@,s) /;9(3_5@) ol ds
N /Ot %E a]\(;y(S)G(t, ) /tj 7, dW, dv B ds. (2.3.17)

By applying the duality formula () to the term (), we obtain
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bd [ _ON (s) Y OF ~
Ay —/ % [E 8y G (t,s) 5 Ta—y(v) qudv} . ds
L OF
[ traz()Zdv} T:()ds

8]\7(5 bt OF
E[ 3y (t,s /tTH%(v)dv} |,—o ds

Sa[ 0 (20c)

By the fact }71, = 0 and Z, = 0, Lebesgue’s bounded convergence theorem and that %[

ds.

r=0

and 6N are caglad, we get

Alz/ —E {a]\ﬁfy( Lt s) /”0(?3‘_]: (v) dv}
- /O E[Qag—ﬁG(t,s)g—i(s)} ds

/0 OM (t, s) g]; (s)ds,

ds

r=0

where
ON (s)
dy

M(t,s) = G (t,s). (2.3.18)
Similarly, we have for s <t —r, 575 = 0 then sz = 0, and using the fact that %—Z and

%F are caglad, this yields to

d t=r 8[—]0 (S) =~
9 = /0 o (s)ds .
d _ [YTOHy(s) [ [T - L OF
A3 = % E\/O 8y (/S G (U,t) (Zs + YSE (U)) dWU) ds o

Step 3: We have again

aH,
dr

d t_ ol
= —FE Lo | — —D.L
r— dr /0 ’ {82 () ’ (S)} s

Using the same arguments (Fubini and Lebesgue theorems), we have directly
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d\s
dr

o [ o] ]

:E(e {L(t)g—i(t)+g—g(t)b.

We sum up all of the above calculus, we get

r=0

AR
~dr —0 dr |,_,
- OF (t) oI (¢)
! OF OF (t)  OIL(t)
_]E/O OM (t,5) = (5) ds + 6 (L(s) S 2= >

=E {6 ((L(5)+/OtM(t,s)ds) c’)gét) + 81;:5))] .

If we define

p(t)=L(t)+ /OtM (t,s)ds. (2.3.19)

Since the last equation holds for all bounded random variable G;-measurable ¢, Then

we have

0
B | o MY 200 + 5 (O F (1Y, 2]

Qt} =0, (2.3.20)

the proof is finished. m

Remark 2.3.1 Due to major difficulties, it is not easy to transform the BSDE ) back
to the BDSDE ) For more details, we refer to |12, |13, |62, |63].
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Chapter 3

Malliavin Calculus Used to Derive
Pontryagin’s Risk-Sensitive SMP for
BSDEs Driven by Fractional

Brownian Motion

Chapter a presents the second main result of this thesis: Pontryagin’s risk-sensitive
stochastic maximum principle for fractional backward stochastic differential equations via
the Malliavin calculus. This result is published in [L1]. We start by establishing the prob-
lem formulation and introducing the risk-sensitive cost functional, then we study stochastic
backward dynamics driven by fractional Brownian motion and derive risk neutral SMP. Next,
we transform the adjoint equation in order to illustrate the main result: necessary and suf-
ficient optimality conditions for risk-sensitive control problem under additional hypothesis.

We finish this chapter by an application to linear quadratic control problem.
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3.1 Risk-Sensitive Stochastic Maximum Problem

Let <Qg,.7-" B (FP) =0 ,IP’2> be a filtered probability space, satisfying the usual condi-
tions, namely, Qy = C ([0,7],R) is a Wiener space endowed with the topology of uniform
convergence, with time horizon 7" > 0. Having established the main tools of our framework

in chapter m , we consider the following controlled fractional BSDE (FBSDE)

Ay = —g(tn(t), o7, =5 v)dt + W, (3.1

yp = & tel0,1],

where g : [0,7] X Rx R x R x U — R. ¢ is the terminal condition, an FF-measurable and
square-integrable random variable. v is an admissible control. We keep the notation U of
the set of all admissible controls, which we suppose convex. We define the criterion to be

minimized, with initial risk-sensitive cost, as follows

7 0) = eapt (0l 0]+ [ ).zt ol (32)

where E [.] denotes the mathematical expectation under the probability measure P := Py, 6

is the risk-sensitive index,

Vv R— R,

f: [0,T]xRxRxRxU — R,
and 7 is to be defined in the very following assumptions (see HI from assumptions @), that
assure the well-posedness of the problem.
We intend to minimize the functional J? over the set U, that is, to find an admissible control
u € U such that

J? (u) = 51615 J? (v). (3.3)

The following assumptions on the driver g of the system (B1) and the cost functional (B=2)

are essential for the well-posedness of the problem.

Assumptions 3.1

where

s

t

H1 : We assume that n is an Ité process of the form n(t) = n(0) + / F(s)dwH
0

n(0) is a given constant, and F' : R — R is a deterministic continuous function such

that F(t) # 0 for all t € [0,T].
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H2 : g, f : [0,T] x RxR xR xU — R are continuous with respect to t and continu-
ously differentiable with respect to (n,y,z,u), and having (with all the derivatives) a

polynomial growth in all variables. Moreover, there exists C' > 0, such that
VY1, 21, Y2, 22,7 € R |g (8, 2,91, 21) — g (8, 2,92, 22)| < O ([y1 — ya| + 21 — 22]) -

H3 : &= h(nr), such that h : R — R is differentiable function with polynomial growth.

Hy : 4 is continuously differentiable and there exists C' > 0, such that

VyeR: [y ) <C+1yl).

Given assumptions @ (see H1to Hj), the cost functional is well defined from U to R. From
chapter @, we have the existence and uniqueness result: for all admissible control v, the
system (Bl) admits a unique solution (y,z) = (¢1 (., n(.)),¢2(.,n(.))) where ¢; and ¢, are
continuously differentiable and having polynomial growth with respect to ¢ and three times
continuously differentiable with polynomial growth with respect to 7.

An optimal control w is an admissible control solving the problem {(BI), (82), (B3)}. In
the sequel, we establish necessary and sufficient optimality conditions, satisfied by such a

control, under the form of stochastic maximum principle with risk-sensitive performance.

3.2 Risk-Sensitive Necessary Optimality Conditions

In order to solve our problem, we need to pass by an intermediate step, that is, we
introduce an auxiliary state process Y} that satisfies the following stochastic differential

equation

dry = [(tn),y; 2, v)dl,
TV (0) = o

Then, the control problem {(B3), (82), (B3)} is equivalent to
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[ inf E[eaph (¢ [y" (0)] + T1)] = inf EIA (47 (0), Tr)].
subject to
axe = ftn), v, 2, ) dt, (3.2.1)
—dyy = g(tnt),y, 20, v) dt — 2pdWH,
| T = 0=t

Define T
wl = expl <@/} [y* (0)] +/0 f (@), vt 21 ue) dt>

T
and  Or = [y (0)]+ / £ (En(t), g 22 ur) dt,

the risk-sensitive loss functional is given by (see Chala et al. [14] or Tembine et al. [59])

T
00 = g1ogE oxp (V1 O+ [ F(tn(0.at st u)at) | = flogB fexpoon). (322

Put 6 in the neighbourhood of 0, the risk-neutral loss functional E (©7) may be considered as

the limit of the risk-sensitive functional ©y. Hence, by a Taylor expansion, the loss functional

6
Oy is expandable to E(Or) + =Var (07) + O (6*),
where Var (©r) denotes the variance of %T.

Notation 3.1 We proceed with following notations. For vy, u; € U, P =: ﬁe,g, fy,or

(defined in H1 in assumptions Bd), we put

(5 (1) = 6 (nt), s 24 we),

00 (1) = & (6, n(t), 4t 28, 00) — & (E,n(E), s 2 w)
6 (6) = 52 (nfe) 4 € € {220} and
o (1) = o (tn(0). 3 5w+ 6)

Suppose that assumptions H1-H/ in assumptions El] hold, then applying stochastic

\

maximum principle for risk-neutral performance of forward-backward type control from [61]
to the augmented state dynamics (Y, vy, z), one can find the adjoint equation satisfied by a
unique FB-adapted pair of processes ((p1,q1), (p2,q2)), that solves the following system of

forward-backward stochastic differential equations
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PR A0 N SO
dpy (t) fy () g9y (1) P (t)
. ¢ (t) W (3.2.3)
_Hz (t)
[ p5(0) = —0w%, [y (0)],

with

ZNM V2 gt () |12 < oo.

We suppose here that H is the Hamlltonian associated with the optimal state dynamics
(T, y*, 2*) and the pair of adjoint process (P’ (t), ¢ (t)) given by

(), uts 20w, T (1), T (1) = pi(E)f (8) + ph(8)g (1)
By some result of Yong [61], the stochastic maximum principle for risk-neutral performance

of forward-backward type control in stated in the next theorem.

Theorem 3.1 Suppose that assumptions HI1 to Hj in assumptions hold. If (Y,y", z")
is an optimal solution to the risk-neutral control problem (B=Zl), then there exist pairs of
FB_adapted processes (pY,q%) and (pY,q%) that satisfy (B223), such that

(’Ut — Ut>Hv<t> Z O, (324)

for allv e U, almost every t € [0,T] and Py-a.s.

Proof. At first, by the definition of the Hamiltonian, we have

H(t0(t), i, 21w, T (1), 4 (1) = pi(O)f (1) +p(D)g (1),
dpy (t) = Ha(t)dt + gy (t)dW," = g (t)dW",
and dpy(t) = H,(t)dt + H.(t)dw [
= (1O fy (1) + p3(t)gy (1)) dt + (py () f(1) + p3(£)g= (1)) AWV,

Pi(T) = Ao (Tr,y0)  and py (0) = Ay (T, 50) -
Secondly, we shall derive the risk neutral stochastic maximum principle. We put

T(t+6)—T ()

then

where

x = TEOZTO v 0z (700 - 12 0) d
and
y = g{%y(twg —9O (o O Y4 g, (8) Z)dt + (o (6) — g (1) dt.
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Then, we obtain
J(u) =E[Y4,y"(0)] and J(u") =E[A(TT,4°(0)].

Now, given U is convex, let 4 € U be optimal control. Then

2l () — @) >0
Hence % (B[ (059 )] -E[A(Tr50)]} >0

+ A (Tr3(0) (v (0) - 5(0))

We put —

pu f:T(t—l—eg T(t)—X,
then —

T(t+60)—7_(¢) X7
and g:yg_e %—Y,
hence ve — 7o v_%
0
Then
1 .
0 < L) -7 @)

= B0 (Tr90) (15 - T0)] +E[A, (Tr.50) (4 0) - 50)]
= E[A(Tr.70) (X -3)] +E A, (Tr.50) (v =)
By Making 6 0, it comes
E[A (Tr.0) G-X)] — E[A (Tr.5(0) X1]
E[A, (Tr50)G-v)] — E[A, (Tr50)%].
Hence, the following variational equality results
E A (Tr.5(0)) Xr+ 4, (Tr.3(0)) Y5 2 0.

e E[A (Tr.5(0) Xr| =B [p(T) Xr)

E A, (Tr.5(0) Yo| = Elps(0)Ys).
Applying the generalized integration by parts formula to pi(t) X, we get

and

d(py (1) Xe) = Xedpy (t) +pi(t)dX: +d < pf, X >
= Xugt () AW+ pt (1) (fy () Y+ 12 (8) Z) dt + () (2 (0) = (1))
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Then
T

E [pi(T)Xr] = ]E/O pi (t) (fy () Ye+ f2 () Z) dt + E/O pi () (f° (8) — £ (1)) dt

On the other hand, by the generalized integration by parts formula applied to p4(0)Yy,

we get
dipy(t)Y,) = Ydpy(t)+py(t)dY,+d < py,Y >,
= Y, (pY () f2 (1) + % (t) g* (1)) dt + Yy (p% (£) f2 () + p (t) g2 () AW H
+ Py (t) (Yagh (t) 4+ Zog¥ () dt + py (t) (97 (t) — g™ (t)) dt
+ Py (t) ZedWT + Zy (pY (2) £ () + py (t) g2 (1)) dt.
Then E[py(0)Yy] = E[ ) Y, (i fy (t) + P39, (t))dt]
- E /0 s (t) (Yagy (1) + Zug- (1)) dt}
- E /Op —g(t)) dt}
— E Zy (pLf. (t) +p5f.(t)d
Then /0 }
0 < E[pi(T)Xr]+Ep5(0) Xo]
- & [nowo-roa]ve| [ mowo-gm.
Consequently E { / ! Ho (uf —Uy) dt} >0,

which ends the proof. m

3.3 Transformation of the Adjoint Equation

In order to derive our result, we use the approach of Djehiche et al. in [[18] that allows us to
replace the first component of ((p¥, ), (py,¢y)) and make it transformed into another one
(Y, q%) as the only appearing term when expressing the stochastic maximum principle with
risk sensitive performance. First of all, we remark that

dpi (t) = g (t) AW

pi(T) = —0wf.
By remark 3.4 in [29], the explicit solution of this fractional BSDE is
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pi(t) = —0F [wf | FF] = -0V (1), (3.3.1)

where E[.] denotes the quasi-conditional expectation introduced by Hu et al. in [26] and

Vit =E[xf | FP], 0<t<T. (3.3.2)
Hence, we consider the transformation of (?“, 7“) to (p*,q*), where
1 U
Py (t) = oo (P (t) = —1, namely,
- Py (1) 1 y
p(t) = =g (t)ﬁ t), 0<t<T. (3.3.3)
P (t)

By using (B23) and (B3333), we have

p*1 (T) = —1 and p3 (0) = =y [y (0)].
To explicit the properties of the process (p* (t) , ¢* (t)), we shall point out the following aspects
of the quasi-martingale V. Providing H2 & Hj in assumptions @ (i.e. the bounds of f and

¥ by constant C' > 0), we have

0 <exp{—(1+T)CO} <@l <exp{(1+T)CH. (3.3.4)
Then 0
O<exp{—(1+T7)COH} <V(t) <exp{(1+T)CH}. (3.3.5)
The following lemma is an auxiliary result of this chapter, and it serves us in our main

objective in the next paragraphs.
Lemma 3.3.1 If we define for allt € [0,T]
VO(t) = exp {@t + /0 ' f(s)ds] | (3.3.6)

then the process (®,1) satisfies the following quadratic fractional BSDE

dd, = —0 [f(t) + g%llltlli] dt + 0l,dWH

or = P y(0)],
where %Hﬂf} is defined in (CZB) and VO is a uniformly bounded quasi-martingale.
Proof. We proceed using a similar method to the proof of Lemma 3.2 in [[15]. It is evident
(by definition) that ®7 = ¢ [y*(0)]. Moreover, provided (BZ33), we can consider the Logar-
ithmic transformation (generalized version) established by El-Karoui and Hamadéne in [20],

proposition 3.1, as follows
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VO(t) = expf [@t + /Tf(s)ds] —E [ | F/] . (3.3.7)

0
Since V? is bounded by two square integrable processes in (), then it is also Py-square
integrable. Moreover, it is FZ-adapted as a quasi conditional expectation), then we have by
the fractional Clark-Ocone formula (See the extension of this formulae made by Hu in [27],

page 106), there exists a unique FZ-adapted square integrable process M such that

exp 6 [d% + /Tf(s)ds] =E (@) + /T M dWEH. (3.3.8)
0 0
Suppose that ® has the dynamics d®; = —kydt + [;dW} where k and [ are two processes to
be identified. Then applying the fractional (generalized) Itd’s theorem to both sides of
(B331), we obtain

T
d <exp9 [(I)t +/

f(s)dsD = M, dWH

0
T
= expf [CI)t + f(s)ds} {Qf( )dt + 0d®, t3 v d HltH dt}
g 92 d
Then M, dWH = exp6 {‘I)t —I—/ f(s)ds] ([Qf(t) 5 dt||lt||2 ] dt
0

+0l,dW ) .
Hence the second side is an F-quasimartingale, which yields to

T 62 d
exp <—9 [(Pt +/0 f(s)d }) MW = {Qf( )+ fanltHQ ] dt
+0l,dWH .

d
—IL1I2
e an

o [ 1]

Taking into consideration the previous lemma , we have in particular the following result.

Identifying terms, we take

N D

m:epm

+
0l; = M, exp <

which leads to the result. m

Lemma 3.3.2 VY satisfies the following fractional BSDE
dve () =0,v0 (t)ydawlt, v (T) = o, (3.3.9)

and the process M defined on (Q,]:, EB,IP’Q) by
® T 0*
M, = qT; ‘= exp (/0 0L, dW ] — 5WtHi)
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is an FE-quasimartingale.
Proof. A simple application of fractional It6’s formula to (BZ3X1), gives

oo (o[ L] :

= |0f(t )dt+9d®t+6——]|lt|]2dt] expf @ﬁ—/ f(s)ds}
0

— ovo() (f(t)dt - [f( )+ Qinztnﬂ a4+ 1w+ ||zt||2dt)

= OVO (), dWH,
and the result follows immediately. m
In the next, we state and prove the necessary and sufficient optimality conditions for a

dynamics driven by fractional backward SDE for a risk sensitive performance functional.

Lemma 3.3.3 The risk-sensitive dynamics for the adjoint equation satisfied by (py,qy) and

0 ( ~ ~
(V ,l) becomes s (t) = _,Hz (t) dt — HC (1) thH,07
AVO ) = LV () dWH,
) VD A (3.3.10)
VOT) = @b, and
p5(0) = =ty [y" (0)].
The solution (]?)“, g, Ve, l) of the system (BZ310) is unique, such that
T
1 () 11 + IV () 15 + E/O (17" (OF + [1]*) dt < oo, (3.3.11)
where
~ Py (t) . 3.3.12
|t | 7| v | = @ ezmn - rw. O3
% (t)
and

AW = —201,dt + dW[.

Proof. We want to identify the processes a and ¢* such that
dp® (t) = —a (t) dt + g (t) dWH.
By applying the fractional integration by parts formula to the process
T (t) =6V (t)p* (), and using the expression of V? in (8339), we obtain
dpt(t) = 6d(V?(t)p"(1))
= [V (t)dp"(t) + VO (¢) Lp“(t)dWH + 2" (t)V? (¢) L, dt] .

Then
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dp(t) 9v9 d? ()01, dt — OLp(t)dW
Using (B223), we get
0 0 u(t
(1) = — ev; 0 PO s (1 dr

fu @) gy (1) Py (1)

1 g (t) -

+ an ! AWH — L5 (t) dWH.
(t) —H. (1)

By identifying coefficients, we get the diffusion term

1 gy (1)

q“(t) = ) )

—0Lp" (t),
and the drift term of the process p* (t)

a(t) = w1, 201, (t) .

Using the relation p* ?“ , the coefficient ¢* (¢) will be as

q (t)
FO=| S | -0,
oV (t)
We finally obtain
dp* (t) = — ’ ! Pt () dt —20L,q" (t) dt + q* (t) dAW[H.
fo @) gy () Py (1)

We can simply verify that
dpy (t) = g (t) [-20L,dt + dW '], py(T) = —1.
Considering lemma , the fractional Girsanov’s theorem allows us to write
dpv (t) = g (t) AW, pu(T) = =1 PP — a.s.,

where

dw /M = —201,dt + dW}H
is a PY-fractional Brownian motion, and

AP’
dP, |

In view of (8334) and (B231), the probability measures P and P, are equivalent. Hence,

r d
‘= exp (/ 201, dW I — 2925||lt||idt> ,0<t<T.
0
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. 1 ~p0 ~,
noting that py (¢) := mﬂf (t) is square-integrable, we get that p* (t) = EF' [p* (T) | Fy] =

—1. We can simply show that the process ¢} (¢) is of finite quadratic variation, such that

T
E/ 13 (t)|* dt = 0. This implies that, for almost every 0 <t < T, g¥ () = 0. P’ and Py-a.s.
0

0 0 pY (t
dp* (t) = — p() dt + q* (t) dw?.
fy(8) gy () P (t)
¢ ()
By using the relation ¢* (t) = ) |~ Ol;p* (t) , in the above equation, we obtain
ovo (t)
0 0 pY (¢
() = — Py (t) di
fy () gy (1) Py ()

(3.3.13)
qi (t)

—f= () Py (£) — g- () p3 (1)
The second component of pY is given by (BZ313), is
dpy () = —[fy (®) Py (¢) + gy (8) Py (¢)] dt
— [ (OP (6) + - () By (8) + 6L (1)] AW,

The main risk-sensitive for the second adjoint equation satisfied by (py,qy) and (V1) be-
comes

— 0Lp" () | aw .

(

dpy (t) = —Hj () dt — H (1) AW/,
dvP(t) = 0L,V (t)dWH,
VO(T) = Af and

(RO = b o).
The solution (ﬁ“, Ve, l) of the previous system (B=30) is unique, such that
T
17 6 o+ V2 (N + B [ (7 (OF + 10 dt < (3:3.14)
where _ R0 0
H’ U Ves Yty 2t ’Ve(t)7 Ll =—f (t> + (9 (t) + eztlt)ﬁg(t)-
U
2 (t)

The next theorem @ summarizes the risk-sensitive fractional SMP.

Theorem 3.1 (Risk-Sensitive Fractional SMP) Suppose that H1 in assumptions holds,

if (y,z,u) is an optimal solution to the risk-sensitive control problem {(BI), (BX), (B3)},
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then there exist pairs of FE-adapted processes (Vg,l) and (p*,q*) that satisfy (B3310) and

(B33T4) such that B
(v — u)HO () > 0, (3.3.15)

for allv e U, almost every 0 <t < T and Psy-a.s., where
p3(t)

g5 ()

Y

HG <t7 yt 7257 s 7u - 6‘/’9 )H t? T% ?/fv Z#a

3.4 Risk-Sensitive Sufficient Optimality Conditions

The following theorem presents the risk-sensitive sufficient optimality conditions.

Theorem 3.1 Suppose that ¢ is convex in y and the Hamiltonian H is convexe in (y,u).
For all v € U and FF-measurable random variable yj = &, such that ||£||3 < +o00. Then
(y, z,u) is an optimal solution to the problem {(B1), (B2), (B3A)} if it satisfies (B313), for
all v € U, almost every 0 < t < T and Py-a.s., where the Hamiltonian H associated with

(&), given by
H (s 2 T, T (1)) = Py () + ps(D)g(D).
Proof. Let v,u € U (u candidate to be optimal), then
T (v) = J°(u) = E[exp 8 (¢ [y*(0)] + T7) — expd (¥ [y*(0)] + T7)].
By a Taylor’s expansion of exp, we obtain
T () = J°(u) = E(0[0¢(yo) + OTr] exp f (¢ [y“(0)] + T4)),

but the function ¢ is convex in y, hence

O [y(0)] = [y°(0) — y*(0)] ¥y [y*(0)] - (3.4.1)

Recall @b := expl (¢ [y*(0)] + T%) and by inequality () and from the dynamics ()

we get
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Jw) = J(w) = E[0=7 ([y°(0) = y*(0)] ¢y [y*(0)] + Y5 — L))
= E (o7 (T3 = T9)] +E (027 [y°(0) — y(0)] vy [y*(0)])
= E[pi(T)0Tr] —E (" [y*(0)] [y*(0) — 4" (0)]) -

On the one hand, from the dynamics (B223), we have the following dynamics

T
PU(t) = e — / i (s)dW
t

then the Malliavin derivative of py is D{'p(w) = ¢}'(s,w)1jo1)(s). Moreover,

T Y= / o) — )] d,
and
T(0) — T(0) = 0.

Hence
DE (Yy — T4) (w) =0. P.a.s.

By the fractional integration by part formula (IZ23), we get

pY(T) (Tp = Tg) = pt(0) (Y9(0) — 1%(0)) +/ P [f7(t) — f(8)] dt

0
T T
- e -rnaws + [ oo v <ol
0 0
Taking the mathematical expectation, we obtain

E [p4(T) (T% — T4)] = E / PE(E) (1) — (1) . (3.4.2)

On the other hand, we have

y(0) — (0) = / 9°(t) — g*(8)) dit / (ef — ) AW,

then
D¢’ (yr — i) (w) = [21 (W) — 2 ()] Loy ().
And again from the dynamics (B=23)

P8(T) = Bl [y (0)] — / Hy (0t — [T H ()W,

we have
D’II—“ng(t?w) - _Hz<t7w>]1[0,T} (t)

Using the fractional integration by parts formula , we obtain
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T

paTmﬁ—yazpamw%m—y%mwﬁépaww%w—wﬁnw

By taking the expectation, we get

T

—E (p3(0) [y*(0) — y*(0)]) = ]E/O (P3() [9°(t) — g“(®)] — (wi — yi)Hy (1)) dt.  (3:43)
By combining equations () and (), it comes
T
P =20 2 B[ GOl - o)
0
+p3(t) [9°(t) — g"(0)] = (wi' — ui')Hy (1)) dt,
where qu (t) = ¢(t,yg,zf7ut)7 for ¢ = f7g or H.
By the convexity of the Hamiltonian H in (y, u), we have the following inequality
HO(t) = H () = (' =y ) Hy () + (0r — ue)Ho(E).

Then
HY(t) — H (1) — (v — v ) Hy(8) = (ve — w) Ho ().

Finally we get T
J(w) — J°(u) > E / (00 — ) Ha()dt, (3.4.4)
0

since we have from () : (v — ug)Hy(t) > 0, the result follows immediately from the

inequality (), which proves the optimality of v. m

3.5 Application

3.5.1 Linear Quadratic Risk-Sensitive Control Problem

Due to the advantages present by the FBM when modeling finance (i.e. long range

dependence property), we would think of it as a realistic tool to model the unpredicted
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behaviour of some elements in a financial market. What provides us with a financial market
called: fractional Black-Scholes Market with a wealth process V' (V is independent on the
quasi-martingale defined in ()) defined on the filtred probability space (Q,F, FH P),
such that .7-"tH =0 (WSH, 0<s< t) and W is an FBM defined on (€, F,P). We associate
the wealth process with the investing strategy process («a, §) (It is obvious that « and § do

not depend on any other notations in this thesis), which is F7-adapted such that
Vi = aS; + BB;. (3.5.1)
« : Signifies the amount of shares invested in stocks (risky assets) (S;) with the dynamics
dS, = S, (pdt — adWi') | Sy > 0.
f : Signifies the amount of shares invested in bonds (riskless assets) (B;) with the dynamics
dB; = rBydt, By = 1.

The investing strategy is assumed self-financed, what provides us the following equality

dV; = odS,+ BdB;
= S, (pdt — ocdWH) + BrBydt.

From (B2), we get

g

dV, = [th + <M — r) ozaSt} dt — acS;dWH. (3.5.2)

We denote

pw—r
p—

2z = aoS; and ™ =

7 : Signifies the risk premium, p and o are the drift and the volatility of the process S.

The dynamics (B-52) becomes

dVi = (rVi + mz) dt — 2 dWH | Vi = €. (3.5.3)

¢ : is supposed to be an adapted contingent claim, with strike date 7. We associate the

FBSDE (B13) with the following risk-sensitive cost functional
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JO(m)=E (expe l%l [ (7 + V2)dt + V?OQD : (3.5.4)

which we aim to minimize over the set of all premium risks II, that is, we seek an adapted

process 7 € I, which satisfies the following equality
JO(7) = inf e JO (7). (3.5.5)

On the whole, our fractional risk-sensitive linear quadratic control problem consists of the

triplet {(B53) , (854 , (B2a3) }, which we solve in the sequel. Using the predefined formulas,

we have the Hamiltonian

- 1 ~
He(t, V;,Zt,ﬂ',}b(t), lt) = 5 (7'('2 + ‘/,52) +p2(t) [T‘/t + Zt (Hlt -+ 7T)] .

Then, minimizing the Hamiltonian over II leads to
HO(t) =0 & 7 =—Zps(t). (3.5.6)
Hence the optimal wealth process V has the dynamics
AV, = |1V, — Z2po(t) | dt — Zd W/, (3.5.7)
where there exists an FZ-adapted process p, satisfying the following fractional SDE

dpa(t) = —HY(t)dt — HO()dw !

5.0 o (3.5.8)
P2 = Vo,

where
t
M (1) = Vi rialt). HA0) = (00, +7) Bolt), and WP = 0 - / olds.  (3.5.9)
0

It remains to prove that 7 is optimal.

Theorem 3.1 We suppose that T and ps, respectively, satisfy equations (B58) and (BH3R),

respectively. Then T is the unique solution to the fractional risk-sensitive linear quadratic

control problem {(B23), (8:o4), (B53)}.
Proof. First of all, we know that the mapping ¢ + ¢2 is convexe, hence the Hamiltonian and
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V2
the function ¢(Vp) = 70, respectively, are convexe in (V,7) and 7, respectively. Moreover,

let = € II be another control than 7, then

(1 =) Hx(t) = (7 = 7) [7 + 2ipa(t)] -
From equation (B58), we have
(m =) Ha(t) = [m+ z2pa(t)] [m + 2p2(t)]

= [r+ 2p@) > 0.

It results by theorem @ that 7 is indeed optimal. In fact, the system (B57) and (B53) is
fully coupled forward backawrd system, whose solution ((V;z), (pa,1) is difficult to express

explicitely. Therefore, we consider the following linear combination of V' and p; as follows

where x and ¢ are two diterministic differentiable functions. Then applying the gener-

alized integration by parts formula 23 to (BZo1M), we get

dpa2(t) = d (Xt‘A/t + %)
= Xt‘//\; + Xtd‘//\;t + @
= [Vt (V= 2R(0) + ¢ di - xzmdw
= [Xt‘z + Xt <7"‘7t — 7} (Xt‘/}t + SOt)) + cp't] dt — xz dWH
= (Xt‘A/t + Vi — ‘73\%@ — XepZ2 + Xt%b%}) dt — xizdWi,

by taking into consideration (B2h1d) and (B5M), we get
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dpo(t) = —H(t)dt — HI(t)dw) "
= — (Ve ra(t)) dt — Bo(t) (0T, + 7) (aW" — 200, )
= - [‘A/t +r (Xt‘A/t + @tﬂ dt — (Xt‘A/t + Spt) (92; +7) (thH - QQZ;dt>
= — [‘Z + (7” + 292; (922 + %>> <Xt‘7t + @t)] dt — <Xt‘7t + 90t> <9@ + /ﬁ) dWH
= — [Vt aVi (r+20° + 26007) + o0 (r+20°F + 2007 |
— (Xt‘//\;e - got) (9[: + %) dWH.
Then
<Xt‘7t +rxaVe — VG — xep22 + Xt@@) dt — x Z dW =
— [f/t + .V, <r + 260712 + 29@%) + ¢ (r 260712 + 20@%)] dt
- <Xt‘7t + <Pt> (92; + %> dw/,
Identifying diffusion terms yields to

Xtzt = (92; + %> (Xt‘/}t + 901:) )
th ~ A D
o L XeE—T (XV + g0>
lt == —
0 (xtV; + sot)
Similarly, identifying drift terms yields to the following Riccati and ordinary differential

(3.5.11)

equations,respectively,

K+ 30+ 2 (r+ R +OIF) 1 = 0
(3.5.12)
Xo = 1,
and R -~ ~__ ~
XeZihr + @1 (r + 26°17 + 201,70 — XtZt2> = 0, (3.5.13)
|

Theorem 3.2 We suppose that x and ¢, respectively, are the unique solutions of (B5h12)

and (B:513), respectively, then the optimal control has the following feed-back state

T = xizVi + 2101
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3.5.2 Explicit Solution of the Riccati Equation

This paragraph is dedicated to finding the explicit solution of the Riccati differential

equation (B2h2), for simplicity we denote h(t) = 2 <r + 072 + 9[:%) , then (B5T32) becomes
Xi+ZXE +xh(t) +1=0.

By simple algebra, we can show that

—dt = h(cj;“ . , (3.5.1)
~ PN ooy
(ZXt + 23, ) V2(t)
2
where V2(t) = h_/(\;f) — 1. Now, we put u; = Zyx¢ + @ , then (B5l) becomes
4Zt 2Zt
~ duy
Pdt = —
BERTE 20)
that is,
d d
OV (t)Bdt = — =t l

w—V({t) w+V(t)

Integrating from 0 to ¢, we get

then

N h !
ZsXs + () + V(s)

2V (t)zit = log hQ(Z;)
ZsXs + 2/2\3 - V(S) 0
. h(t . h(0
ZiXe + % + V(t) Zo + 2(7) + V(0)
= log hét) log : (Zé))
ZiXt + 55 V(t) Zo + o2 T V(0)
' 0
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Put h(0)

20 + 2—,2/\0 +V(0)
. h(0 ’
20 + (—) - V(O)

22

C:

we get h(t)
Z —= t
Zixt + 25 + V(¢)
—h(@® ’
— — V(¢
ZXt + 2, V(t)

C€2tV(t)2t

which leads in the end to

N (1 _ Ce2tv(t)2t) + V(t) (CGZtV(t)Et + 1)
Xt = 2, (C€2tv(t)2t _ 1)

(3.5.2)
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Conclusion

In this thesis, we use the Malliavin calculus to establish two main results. Attain-
ing Pontryagin’s stochastic maximum principle for a backward doubly stochastic differential
equation driven by Wiener process and fractional Brownian motion, with Hurst parameter
H e (%, 1>, is the first one. This result was obtained after applying the Doss-Sussmann
transformation to the backward doubly dynamics () Lemma and theorem
state our results. The second one is the risk sensitive necessary and sufficient optimality con-
ditions for a fractional backward SDE. A variety of advanced mathematical tools are used
such as: logarithmic transformation (see Lemma ) as in [20], transforming the adjoint
equation , and the convexity of the Hamiltonian () and the initial cost functional.
The results are given in theorems @ and @, respectively.

e In our first result [10]: (chapter E), we extend the Doss-Sussmann transformation intro-
duced in [12, 13] and apply it to fractional doubly BSDE.

e In our second result [L1]: (chapter H), we use similar approach of Djehich et al. [1§].

e Our logarithmic transformation in Lemma may be considered as generalization of
the one introduced by El Karoui an Hamadeéne in [20], from risk neutral to risk sensitive
logarithmic quasi-martingale.

e We proceed as Yong in [61], and our result may be considered as generalization from risk

neutral to risk sensitive stochastic maximum principle.
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