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0.1 General Introduction

As it is known, modern physics rests on two main foundations; the first is that of the general
relativistic theory of Albert Einstein which puts us in the theoretical context in order to
understand the world in its macro-dimensions: the planets, the stars, the galaxies and the
clusters of galaxies or even what is in extra-universe, it explains the force of gravity in
the macro-world. It mainly uses Riemannian geometry as a mathematical formalism. The
second foundation is that of quantum mechanics, it informs us, in the theoretical framework,
about the world in its micro-dimensions: molecules, atoms and even the tiny components
of the latter, such as electrons and quarks; and it explains the three main forces in the
micro-world. (weak, electromagnetic, and strong forces). It uses the theory of operator
algebras acting on a Hilbert space (Von Neumann algebras). The goal of quoting these two
foundations each separately is an achievement, but if put together, they become unreliable
on all forecasts. We cite as an example the Standard model which has been very successful
in mixing the three main interactions. (the strong, electromagnetic and weak interactions),
then, there were other models of fusion of the four forces in only one model;such as: the
supersymmetric model, the model with extra dimensions, string theory and M-theory.

All these attempts involve or lead to two new concepts: the appearance of a fundamen-
tal length (minimum distance) and the emergence of noncommutative geometry. Where
the idea is based on the generalization of ordinary canonical commutation relations and
Heisenberg’s uncertainty principle, which leads to a new non-commutative algebra.

The quantum field theory in curved space via generalizations of the Heisenberg algebra,
such as the extended uncertainty principle, is one of the various attempts to include gravity
in the quantum world that has attracted a lot of interest. This extended principle allows
gravity to be incorporated into quantum mechanics by accounting for the quantum fluctua-
tions of the gravitational field. The existence of a minimum length scale of the Planck order
is one of the effects of this unification[1]. By making minor adjustments to the canonical
commutation relations and consequently shifting their standard algebra, we can connect

this minimum length to a modification of the standard Heisenberg algebra; We refer to



Mignemi’s[1] work here, which demonstrated that the Heisenberg relations are altered in
the (anti-) de Sitter space by adding corrections proportional to the cosmological constant.
Additionally, string theory[2], noncommutative geometry(3], black hole physics[4][5], dou-
bly special relativity (DSR)[6][7], and DSR were used as inspiration for these modifications.
The modification of inertia predicted by some alternative theories of gravity at cosmic scales
can be naturally derived within the framework of the EUP[8], as recently demonstrated,
from the effects of Newton’s gravity on quantum systems [9].

The study of relativistic quantum mechanics with the EUP has attracted a lot of research
attention in recent years[10][11][12]. Even though the covariant Klein-Fock-Gordon equation
in the conventional field theory method of the de Sitter (dS) and anti-de Sitter (AdS)
models cannot be used to derive any non-relativistic covariant Schrodinger-like equation,
some problems in nonrelativistic quantum mechanics have also been solved [13][14][15].

In addition, there is growing interest in two-dimensional (2D) systems that describe the
dynamics of a charged particle contained by a strong and uniform external magnetic field.
This fascination is brought on by their numerous uses in various areas of matter physics
and chemistry[16][17][18], semiconductor structures [19], chemical physics [20], and mole-
cular vibrational and rotational spectroscopy [21]. As a result, numerous works in both
usual and deformed quantum mechanics were devoted to studying this type of problem.
Here, we list some examples of 2D systems that are affected by external fields, including
the Schrodinger oscillator [22], the KG particle in a pseudo-harmonic oscillator interaction
[23], the Dirac equation [24], and the Duffin-Kemmer Petiau (DKP) equation in the cosmic
string background [25],the Schrédinger equation with minimal length in noncommutative
phase space[26], the KG oscillator with the presence of a minimal length in the noncom-
mutative space[27], the Dirac oscillator in deformed space[28], the relativistic oscillators in
a noncommutative space[29] and the bosonic oscillator equation with the Snyder—de Sitter
model[30].

During the last years, at the level of a microscopic scale of high energy, many theories

have been devoted to the study of the problems of quantum field theory characterized by



the nonlocality of the physical processes, to absorb the infinities tainting the standard field
theories. Notably, the theory of noncommutative geometry which has been suggested that
any unifying scheme of the fundamental interactions of physics should in principle contain
effects of the noncommutativity of space describing the nonlocality of quantum phenomena.
This is one of the arguments recently proposed by string theory in an attempt to unify
physics. In addition, according to mathematician Alain Connes, this non-commutativity
of space is considered to be a generalization of the duality between geometric space and
algebra to the more general case where algebra is no longer commutative. This leads us
to modify two fundamental concepts of mathematics, those of space and symmetry, and
to adapt all the mathematical tools, including infinitesimal calculus and cohomology to
these new paradigms. In this regard, several works have emerged in the hope of giving this
non-commutativity of space a concrete aspect. Their field of application extends from field
theory to quantum mechanics. Among these works let us mention the noncommutative ®*
theory [31] where the perturbative aspects of the theories

Noncommutative field theory have been widely studied by the calculation of effective
actions and two-point Green’s functions, the extraction of noncommutative quantum me-
chanics from noncommutative quantum field theory in the nonrelativistic case [32], and the
noncommutative quantum electrodynamics (QED) theory [33] in which Calmet calculated
the anomalies of the magnetic spin moments.In addition, this field of application can also
extend to the case of relativistic quantum mechanics, for example, the Dirac equation for
a particle of spin 1 in interaction with a constant electromagnetic field which has been
studied explicitly in noncommutative geometry.[34], where the particle pair production rate
has been well determined by the usual Bogolubov method, and the KG and Dirac oscillator
problem which has been studied and discussed by Mirza in the noncommutative space[35],
where he showed that the problem of the two distorted oscillators has a behavior similar to
the Landau problem in a commutative space.

On the other hand, several authors have recently conducted studies of the thermal

properties of some quantum systems within the context of usual quantum mechanics and



its deformed version. We specifically mention the ordinary Dirac oscillator’s thermodynamic
features because they describe the quark-gluon plasma model, which has attracted a lot of
interest[36][37][38].A linear potential for the Klein-Gordon (KG) and Dirac equations[39],
as well as a one-dimensional Schrodinger equation with a harmonic oscillator and an inverse
square potential, are also mentioned.[40] A thermal bath in deformed quantum mechanics
has also been used to study some aspects of the bosonic oscillator[41][42][43].

The aim of this thesis is to deal mainly with some problems of relativistic quantum me-
chanics for Bosonic and Fermionic equations, governed by the Klein Gordon,Duffin Kemmer
Petiau and Dirac equations respectively In first chapter,we define the studied relativistic
equations in this thesis and their properties.In second chapter, we consider the study of
the problem of the harmonic oscillator with the interaction of an external magnetic field
in the framework of Anti-de Sitter space we are interested in phenomenological models of
quantum gravity.

We study analytically in 2D spaces, both KG and DKP (scalar and vector cases) equa-
tions in the position space representation for deformed quantum mechanics with EUP, then
the same study for Dirac equation and we take a special case for the (24+1)D massless
Dirac equation,before doing this,we give a review for the deformed quantum mechanics re-
lations and defining the Nikiforov-Uvarov method to solve the systems, in order to obtain
the energy eigenvalues and the corresponding wave functions.To conclude this chapter by
analysing the thermodynamic properties of the studied systems.

In the third chapter, we examine the KG and DKP oscillators under the influence of
an external magnetic field in the noncommutative space, also,we do the same study for
Dirac equation, to sum up this section by studying the thermodynamic properties for both
systems.

Fourth chapter deals with both deformations of the two spaces (ie; AdS and NC) on the
studied equations KG and Dirac, after that DKP equation and solving the systems as the
same process as the second chapter with Nikiforov Uvarov method, at last we evaluate the

thermodynamic properties taking into account the two deformations.Concluding this thesis



by a general conclusion which involves all the main findings.



Chapter 1
The Relativistic Equations

1.1 Introduction

In the description of relativistic quantum mechanics there are several relativistic wave equa-
tions, which are mainly defined according to the spins of the particles whose full spin par-
ticles are bosons and those with finite mean spin are fermions. The equations for any spin
were considered a subject to study in depth, with the Klein Gordon equation being the
appropriate relativistic equation for particles with spin 0 and those with spin 1/2 the mass
of the relativistic Dirac equation can be determined, while the Weyl equation spin 1/2
describes massless particles. For the wave equation that describes the Spin 0 and Spinl
particles in a single equation, is the Duffin Kemmer Petiau equation. For relativistic equa-
tions that describe the motion of spin3 / 2 particles, there are numerous, such as: the
RaritaSchwinger equation, the FiskTait equation, the BhabhaGupta equation ...

The objective of this chapter is to give a detailed information and some notes for the
studied relativistic equations such as Klein Gordon,Dirac,and Duffin Kemmer Petiau (DKP)

equations in this thesis.

1.2 Klein Gordon equation

The Klein-Gordon equation was established in 1926 by physicists Oskar Klein and Walter
Gordon; it is a relativistic wave equation that must converge to the Schrodinger equation
in the non-relativistic limit; it is the equation that describes massive particles with zero

spin. The Higgs boson (mass> 115 GeV / ¢?) is the only fundamental spin-0 particle whose



field obeys the Klein-Gordon equation.On the other hand, composite spin-0 particles such
as mesons (pions), K mesons (Kaons), and atomic nuclei of specific atoms constituted of
an even number of protons and neutrons such as 12C, 160, 28Si... are described by the
Klein-Gordon equation.

We recall that the equation yields the Klein-Gordon equation for a free particle with
mass m.

E? = p*? + m?c! (1.1)

and by considering energy and momentum as differential operators, as is customary

p— —ihV and E — ihgt, (1.2)
we obtain the relativistic wave equation
0*v
—hQW = (=*R*V? + m*c') U, (1.3)
which, when rearranged, yields
1 02 m?2c?
— s — V2 U=0 1.4
(a7 ") 1

The Klein-Gordon equation is represented by the equation (1.4), and its complex con-

jugate is provided by

1 02 5 mi?\ _,

We obtain by multiplying the eq(1.4)by ¥* on the left and eq (1.5) by ¥ on the left and

subtracting
since
o ([ 00U ov* L 0?0 0?u*
at(qjat_wﬁt>_‘1}8t?_\yaz€2’ (L7)
and
V- (U'VU - IV = U*V2T - UV20* (1.8)

Eq(1.6)can be represented as a continuity equation.

dp B
E—FV-J—O, (1.9)



Using the same expression for the current density J
J _n {U*VV — (VU*) ¥} (1.10)
- 2mi ’

as given for the non-relativistic Schrodinger equation.When we choose as the probability

density p, the continuity equation will be satisfied.

po (\I/*aq’— ov ) (1.11)

~ 2me? ot ot

The probability density p provided by the eq(1.11) involves both ¥ and %—‘f which can
be arbitrarily determined and so accepts both positive and negative values.Because the
probability density must be a positive definite quantity, the Klein-Gordon equation was
rejected as a wave equation for many years until Pauli and Weisskopf reinterpreted it as
a field equation in the same way that Maxwell’s equation for electromagnetic field was.
By inserting the rest mass m = 0 into eq(1.4), we obtain the electromagnetic field field
equation.

The Klein-Gordon equation is a second-order differential equation in ¢, and it has pro-
duced physically undesirable negative values for the probability density p as well. It can
be seen that the Schrodinger equation is a first-order differential equation in ¢, and hence
the probability density has a positive definite value. Using this hint, Dirac attempted to
linearize the relativistic relation E? = p?c? +m?2c?, which is quadratic in both E and p, and
thus discovered the Dirac equation.

Thus, efforts to overcome early challenges in the formulation of Relativistic Quantum
Mechanics worked out great. Dirac was successful in linearizing the relativistic relation (1.1),
which is quadratic in both energy and momentum, and obtaining the Dirac equation for the
electron, which has intrinsic spin and magnetic moment features. The interpretation of the

Klein-Gordon equation as a field equation sowed the seeds of the Quantum Field theory.[44]

1.3 Dirac equation

We follow the historical path taken by Dirac in 1928, looking for a relativistic covariant

equation of the form ih%—lf = H1 with a positive definite probability density. Since such an



equation is linear in the derivative of time, it is natural to try to form a Hamiltonian in the

derivative of space. This equation can take a form

00 h< oy o O

hor =7 (Mgt T g T g3

) + Bmc*p = Hy (1.12)
Coefficients are still unknown «; cannot be a simple number, otherwise eq(1.12) would
have no invariant form for simple spatial rotation. we suspect that «; is a matrix and
represent it using the sign operator A. Then ¢ cannot be a simple scalar quantity.in fact,
the probability density p = ¥*t¢ must be the temporal component of a conservative vector
at four if its integral over all space, at fixed t, is an invariant.
To free the eq(1.12) of these constraints, Dirac proposed to treat it as a matrix equation.

1 wave function, similar to the spin wave functions of uncorrelated quantum mechanics, is

written as a column matrix with N components

wl (xvt)

P = ' (1.13)

wN ($7t)

and the constant coefficients a;,3 areN x N matrices. Therefore,eq (1.12) is replaced

by Npaired first order equations.

N
L0y,  he 0 0 0 9
ih ot i; < L1 + @253 + 0638%,3)07 Y, +T§1 orMC s

N
=> Hyrth, (1.14)
=1

Then we apply the matrix notation and remove the summation indices, in which case
eq(1.14) comes out as eq(1.12), now interpreted as a matrix equation.
If this equation is to serve as a satisfactory starting point, it must first give the correct
energy-momentum relationship
E% = p?c? + m2ct (1.15)
For a free particle, second, it must allow for a continuity equation and explain the
probability for the v wavefunction, and third, it must be the Lorentz covariance. We now

discuss the first two of these requirements.
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For the correct energy-momentum relationship to emerge from the eq(1.12), each v,

component of ¢ must satisfy Klein Gordon’s quadratic equation, or

0%,

32
n ot?

= (—h202v2 + m264) U, (1.16)

Iterating eq (1.12) ,we find

3
—h282—¢ — 522 Z ooy + aiay 9%

ot? 5 2 Ozt OxI
hmed &
TN (@i + Bay) g;ﬁ. + B2m2cty (1.17)
=1

We can revive the eq (1.16) if the four matrices «; , 8 obey algebra

oy + ooy = 2(5@'

a;f + Ba; = (1.18)

What other properties do we require from these four matrices «;, 5 and can we construct
them explicitly? «; and § must be Hermitian matrices so that Hamilton H in eq (1.14) is a
postulately chosen Hermitian operator. Since eq (1.18), a? = (% = 1, the eigenvalues of «;
and 3 are £1. In addition, it results from their anticommutation properties that the trace,

i.e. sum of diagonal elements, of each a; and f is zero. For example
a; = —faiff (1.19)
and according to the cyclical nature of the trace
Tr AB =Tr BA (1.20)

one has

Tr oy = +Tr oy = +Tr By = —Tr a; =0 (1.21)

Since the trace is just the sum of eigenvalues, the number of positive and negative
eigenvalues +1 must be equal, so a; and § must be matrices of even dimensions. The

smallest even dimension N = 2 is excluded, because it can only accommodate three mutually
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anticommutating Pauli matrices o; plus one identity matrix. The smallest dimension that
can be made for «; and 8 is N = 4, which is the situation we will study. in a particular

unambiguous representation, the matrices are
a; = , B = (1.22)
g; 0 0 -1

where the o; are the familiar 2 x 2Pauli matrices and the unit entries in 8 stand for

2 X 2 unit matrices,we have in detail

0 0 0 1 0 0 0 —2
0 010 0 0 2 O
a1 = , 2 =
01 0 0 0 — 0 O
1 0 0O 1 0 0 O
0O 0 1 O 1 0 O 0
0O 0 0 -1 01 O 0
a3 = , 0= (1.23)
1 0 0 O 00 -1 0
0O -1 0 O 00 0 -1

In order to construct the law of conservation of current differential, we first introduce

the Hermitian conjugate wave function ¢ = (4%, .., 9}) and left-multiply eq(1.21)by 7

3
1/) he 0 2
Next, we form the Hermitian conjugate of eq(1.12) and multiply it to the right by
0 ol
,mi = Z 7/’ S p ok +me 2018y (1.25)

where a;-r =y, BT = B.Substracting eq(1.25)from eq(1.24), we obtain

0 0
ity = 3 e 2 (voww) (1.26)

or

gtp—kdivj =0 (1.27)
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where we perform the determination of the probability density

4
p=1lp ="y, (1.28)
o=1

And the probability flow with three components
i* = cytaky (1.29)

by integrating eq(1.27)over all space and using Green’s theorem, we find

3}

- IV SR
- /d st = 0 (1.30)

This supports the possibility of interpreting p = ¢Tas a definite probability density.

Notation eq(1.27) predicts that the current probability J forms a vector if eq(1.29)
is invariant in three-dimensional rotation. We really need to show more than that. The
density and the current in eq(1.27) must form four vectors under the Lorentz transformation
to ensure the covariance of the continuity equation and the probabilistic interpretation.
Moreover, it is necessary to show that the Dirac equation eq (1.12) is a Lorentz covariance

before it can be considered as satisfied[44][45].

1.4 DKP equation

The Duffin-Kemmer-Petiau equation describes the dynamics of scalar and vector particles
with spins of 0 and 1, respectively. It is covariant, first-order relative to time, similar to
Dirac’s. It follows a more complex algebra, with three irreducible representations, a one-
dimensional trivial representation, five dimensions related to spin 0, and 10 dimensions
related to spin 1.

Furthermore, this DKP equation contains all the information of the 0-spin scalar particle
system, but it is not completely equivalent to the Klein-Gordon (KG) equation, except
for the absence of interaction. Otherwise, its quadratic form contains an additional non-
physical term, which may be due to the mixing of spin sectors 0 and 1, which is different from

Dirac’s.Perhaps this equation has remained unimportant years because of this major defect.
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Now, equality is established by showing this contradiction becomes clear and can be revealed
by the correct interpretation of the DKP theory. Recently, this theory has generated a
particular interest, which has become the main mission of the quantum dynamics of the
other party and has undergone tremendous development. In this regard, many problems
such as many problems have been resolved or a central field with spin has been resolved.
Curve space time; External field of gravity; Potential step. ..Etc.

In this section we propose to give the essential factors and representations related to

scalar bosons and vectors of DKP which will be useful to us later, from the DKP equation.
[i8" D,y —m] (r) = 0 (1.31)

with D, = 0, + ieA,and " are singular matrices verifying the following commutation

relationships
BrBY BN + BBV B = g BN + g B (1.32)

Where the auxiliary of the eq(1.31) is given by
(9 — ieAu)) B, )8 + mib(w, 1) = 0 (1.33)

here ¢ = o™ (25(2) — 1) .

From eq(1.31) and eq(1.33), it is easy to obtain the following continuity equation:

A" =0 (1.34)

where J* = ).
1)- For spin O(scalar case), the associated representation is 5 dimensions, whose matrices

are given explicitly by

l
)

0_ 0 — pi P -
=1 _ ,and ="' = ,1=1,2,3 (1.35)



14

with,0 ,6 are respectively null matrices of dimensions 2 x 2, 2 x 3;and

01 1 -1 0 0 ) 0 -1 0
0= p= P =
10 0 00 0 0 O
0 0 -1
and p® = (1.36)
0 0 O

2)- In the second case of a spin 1 particle (vector case), the associated representation is

10 dimensions and the matrices g*, are given by

0 0 0O 0 0 e O

. 0" 010 i 0f 0 0 —is;

B° = o ,and B=pB" = (1.37)
0C 100 - 0 0 o0
0 000 07 —is; 0 0

i=1,2,3

where the s; matrices are the usual matrices (3 x 3) of spin 1, which are defined as

follows:
00 0 0 0 i 0 —i 0
si=|1 00 —i [.s2=] 0 00 |.s3=] i 0 0 (1.38)
0 i 0 i 0 0 0 0 0

and 0 and 1, are respectively the null matrix and the matrix unit of dimensions (3 x 3)

and the matrices 0 and e; are defined as follows [46]:

0 = (000), ey = (100), €5 = (010), e5 = (001) (1.39)



Chapter 2

Relativistic oscillators in Anti

de-Sitter space

2.1 Introduction

Anti-de Sitter space-time is one of the simplest and most symmetric solutions to Einstein’s
field equations, including the cosmological constant. After 1998, this space-time drew the
attention of high energy physicists due to the proposed anti-de Sitter space/conformal field
theory (Ads/CFT). AdS is an exact solution of Einstein’s general relativity field equations,
characterized by a constant negative space-time curvature and a vanishing stress-energy
tensor (vacuum solution). It is a near relative of de Sitter space, a vacuum solution with a
continuous positive space-time curvature. In general, the cosmological constant in AdS is
negative, except in the lowest dimensional case, where it is zero.This is in contrast to the
actual universe, in which the stress-energy tensor does not vanish and seems to be small
but positive, and hence AdS is insufficient to describe our physical universe. On the other
hand,AdS can still yield insights into the nature of the universe.

The objective of this chapter is to study analytically the two dimensional deformed
relativistic oscillators equations subjected to the effect of a uniform magnetic field. And we
consider the presence of a minimal uncertainty in momentum caused by the anti-de Sitter
model so that we present a review of the deformed quantum mechanics relations and we
show the Nikiforov Uvarov (NU) method to solve the systems. Finally, we evaluate the

thermodynamic properties of the systems.

15
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2.2 Review of the deformed quantum mechanics relation

The deformed Heisenberg algebra leading to the EUP in AdS model is defined in 3D spaces

by the following commutation relations [47][48]:
[Xi,Xj] =0 5 [Pz,Pj] = —ih)\ﬁijkLk y [XZ,P]] =1h (5” - AXsz) (21)

where A is a small positive deformation parameter. In the sense of quantum gravity, this A
parameter is calculated as the fundamental constant associated with the scale factor of the
expanding universe and it is proportional to the cosmological constant I' = —3\ = —3a 2
where a is the AdS radius [49].

L, are the usual angular momentum components and they are expressed as follows:
Ly = €, XiP; (2.2)
These components follow the usual momentum algebra:
(L, Pj] = iheyjiPr , [Li, Xj] = iheijp Xy , [Li, Lj] = iheiji Ly, (2.3)
The AdS deformed algebra (2.1) gives rise to modified Heisenberg uncertainty relations:
AX;AP, > g (1 +A (AXZ-)2> (2.4)

where we have choosen the states for which (X;) = 0.
It also generates a minimum uncertainty in momentum. For simplicity, if we assume

isotropic uncertainties X; = X, we get:
(AP;)min = hV/A (2.5)

So the noncommutative operators X; and P; satisfy the AdS algebra (2.1) with the rescaled
uncertainty relations in position space (2.4). In what follows, we represent these operators
as functions of the usual x; and p; operators fulfilling the ordinary canonical commutation
relations in position space; this is done with the following transformations:

L4

Pi = —ih\/ 1-— /\7“281‘1' (2.7)

Here the variable r vary in the domain } —1/VA 1/ [



17

2.3 Nikiforov-Uvarov method

Primarily, the Nikiforov-Uvarov (NU) approach was built on the hypergeometric differen-
tial equation. The formulas used in the NU method reduce the second order differential
equations to the hypergeometric kind with a suitable coordinate transformation (note that

s = s(x) and the primes denote the derivatives):

0(8) + 2O (6) g ls) =0 (23)

where o(s) and o(s) are at most second degree polynomials while the degree of the polyno-

mial 7 (s) is strictly less than 2 [50][51]. If we use the following factorization:

¥(s) = d(s)y(s) (2.9)
eq.(2.8) becomes [51]:
o(s)y (s)+7(s)y (s) + Ay(s) =0 (2.10)
where:
(s) = a(s)di‘i(ln 6(s)) and 7(s) = 7(s) + 27(s) (2.11)
and A is defined by:
An+nr’+”(”;1)a” =0andn=0,1,2, ... (2.12)

The energy eigenvalues of the system are determined from the equation above. To find

them, we have to evaluate 7(s) and A first by identifying:
k=A—7(s) (2.13)
We get the solution of the quadratic equation for 7(s) which is a polynomial of s:

(s) = (“/2_?> i\/(a,;?>2—5——|—ak (2.14)

It must be noted that in the calculation of 7(s), the determination of k is the critical

point and it is achieved by stating that the expression under the square root in (2.14) must
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be a polynomial square; this gives us a quadratic general equation for k. We use (2.11) and

the Rodrigues relation to evaluate the polynomial solutions y,(s):

Cp
yn(s):@@[a (s)p(s)] (2.15)

where C), are constants used to normalize the solutions. The weight function p(s) meets

the following relation:
L lo(s)pls)] = r(s)p(s) (2.16)

This last equation refers to the classical orthogonal polynomials and we write the orthogo-

nality relations for the polynomial solutions as follows:

b

/yn(s)ym(s)p(s)ds =0ifm#n (2.17)

a

2.4 Klein Gordon oscillator in a magnetic field

Now, we introduce the equation in the presence of harmonic oscillator with a constant

magnetic field in a 2D space [44]:
¢ (p - SA + imwr) : (p - ZA - imwr) V(r) = (E2 - m204) U (r) (2.18)

We choose the z-axis as the magnetic field direction and use the Coulomb gauge:

1 B
A :§B Xr=g (—y,z,0) (2.19)

Where B represents the intensity of the magnetic field.
We include the AdS algebra definition (egs.2.6 and (2.7)) to rewrite this equation in the

deformed momentum space:
Apt - p )V (r) = (B2 — m2M)V (r) (2.20)
with the following definitions:

n ;o r / e r
=p Timw———,p =V1-Ir?p—-Bx —— 2.21
v vl e
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We get the following equation after a straightforward computation:

r? ) B
(1= NP)p? + 05 +ihA(x - p) - %Lz —e|T(r)=0 (2.22)
with the parameters:
2_82 E2 2,4
n =m%w? + 64 5~ — Ahmw and € = w + 2mwh (2.23)
c c

To get the exact solution of eq.(2.22), we use the polar coordinates in position space (r, )

and write the solutions in a seperate form containing the azimuthal quantum number :
VU (r,p) = exp(ilp)R(r),l =0,1,2, ... (2.24)

So, eq.(2.22) transforms to the following expression:

d\? 1-X2d 1?(1—-x? 2 Bl
[(\/1—)\7“2) + L ( 3 T)— s +— 4+ &2 R(r)=0

dr rodr r R2(1—XM2) K2 ch
(2.25)
Now to solve eq.(2.25), we use the following transformation:
R(p) = p"g(p) and p= V1 — Ar? (2.26)
with
d d
—R(p) = p’“‘{+]gp 2.27
ZRip) s+l (227)
d? 2 2ud  p(p—1)
~_Rlp) = pr|—+22 B0 2.28
o g 2 2 ) (2.28)
By replacing the eqs.(2.27 and 2.28)into eq.(2.25) ,it gives us:
d2 m d l2p2
1—p2—|—2(—u+1 p>—+6}gp:() 2.29
(1) gz +2 (b -t Do) & - gL +e|0l0) (229)
with
1 /e eBl
€= <h2 + 7 ) ) (2.30)
where we have chosen the free parameter p so that it satisfies the relation:
no_
p(p—1) =0 (2.31)

CR2\2
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The solutions of this equation are given by:

1 1 n
= 7:l: —
=73 4 + h2)\2

(2.32)

From eq.(2.29), we see that g (p) should be nonsingular at p = 1 and the same is true for

R(p) from eq.(2.26); thus the accepted value of p is:

1 1 n

We note that eq.(2.29) possesses three singular points p = 0,1, —1 and to reduce it to a
class of known differetial equation with a polynomial solution, we use another change of

variable s = 2p? — 1,with

d3:4pdp:>§:4p
dp

d (d d d d? d
22 )= 2 (40— ) = 1602 — +4— 2.34
dp (dp) dp < pds) P s (2:34)

replacing eq(2.34) into eq (2.29),we get;

i2+ (n—3)— (u—i—%)si_ (I +€) s? + 2% — (e—1?)
ds? 1— 52 ds 4(1— s2)?

] g(s)=0 (2.35)

Comparing eq.(2.35) with eq.(2.8) allows us to use the NU method with polynomials given

by:

o(s) = 1=56(s)==[-(P+¢) s =205 + (e—1?)]

&F@)::(M—;>—<M+§>s (2.36)

We replace them in eq.(2.14) to get:
<<,u—> +1 —(4k—e)>s—

(n—3)(s—1)
<<M—;>2—z2>s+;(<u—;>2+12+(4k—e))r (2.37)

m(s) = —=<L— -+
(5) ;
The parameter k is determined as mentioned in the precedent section and we get two values:

€ 1 1 € 1 1
k1 = 14‘5 (y, - 2> and ky = 1 9 (N - 2) (2.38)

N
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For 7(s), we obtain the following solutions:

a1 . _
n(s) = 13=3[CuFl+1)s—-Q2utl-1)] (2.39)
T2 4 = ﬂ:% (S + 1)

where 71 and 7o are related to k1 while w3 and 74 are linked to ks.

In our case, the relevant solution is the proper value 74, so that we have:

o (o de)es (u- ) o

From eqs.(2.12) and (2.13), we obtain:

1
An:kzg—;:n<n—|—,u+l+2>,n20,l,2,... (2.41)

Hence, we found the expressions of the energy eigenvalues as:

2 2 2
E,; = +mc? I—LZ—{——Z (2n—|—l—|—1)\/<w—)\h> + &%+
’ mc mc 2m
h RN
o (An(n+i4+1)+20+1) —le (2.42)

where we have used the definition @ = eB/2mc = w./2c with w. the cyclotron frequency.
We notice that the energy spectrum of our system contains two corrections associated
with the deformation; the first one comes with the oscillator term and an additional one
which increases with the deformation parameter A. Here it should be noted that, according
to the n? dependence of the energy levels, which corresponds to a confinement at the high
energy area, our result is equivalent to the energy of a spinless relativistic quantum particle
in a square well potential; in our case, the boundaries of the well are placed at +m/ 2V/\.
We can test the shape of the energy spectrum as follows: It corresponds to same spec-
trum of the deformed 2D KG oscillator under a uniform magnetic field with Snyder-de
Sitter algebra if we ignore the effect of Snyder algebra (a2 = 0 and a3 = A)[30] and, if we
study the limit A\ — 0, we obtain the exact result of the 2D KG oscillator under a magnetic
field without deformation. We also note that the result is strictly consistent with the usual
KG oscillator when both the deformed parameter and the magnetic field are absent (i.e.

A=B=0) [52.
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To deduce the complete expression of the wave functionsR (), we use the relations of

74 (s) as follows. We first get

d
7(s) = ma(s) = o (s) - (6 (5)) = & (s) = exp ( Sz (S)ds> (2.43)
After the calculation of the integral we obtain the function ¢ (s) as
¢(s)=(1—s)"” (2.44)

We use (2.16) to find the weight function p (s)

When we compute the integral we get

Inp(s)=[ (;Ez; - od?sgid)s> ds = p(s) = exp [f <;EZ; - adg‘sgid)s) ds} (2.46)
We substitute by the expression of 7 (s)equation (2.40) and o (s) equation (2.36) ,after

that we calculate the integral,we find
p(s) = (1+s)2) (1 - 5) (2.47)

The y, (s)part is given by Rodrigues relation as follows;

Cp, d"

= ——— —s2)" p(s .
() = 5 (=590 (o) (2.48)

By substituting the expression of p (s) from equation (2.47)

c, dv
Yn (8) = Ty

= i [(1 — ) (1t s)(r=2) (1 = 8)1} (2.49)

We see that eq.(2.48) stands for the Jacobi polynomials:
yn (s) = P#12) (s) (2.50)
Hence, f(s) can be written in the following form:

£(s) = Cp (1 — 5)2 PLu=1/2) (5 (2.51)
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In terms of the variables r and ¢, we can now write the general form of the wave function
v

U (ryp) = Co25™ (1— Ar2)2 (w)% PLr=12) (1 — 2)r?) (2.52)

where p is given in eq.(2.33) and the constant C), is obtained using the normalization

condition in the space of the radial wave function [48]:

R
———R*(r)R(r) =1 2.53
/ e TR (2.53)

and the orthogonality relation of the Jacobi polynomials [53]:

/1 dy(1 = )" (1+y)" [P}ﬁ’*’) (y)} o X Tatnt)ieintl) (2.54)

1 Cnlla+b+1+2n)T (a+b+n+1)

So we get the normalization constant value:

(2 Hr 1
Cn:\/xn(n+u+l+2) (n+p+i+1d) (2.55)

P F(n+p+HT(n+l+1)
Let us now check these solutions by studying the limits A — 0 of the expression (2.52). We

use the following relations [53]:

2 r
lim P <1 - ”C) _19(2) and lim 0D 0y (2.56)

fi—00 1 n v—oo T (U)

23
and we limit ourselves to the first order of A to write (1 — Ar2) 2 = exp (—QTTQ) with

1/
Q= (m;;ﬂ + %) . We thus obtain directly the position space eigenfunction of the
usual KGO (without deformation):

nlQHL Qr?
V) =\ i O ( 2 ) L (%) (2:57)

An interesting characteristic of the spectrum appears when computing the energy levels

spacing; indeed we find the limit:

lim AE,; = 2hcVA (2.58)

n—oo
This expression shows that, without the effects of the deformed algebra, the energy spectrum

of the KG oscillator under a strong magnetic field becomes almost continuous for large values

of n. In contrast, this continuous feature of the spectrum disappears and it reduces to a



24

bound spectrum in the deformed case. This asymptotic behavior is described by eq.(2.58)
where the spacing is proportional to the deformation parameter .
In order to get an upper bound for this A parameter, we use the s—states of the energies

from eq.(2.42) and we expand it up to the first order in A:

_ h2c? s (@n+1w
Bno= B0+ 25 lon1)2 - T8 (2.59)
2B Ve? + &7
with:
EQEO = \/m204 — 2whme? + 2 (2n + 1) hme2V w? 4 & (2.60)

These two relations show that the deviation of the n-th energy level caused by the modified

commutation relations (2.1), is provided by:

hw  2wENO

2 (@2n+1lw

Vw? + 2

We use the experimental results of the electron cyclotron motion in a Penning trap. Here,

(2n+1)

A (2.61)

the cyclotron frequency of an electron trapped in a magnetic field of strength B is w, =
eB/m, (without deformation), so we have m.hw, = ehB = 10752kg?>m?s~2 for a magnetic
field of strength B = 67". If we assume that only the deviations of the scale of hw. can be
detected at the level n = 10'° and that AFE, < hw. (no perturbation of the n-th energy

level is observed) [54], we can write the following constraint:
A < 3.36 x 104m 2 (2.62)

This leads to the following upper bound of the minimal uncertainty in momentum A Py, =
AV < 2 x 0730kgms™1; it is similar to that obtained in [55].

For the non-relativistic limit, by setting £ = mc? + E,, with the assumption that
mc? > E,,, we write the spectrum of the non-relativistic KGO in the deformed AdS space

as:

MN? L, AR? _
En=0C2n+1+1)h W= o +w +2—(4n(n+l+l)+2l+1)—hwl—hw(2.63)
m

m
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2.5 Dirac oscillator in magnetic field
The Dirac oscillator in a commutative space is defined by the following substitution[44][45][56][57][58]
ca.(p + imwPBr) + Bmc?| U (r) = BV (r), (2.64)

where @& and 3 are the usual Dirac matrices, given by

Q)
Il
@)
Il

(2.65)

o designates the Pauli matrices and m and w, respectively, are the oscillator’s mass and
frequency .

We may assume that the four-component spinor W is of the form

viy=| Yo" (2.66)
Yy (1)

On substitution of ¥ as given above into (2.64)we get the following equations for the two-

component spinors ¢, (r) and ¥, (r):

ca'.(p—gA +imawr), (r) = (B — mc®) ¢, (r)

c&.(p—SA — imwr), (r) = (E +mc?) vy (r) (2.67)

Here A takes the definition as in (2.19)
By taking account of the definition of the Anti-de Sitter algebra (2.6)-(2.7), the two

dimensional deformed stationary Dirac oscillator equation can be put then,

&0ty (1) = (B~ me) v, (r)

co.p Y, (r) = (E+mc?) 1y (r) (2.68)

where we use the same definitions for pTand p~as in eq(2.21)
These two equations can be used to eliminate 1, (r) in favour of ¢, (r), so that one can

have

? (@.ph) (6.p7) ¥, (r) = (B — m?c?) ¢, (r) (2.69)
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According to the following relations:
(6.A)(6.B) = AB+io.(A xB) (2.70)
The equation (2.69) can be written as
& ((p*p7) +i8.(p" % p7) Yo (1) = (B — m2ct) g, (r) (2.71)

after a simple calculation,we obtain;

(17)\T2)p2+ n+§(2mw7>\h)o LJrih)\rp
2c ) 1= A2 '
B B
— (ec + (2mw + Ah) 0z> L,—- gaz - 8:| Y, (r)=0 (2.72)
where
2B2 E2 2.4
n=m?w? + c —dmwhand €= —— "% 4+ 9mwh. (2.73)
4¢? c?

To solve the equation.(2.72), we use the following ansatz 1, (r) = YR, (r)x,, where n

is the radial quantum number, [ and 7 = £1 are, respectively, the eigenvalues of angular

momentum and spin operators, and XL =(1,0), xL; = (0,1) are the spin functions.
Using the polar coordinates of the position and momentum operators, we obtain the

following differential equation for the radial part of the wave function:

d\? 2 (1 —)\7"2) nr?
V12l - - ™| Ry(r) = 0 9.74
[( " dr) 72 h2 (1 — A\r2) te u(r) ( )
with
eB € eB l (eB
T =+ — (2mw — T (e 2.
7 n+20(mw Ah) 7 and € h2+ch7+h<c —i—(mw—l—)\h)T) (2.75)

Now to solve eq.(2.74), we use the transformation which is the same as in the previous
section of KG equation,and following the similar procedure with the NU method,taking into

account the conditions of egs.(2.12) and (2.13), we obtain:

l 1
A, = k2—2:n<n+,u7+l+2>,n:0,1,2,...
1 1 nT
With p"= = = - 2.76
ith 1 2—|— 4+h2)\2 (2.76)
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Hence, we found the expressions of the energy eigenvalues as:

2wh 2h M\ 2 M
E, ;. = +md 1—L(lr+1)+— (2n+1+41) w——) +*+2Ww—— |7
" mc? mc2 2m 2

m
1
2

+2A7Z(4n(n+z+1)+(2_f)z+1)_w(zH)H (2.77)

As the KG energy spectrum in eq(2.42),we can see that the energy spectrum of the
system contains corrections associated with the deformation; the first one comes with the
oscillator term and an additional one which increases with the deformation parameter \,the
last one related to @ (i.e.B) and 7 which presents the value of the spin (£1). In addition,
according to the n? dependence of the energy levels, which corresponds to a confinement at
the high energy area, in our case, the boundaries of the well are placed at 4m/2v/A

We can test the obtained expression of the energy by different ways.For instant, if we put
7 — 0,we obtain the KG deformed enegy spectrum expression as it mentioned in (2.42).More
than this, when A = 0 (i.e ; without deformation), we get the DO in a magnetic field in the
literature[59], also if we put w = 0 (B = 0) in the absence of the magnetic field, we obtain
the DO in the commutative space[56]

By a straightforward calculation, it is easy to solve this equation exactly in the same
way as in the case of KG and to obtain the relativistic spinor wave functions in terms of
Jacobi polynomial as

A 1
Uy, (1,0) = 23 ¢il? ()\?”2) 2 %
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1
0 + +_1
(12T P2 (1—2x?)
0
A(r)e®
0
1 - _
+ (1-x2)T P77 (1 202) -
I'(r)e
0
(2.78)
0
0 Tt +4 1
(1—a2)'z plEbeia) (1 9y2)
0
It (r) e
0
0 - -1
+ (1 a2)'7 pUtra) (1 9y2)
I~ (r)e %
0
with
R 20v/1 — Ar2 B
I'(r)= ! AT (B +mw — Ap” — (2.79)
E + mc? r 2c V1= A2
—ih eB r
Ar)=———|— D YA e — .
(r) Frme? <20 +mw — A\ > N (2.80)
2ihA 1
v (r)= —— T+ rv1—Ar2 .
(r) Tt me? (n—i—l—i—u +2>r 1—Ar (2.81)
where the following properties Jacobi polynomial were used
ap{™? (y) 1 (a+1,b+1)

2.5.1 Special case for graphene

We consider the (2+1)-dimensional massless Dirac equation that describes the motion of

electrons with Fermi velocity Vi = (1.12 4 0.02) 106 ms~! in quantum theory of graphene,
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the Hamiltonian is given by

(a.p) ¥ (r) = ‘Z\I/ (r) (2.83)

By taking into consideration the computation as the Dirac oscillator in a magnetic field
in AdS, as it mentioned in the above section and we use the limit m — 0;hence,the energy

eigenvalues are found as

%
Ey,, = il—F [(271 +1+1) \/1 —2\NET + M4
B
1
AN En(n+1+1)+2—7)+1)—(+7)]> (2.84)
And here by replacing 7 = £1,we get:
ﬁVF 1
By = ig 2n (1+ MNE (2n+ 20+ 1))]? (2.85)
by hVF 2 %
Ey ., = ig [2(n+1) (1+ N5 (2n+20+1))] (2.86)

where Ip = \/g is the fundamental length scale in the presence of a magnetic field
In terms of the variables r and ¢, we can now write the general form of the wave function

U as follows:

122
2

[NIES

(lhu‘i

U, (r, ) = Cp226 (1 — Ar?) ()\r2)% pi3) (1 —2xr?) (2.87)

where (), is a normalization constant.

2.6 DKP oscillator in a magnetic field

The free DKP equation of massive scalar and vector particles m can be written as follows[46][60][61][62][63]¢
[65][66]
[eB - p+mc®] ¥ (r,t) = ih 0V (r, 1) (2.88)

where 8 and (° are the DKP matrices[64][65].
We write the 2D DKP oscillator in a same way as the Dirac oscillator[56] and so, we

introduce the non-minimal substitution [60]:

p — p — imwn’r (2.89)



30

where w is the frequency of the oscillator and 1° is defined by the relation n° = 2 (60)2 -1
(note that (170)2 =1).
Using the relation (2.89) in eq.(2.88), we get the equation of the DKP oscillator and we

add a vector potential A = %B X I

[c,@- (p—%A—imwn%) + mcz} U = ihp° <%\f> (2.90)

By taking the definition of the AdS algebra (2.1), we write the 2D deformed stationary

DKP oscillator equation for the stationary solutions (¥ (r,t) = e *#4/MF (r)):

e r r ~ ~
B (V1-M2p—-Bx —— —imw 0>—|—m02}\I/:E 0g 2.91
o N VAV e v g 2en

2.6.1 Scalar particle case

In the case of a scalar particle (spin 0), the wave function is a vector with five components:

(G
- d 10) '
U(r) = with & = and ¥ = [ 4, (2.92)
“wp X
V3

When we substitute eq.(2.92) into eq.(2.91), we obtain the following coupled system:

mc*¢p = Ex +icpt -4 (2.93)
mc*p = icp” ¢ (2.94)
mc?x = E¢ (2.95)

where the expressions of p™ and p~ are given in eq.(2.21).
At this stage, the system is uncoupled in favour of ¢ and so, it can be converted directly
to the same differential equation of the 2D deformed KG case (2.22):
2

nr
1—\r2

B
(1= M2 p? + L ikAr.p — %Lz —elo=0 (2.96)

where 1 and € have the same definitions given in the above section 2 (2.23).
Following the same reasoning as in the KG case and so, according to the condition

(2.31), the exact solution of the scalar DKP is given by (C" is a normalization constant and
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i is given in (2.33)):
ol il ng (.25 plbr—3) 2
Gn(r,p) = C'22e"? (1 — Mr?) 2 (Ar?)2 Py (1—2xr?) (2.97)
and the corresponding energy spectrum is giving with:

2wh 2k VA
Eny=4me® |1 - =2 4 = (2n+l+1)\/<w—2> oy

mc2  me m

|

" n (1) +20+1) —azH (2.98)

2m
The other components are simple to assess, and the final expressions of ¥ (r) are as follows:

) LB 12
U, (r, ) = C\23¢il (1- )\7“2)5 (Ar?)2 x
1 0
E
72 0
me (Lu—3) (I+1,u+1)
M) | Pa" 2 (=22 = A@) | Py (1—207) (2.99)
N (r) 0
- 0 0 -
with:
— 2 )\h
M ( )_mm+<w_ “) 4 (2.100)
mc T m ) cv1— \r?
) V1 — \r? B
N(r)= o (MVIZAT B (2.101)
mc T 2¢vV/1 — Ar?
2X\h 1
Ay ==—=(n+l+p+g rv/1—Ar2 (2.102)

Before ending this section, we must calculate the normalization constant C" using the fol-

lowing normalization condition:

rdr — =
U (r, )8 (r, ) =1 with ¥ = Uy 2.103
| AT ) " (2.109)
We use the components of the spinor ¥ to write it as:
rdr
o+t =1 2.104
| A= e +ea (2:10)

Then with the help of the Jacobi polynomial orthogonality relation (2.54), we obtain:
o | Ame? n! Cntp+i+ DT (n+p+l+d)
~\ 2+1ixE I'(n+p+3)T(n+i+1)
Thus we obtain the final form of the solutions W (r).

(2.105)
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2.6.2 Vector particle case

The wave function of the spin 1 particle is a vector with ten components noted by ¥ (r)’ =
(ip, A(r),B(r),C(r)), with A;, B; and C; (i = 1,2,3) being respectively the components
of the vectors A (r),B(r) and C (r). Puttig this form in eq.(2.91) gives us the following

system:

mc*p = —cp - B (2.106)
mc?A =EB —cp" xC (2.107)
mc?B=FEA +cphy (2.108)
mc?C = —cp~ x A (2.109)

To decouple this system, we eliminate ¢, B and C in terms of A and we get:

(E2 — m264) A =cpt (p_ -A) —ptx (p_ X A) — %p*‘ [p_ . [p+ X (p_ X A)H
(2.110)

and we rewrite it in the following form:

(B2 =m*c)A=c*[(p"-p ) A—(p" xp) x A] - %Iﬁ [P [p" x (P x A)]]

(2.111)
A direct calculation of the first two terms in eq.(2.111) gives:
02 B2 2
(PP )A= [(m%? + mwhA) T (=) Pt ke p —
?Lz — 2mwh] A (2.112)
(pT xp) x A = [ef <)\ = 2”;‘”) 1_7“;2 +2 (ef + <)\+ 27;;“) Lﬂ S.A (2.113)

Inserting these results into eq.(2.111), we get:

2B?  ¢B 2 2
e'A = [(1—>\r2)p2+ <m2w2+ c- = <>\—mw> Sz—mwm\) 4

4c2 c h 1—Ar2
) eB 2mw 1 L + _
thAr -p—( — +2(A+—F— | S: | L.|A— ——=pP [p -[p ><(p XA)H
C h (mc)

(2.114)
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with:

E2 o 2 4 2¢B
=L L omwh+ 22, (2.115)
C C

and L, and S, are the z-components of the orbital angular momentum and the spinor
respectively.

To our knowledge, there is no analytical method to solve equations like eq.(2.114) but
that does not prevent us from studying its nonrelativistic limit; this is perfomed by consid-
ering the last term as negligible since it is of the order m™3.

Using this approximation, eq.(2.114) becomes similar to both eq.(2.22) and eq.(2.91)

corresponding to the KG case and to the scalar DKP particle respectively; we find:

22 2
VA N 2 9 o €“B eB 2mw T

iRAr - p— (63 +2 ()\ + 2”;“) SZ> Lz] A (2.116)
C

Comparing this equation to both eq.(2.22) and eq.(2.96), we find four additional terms.

Two of them appear in the harmonic part (oc 72); the pure spin term 2mwS., /h and the inter-
action term 2mweBS, /hc. The other two are of spin-orbit type; the usual one 4mwS,L,/h
and the additional 2AS, L, coming from the influence of the space deformation. As it should
be, all these terms are due to the presence of the spin in this vectorial case.

We follow the same procedure used in the precedent sections, to obtain the energies and

we get:

2
4
E"T:(2n+l—|—1)h\/<w—/\h> +c~02—c~u<w—m>5,z—(hw+c~usz)+
2m 2m

A\R? 2 M
The zero value of S, (ms = 0) gives us the same spectrum of the scalar particle (eq.2.42).

So, when considering the nonzero eigenvalues of S, (ms = £1), we write the final expression

of the non-relativistic energy spectrum as follows:

N A Mi N
E’”’:(?n—i—l—l—l)h\/(a}—) +w2$4w<w—>—h(w:|:2w)+
2m 2m

2
;\iin(4n(n+l+1)+21+1)—[E}i2<w+2)\£>]l (2.118)
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The result explicitly shows the contributions of all the terms in eq.(2.116) and especially
those due to the presence of both the spin and the deformation, as well as that of the addi-
tional spin-orbit term 2AS, L, which can be interpreted as due to the interaction between

the two. The same result is found in the case of Dirac oscillator with EUP [67][68].

2.7 Thermodynamic properties of KG and DKP equations

In statistical mechanics, the partition function Z is an important quantity that encodes the
statistical properties of a system in thermodynamic equilibrium. It is a function of tempera-
ture and other parameters, such as the volume enclosing a gas. Most of the thermodynamic
variables of the system, such as the total energy, free energy, entropy, and pressure, can be
expressed in terms of the partition function or its derivatives.

Now we focus on the thermodynamic properties of the system.The partition function at

finite temperature 7' is:

Z = Ze BT Zexp <—\/a1 + a2n+a3n2> (2.119)

Here kp is the Boltzmann constant and the expressions of the other parameters obtain from

the energy spectrum eq(2.42):

2h M2, A _
a1—1+w (l+1)\/<w—2m) +w +%(2l+1)—wl—

4h N ACEEDY/) ANK2
ag = — \/<w—> +w2+g(l+1) andagzm (2.120)

2m

In order to evaluate this function, we use the Euler-MacLaurin formula:
Z f =580+ [ f@)do- ﬁ By, £ (0) (2.121)

Bo), are the Bernoulli numbers, f (2r=1) is the derivative of order (2p — 1) and the integral

term is given by:

I 2a1 i (—1)" (2n — 1! ( 4daias3 )n
A /a% — 4a1a3 =0 (271)” — 4@1(13
I'(2n+2) e X
— P(1,2 2 2.122
|: X2n+2 (2’/L + 2) ( y2n + 7X):| ( )
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where we have used y = Z;C;,/al, the new variable y = \/1 + Z%n + Z—?nzand the power

series of the square root of the integral:

4
I ‘”“3y2> ydy (2.123)

2CL1 /+oo <
= exp(—xy) [ 1+
\/a% —4aqas J1 ( ) a% — 4aqas
At high temperatures, we can ignore the first and the third terms in eq.(2.121) and keep

only the integral. Similarly, we neglect the e=X term beside the xy~(2"*2) one in eq.(2.122).

Therefore, the partition function becomes:

Z = (kBT>2 2 3 (1) = Do L oygn (2.124)

mc ) /a2 — 4ayaz 7;) (2n)!!

o= <kBT>2 ( dag (2.125)

mc? a% — 4a1a3)

with:

We restrict ourselves to the first order in A, so we can reduce Z to the following simplified

form:
. (kpT)? 3(kgT)* A . me? (2h@1 + me? + hw) (2.126)
 Ohme? Va? +w?  2hm3cA Vo2 + w? 6 (ICBT)2 .

We neglect the (k BT)f2 term in parentheses and we obtain the high-temperature expansion

of the partition function:

7 ~ (ks T)’ (1 3 (ksT)" X ) (2.127)

B 2hme2\ &? + w? - m2e (‘7)2 + w2)

The first term is the usual partition function for a 2D scalar bosonic oscillator with a

uniform magnetic field in the r-representation. The second term expresses the contribution
that comes from the space deformation through the AdS algebra.
At this stage, we can evaluate all the thermodynamic properties of our system (free

energy F', mean energy U, specific heat C' and entropy S) using their definitions [37]:

O0lnZ oUu OF

F=—kgTInZ,U = kgT?
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(kT)? 2
F=—kgTln 1—0(kpT) (2.129)
<2hm02 Vit + w? ( )
1
U=4kgT |1— (2.130)
2 (1 y (kBT)2>
2
C = ahy |1 - L H0kBT) 5 (2.131)
2 (1 9 (k:BT)2)
2 — 40 (kpT)? kpT)?

S = kg % +1n (kpT) (1 .y (k:BT)2> (2.132)

1—0(kpT) 2hme2\ &% + w?

where we have used the parameter 6 = W);ﬂﬂ)

We can easily test these expressions in different ways. Using the limit @ — 0 (i.e.
B — 0), we obtain the thermodynamic results of the deformed 2D scalar bosonic oscillator
with AdS commutation relations. If we use the limit A — 0, we obtain the thermal properties
of the ordinary 2D bosonic oscillator for both KG and scalar DKP particles in a uniform
magnetic field.

We show in figures 2.1 to 2.4, the dependence of these thermodynamic properties with
the temperature T for different values of the deformation parameter A\. We chose w = B =1

andwe use the Hartree atomic units (h =c=kp =m =1).

e 5 A=0.01
A=D1
1 :ﬁ\c = - L]
e EK_"‘E
P \ ..:l=[|

Figure.2.1 The free energy function F' according to T' for various values of

the deformation parameter \.
(2.133)
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Figure.2.2 The mean energy U according to T for various values of the

deformation parameter A.
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Figure.2.3 The specific heat function C according to T for various values of

the deformation parameter \.
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Figure.2.4 The entropy S according to 1" for various values of the

deformation parameter A.

The first remark that appears is that we have a critical point at T, = 4/ 1430;\/ 121 / V3
(o is the fine structure constant) given the presence of the factor 1 — 6 (kgT)? in the
denominator of U, C, and S (in egs.(2.130), (2.131) and (2.132)). This radically changes the
behavior of these thermodynamic properties as we will see in their graphical representations.

For the free energy, Fig.2.1 shows that it grows rapidly in the deformed case (A # 0)
unlike the normal case where it continues its decrease to infinity; this after a small increase
followed by a decrease common to both cases. For a fixed value of T' , the free energy
increases with the deformation parameter A.

Fig.2.2 shows that there is a discontinuity in the mean energy U at T, where it decreases
rapidly in the vicinity of T, and then it grows slightly as in the ordinary case.

In Fig.2.3, we see that the specific heat C decreases until the discontinuity point 7T,
then it increases. On the other hand, it is constant for A = 0 (namely, C = 2kp).

For the entropy function S, we see in Fig.2.4 that it grows to a maximum value then
decreases to infinity and this contrasts with the ordinary case where it has a continuous

growth with T
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2.8 Thermodynamic properties of Dirac equation

We examine the thermodynamic properties of the Dirac oscillator in a magnetic field in

AdS.The partition function at finite temperature 7" is:

oo Eyp o 2
Z = Z e kBT = Z exp <—mc\/a1 + agn + a3n2> (2.134)

n=0 n=0 kBT
Here kp is the Boltzmann constant and the expressions of the other parameters obtain from

the energy spectrum eq(2.77):

2h ANZ L, AR
=1+ = 1 - 2 -
ax 3 1+ )\/(w 2m> + W+ w<w 2m>T

+2”‘((2—7)1+1)—a(l+r>—w(lT+1>}

m
4n AN? M AR ANR?
GQ—@ \/(w—m> + w +2w<w—27n>7'+m(l+1> anda?,—m
(2.135)

We restrict ourselves to the first order in A, so we can reduce Z to the following simplified

form:

(kpT)? B 3(kgT)* \
2hmc? \/&2 4+ w? + +20wr 2hm3ct 3/@2 + w2 + 20wt
" (1 B mc? (271(7)[ +me? + ﬁw))
6 (kpT)?

7 ~

(2.136)

We neglect the (k BT)_2 term in parentheses and we obtain the high-temperature expansion
of the partition function:

2 2
Z o eT) 1 s A (2.137)
2hmc? \/@2 + w? + 20wt m2c? (w + w? + waT)

The first term is the usual partition function for a 2Dfermionic oscillator with a uniform
magnetic field in the r-representation. The second term expresses the contribution that
comes from the space deformation through the AdS algebra.

At this stage, we can evaluate all the thermodynamic properties of our system (free

energy F', mean energy U, specific heat C' and entropy S) using their definitions [37]:



40

,0InZ oU OF

F=—kpThZzZ U=kgl*——,C=— andS = —— 2.1
B4 1N ,U B oT ,C oT and S oT ( 38)
(kBT)” 2
F=—kpTln (1 — 07 (kpT) ) (2.139)
2hmc2 \/(7)2 + w? + 20wt
1
U =4kpT |1 - (2.140)
2 (1 9T (k:BT)2>
1467 (kpT)?
O = dhp |1 - 10 (kpT) 5 (2.141)
2 (1 g (kBT)Q)
2 — 460" (kpT)? kpT)?
S = kg % +1n (kpT) (1 — 0" (kBT)Q) (2.142)
1—-07 (kT) 2hmc2 \/@2 + w? + 20wt
T _ 3\
where we have used the parameter 67 = (G T35
We remark that there is an appearance of a critical point at T, = IJ;C;\/ 121 JV3A (ais

the fine structure constant) given the presence of the factor 1—07 (kgT)? in the denominator
of U, C,and S (in eqgs.(2.140), (2.141) and (2.142)) and an additional term regardless the KG
spectrum (2ww7).This radically changes the behavior of these thermodynamic properties
as we will see in their graphical representations.Furthermore, we notice that our system

contains two values of 7 = +1,s0,we plot the graphs for both values as following
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Figure.2.5 The free energy function F' according to T for various values of

the deformation parameter A for 7 = +1.
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Figure.2.6 The mean energy U according to T for various values of the

deformation parameter A for 7 = +1.
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Figure.2.7The specific heat C' according to T for various values of the

deformation parameter A\ for 7 = +1.

Figure.2.8 The entropy function S according to T' for various values of the

deformation parameter A\ for 7 = +1.
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Figure.2.9 The free energy function F' according to T for various values of

the deformation parameter A for 7 = —1.
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Figure.2.10 The mean energyU according to T for various values of the

deformation parameter A for 7 = —1.
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Figure.2.11 The specif heat C according to T' for various values of the

deformation parameter A for 7 = —1.
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Figure.2.12 The entropy function S according to T for various values of the

deformation parameter A for 7 = —1.

Figs.(2.5-2.9) show for both value of 7 that the free energy develops fast in the deformed
case (A # 0),however, it decreases to infinity in the normal case; this following a minor
increase followed by a reduction common to both situations. The free energy grows with the

deformation parameter A at a certain value of T ,also, we remark that there is a deviation
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as comparison between the two figures coming from the term (2ww7) which increase for
(1 = +1) and decrease for (7 = —1)

According to Figs.(2.6-2.10), there is a discontinuity in the mean energy U at T,, where
it declines rapidly approaching T, and subsequently grows considerably, as in the usual case,
and as we mentioned previously there is a deviation too shown in curves.

As shown in Figs.(2.7-2.11), the specific heat C reduces until the discontinuity point 7¢,
at which point it increases. It is, however, constant for A = 0 (i.e., C = 2kp)..

In Figs.(2.8-2.12), we see that the entropy function S grows to a maximum value before

decreasing to infinity, in contrast to the usual scenario where it grows continuously with 7.



Chapter 3

Relativistic oscillators in

Non-Commutative Space

3.0.1 Introduction

It is well known that quantum field theory is fundamentally non-local. The manifestation
of this non locality of phenomena becomes very apparent in the high energies. Therefore,
any scheme of unification of the interactions of physics should in principle contain effects
of non commutativity of space describing the non locality of physical processes. This is
one of the arguments recently suggested by string theory in order to unify physics. In
addition, this non commutativity of space could in principle absorb the infinities entangling
the standard field theories. That is to say, we would be reduced to a Planck renormalization
in which instead of quantified radiation-matter exchanges, we would have quantified spatial
correlations.

Until the discovery in 1925 of quantum mechanics by Heisenberg, the geometric space
of the states of a microscopic system, an atom for example, was enriched by new prop-
erties of its coordinates, such as the moment and the position, which no longer switch.
Another topology known recently by non-commutative geometry is used.The aim of this
non-commutative geometry is to generalize the duality between geometric space and algebra
in the more general case where algebra is no longer commutative. This leads to the modi-
fication of two fundamental concepts of mathematics, those of space and symmetry, and to
the adaptation of the set of appropriate mathematical tools. For example, if we look at the

effect of non-commutative geometry on the conventional orbits of the particle, the switch-

46
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ing relationship will be implemented by the following modification [z;,x;] = i6;;, which
characterises non commutative paces and which expresses the comparison between position
observers which generate severe stresses on the value of the non commutative parameter.To
this end, much research has been devoted to the study of quantum mechanics deformed by
the non-switching geometries of space, for example: extraction of non-commutative quan-
tum mechanics from the non-commutative quantum field theory in the nonrelativistic case
[32], the effect of non-commutativity of space on quantum mechanics [69], where the energy
spectrum of a general system of non commutative quantum mechanics in a central potential
has been corrected by the presence of the non commutativity parameter, the Dirac equa-
tion for a spin 1 particle under the action of a constant electromagnetic field that has been
studied in the noncommutative space [34],where the production rate of particle pairs was
determined by the usual Bogolubov method, and the problem of the KG and Dirac oscilla-
tor which was studied and discussed by Mirza in a non commutative space [35], where he
showed that the problem for both oscillators behaves similar to the Landau problem in a
commutative space.

Based on the usual quantum theory that has been formulated on commutative spaces

satisfying the following commutation relationships

[Zfivi‘\j] =0, [ﬁlvﬁj} =0, [/j’“ﬁ]] = Zhél] (31)

it is easy to redefine this theory in another non commutative space, by changing the

commutation relations in this form

[z, ;] = 16 (3.2)

pipjl = 0,7, p;] = ihdy; (3.3)

where Ouy is an antisymmetrical tensor
In order to avoid the problems of unitarity and causality arising in the non commutative
theory at such a time (fo; = 0,6;; # 0), we suggest that all time components fy;should be

equal to zero.
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Within the same framework of the noncommutative quantum theory, we note that the
noncommutative models indicated by the above commutation relationships (3.2) can be
achieved in terms of star product, that is to replace directly commutative algebra with the

usual product of functions by Moyal algebra with star product

(79)(2) = x| 30us0ra0| F(2)o0) oy (3.4

with f(z), g(x) are two infinitely different arbitrary functions.

On the other hand, it is well known that in the case where [p; p;] = 0, the noncom-
mutative quantum mechanics can be reduced to the usual quantum mechanics when the
non-commutative coordinate operatorsare expressed in terms of the commutative coordinate

operators and their time operators in the following form [35]

1
ﬁeijpj and pi — pi,i = 1, 2 (3.5)

Ty — T —
with the parameters of the antisymmetric tensor 8 are chosen as
92']‘ = Eijkek and 93 =40 (36)

and other components equal to zero.
On the basis of this fact, the transformation (3.4) can be rewritten in the following
condensed form:

r—r-+ BQXTP with 019 = —0291 = 03 = 6. (3.7)

with x is the vector product.

The aim of this chapter is to study the relativistic oscillators in a magnetic field in NC
space, starting with KG equation ,Dirac equation and at last the DKP equation to solve
them in a direct method in order to obtain the energy eigenvalues and the wave function
of each equation, in the end of the chapter,we analyse the thermodynamic properties of the

two systems.
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3.1 Klein Gordon Oscillator in a magnetic field in NC space

The Klein—Gordon oscillator in a two-dimensional ((2+1)-dimensional space-time) commu-

tative space and in a magnetic field has the following form:
¢ (p - %A + imwr) . (p - %A — imwr) U (r) = (B> —m2c*) ¥ (r) (3.8)

We include the NC algebra definition (3.7 ) to rewrite this equation in the deformed
momentum space:

A(pTpT)¥ (r) = (B2 - m?c!)¥ (r) (3.9)

with the following definitions:

o 0xp . e 0xp
+ /
=p * 4+ —— | ,withp'=p— -B + 1
p p £ imw (r 5 >, 1ithp' =p . X <r 5 ) (3.10)

Following a straightforward calculation, we get exactly the following equation:

mod\2  m2w26? e2B?
14 Y 2 2 2, €D\ o
<< + 2h) + 172 p+<mw + 402>r

_ < 4+ =" (wQ + @2)) Lz} U(r) = (E2 —m2c* + 2mwhe® + mweBch) U (r) (3.11)

which could be written as

[pQ F ot 0L, — sﬂ U(r) =0 (3.12)
with
b = i(m?w2 + 7€2B2) and &/ = L e+ meweB
T 4c? - aof c
~0\ 2 2,202 2
0 mwb mw*0 o 1 [(eB m0, 6 5 o
a <(+2h>+ 4h2>,,6’ a9<c+h(w+w) (3.13)

where ¢ has the definition as in (2.23)

For the purpose of finding the exact solution of eq(3.12) ,we apply the polar coordinates
in position space (r,¢),and we used a seperate form containing the azimuthal quantum
number [

VU (r,p) = exp(ilp)R(r), 1=0,1,2,..... (3.14)
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So, the expression of the equation will be such :

9V R(r)=0 (3.15)

with:

< ey 14
St Tt 1B ) (3.16)

R(r) = \};f(r) (38:17)

where;
Glgir) _ \}; <<;97"_217"> ) (3.18)
ai;igr) _ \}; (83:2 _ igr + 4‘“;’2) £(r) (3.19)

After replacing the egs ((3.18) and (3.19)) into eq (3.15), we get:

Fr) =0 (3.20)

taking into consideration that we have putted a* = Z—Z.Then, we propose this variable

as
2
z= (2) = r? = za? (3.21)
so that, we derive it , to procure
of (r) 2
- = = 3.22
or a? (3.22)
02 f(r) 2 d? d
= (22— +— 3.23
or? a? < Yzt dz) J(r) (3:23)
After replacing egs (3.22,3.23)into eq (3.20) ,which lead us to write it as
? 1d P*-%1 2z @,
— - —= — -+ — = .24
!Zd22+2dz 4z 4+46 fz)=0 (3.24)
Finally, in order to get an known form of a differential equation, we use the transforma-
tion;

f(z) =exp (_§> Fw (2) (3.25)
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with
22 2 k d (K —k k

after substituting both egs (3.26 and 3.27) in (3.24), we obtain the following differential

equation

d? 1\ d 1 Eo2-1 a’e 1
— 2k — - k2= = 4 — k== = 2
[deQ—i-(k z—|—2> -3 (k 5 1 >+< 1 k 4>]w(z) 0 (3.28)

at this stage, when we put the conditions

we can determine the constant k& depending on eq (3.29)

1/1 1/1
ki===+1) 5 ko==|=—1 .
=5 (3+1) k=3 (5-1) (3.30)
we choose the appropriate the value of k£ which satisfy the condition f (z) (co to obtain;
1/1
ki==(=+1 31
=5 (5+1) (3.31)

The solution of this differential equation(3.28) which is regular at the origin z = 0 is

given in terms of confluent hypergeometric functions as
w(z) =C'F(-n,l+1,z) (3.32)

According to (3.21) and the transformations,we write

/ 2 k1 2
F(r) = Chexp <_27’a2> (2)2 F <_n, I+1, ;) (3.33)

Then, the radial solution of the system become like;

C’ r2 _1 r’

finally, the wave function W (r,p) written as follow

c r? -1 72 .
U (r,p) = 2Ry OXP <_2c12> r(2ki=3) <—n, [+1, a2> exp (ilp) (3.35)
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Cé is the normalization constant.
Using the condition of the convergence of the solutions at infinity, and from the asymp-
totic behavior of the confluent series F} of eq. (3.35), that for r — oo we have 1 F; — 0

which leads to¥ — 0 at infinity, we obtain the following general quantum condition.
n=———k—-—-n=0,12,.. (3.36)
Hence, the energy eigenvalues are found as:

2wh 2h
EY, = +mc? {1—“}2T+ i {(2n+l+1) (w? + &) IO
’ mc mc
1
_m (w2 + (7}2) 0 2
(st -
With
2 2 ~2 2
0 m? (w? 4+ &%) 0
% = <T+ 2 (3.38)

The energy eigenvalue of such an oscillator is comparable to the typical Zeeman effect,
as was mentioned in [35]

We find that the energy spectrum is exact and not degenerate due to the NC effect.We
can see that the obtained energy spectrum has terms related to the parameter of the defor-
mation 6 coming from NC space.With full and accurate calculation we conclude that the
Klein-Gordon oscillator in uniform magnetic field in non commutative space has the similar
behaviors to the Landau problem in commutative space[35][70]

When we put 8 = 0,we obtain the KGO energy spectrum in the presence of a magnetic
field, moreover, when both B = 6§ = 0, we get the KGO spectrum in the ordinary space
[52].

We can deduce that the magnetic field’s influence can balance out the noncommutative
space’s effect, resulting in a critical magnetic field when the coeflicient of L, is set to zero

in eq(3.11), A reliable answer (0 ~ 0 = B ~ 0) is provided by

(3.39)
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The minus sign (—) indicates that the magnetic momentum is moving against the di-

. —
rection of the vector 6.

By setting E = mc? + E,,, for the non-relativistic limit and with the assumption

mc? > E,,, we can write the non-relativistic spectrum KGO in the NC space like;

2 ~2
- _ +32) 0
E" = h2n+ 1+ 1)/ (w2 +52) T0 — Ik <w + m(“%w)> WY (3.40)

3.2 Dirac Oscillator in a magnetic field in NC space
Let us consider the stationary Dirac oscillator equation of particle of nonzero mass m
ca.(p + imwPBr) + Bmc?| U (r) = BV (r), (3.41)

As the simplifications in chapter two in Dirac equation section’s , we write the DO in a

magnetic field with the presence of NC space as
2 ((p*.pf) +io.(pT x p*)) P, (r) = (E2 — m204) ¥, (r) (3.42)

We notice that pTand p~ are given in eq(3.10)

so that, after a straightforward calculation,we get

202 ~ 0 0 - -
[<T + TZHQ (w2 + w2) + % <1 + mw2h> O'Z> p2 + (m2 (w2 +w?+ waaz)) r?
2
_ <<2m§: + mTO (w? + &2)> + (2mwT) az> L.— (2m&h+m?0 (w? + &%) o, — 54 Y, (r) =0
(3.43)

where

, E2_ 2.4 ~
= T e (o)X = (1477 (3.4

To solve the eq.(3.43), we use the following ansatz v, (r) = € R,(r)x,, and we utilize
the polar coordinates of the position and momentum operators, we obtain the following

differential equation

Ry(r) =0 (3.45)
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with
- m? (@2 +w?+ QW@T)
N = ar
0
;1 €y 2mo m20 , 5, L o
69—0[776_ ,le‘i‘(h"‘f#(w +w) T+ﬁ6
- m26> - mwb 0
o = <T + e (w? + w2)> + <1 + mw2h> T, (3.46)

2
By = <2mc~u + mTO (w2 + (:)2)> + 2mwY) T

By the same method as we did in the previous section in this chapter,we obtain the

energy eigenvalues of DO in a magnetic field in NC space in the following form:

2wh 2h
_ 2 ~9 ~ -
E,; = £tmc [1—mc2(1—|—l7')'f+m62{(2n+l+1) \/(w2+w + 2wwT) I'j
1
2 | ~2 2
0
B i G L (3.47)
2h
With
m? (w? + @2) 0*  mwr mwb
=17 — 1 4
9 (-i— 12 3 <+2h>9 (3.48)

While n are non-negative integers, we explicitly observe that our eigenvalues are non-
degenerated (the spectrum has no degeneracy), this case can be explained by the fact that
the particle is restricted to moving in two dimensions, and the third dimension does not
contribute in the form of energy. Knowing that, it will be an infinite degeneracy when there
is a contribution of an element related to the third dimension, such as k, or p,.

We can check our spectrum in many ways such as ; when 7 = 0, it could lead us to
the KGO spectrum’s in NC space as in the expression (3.37). Besides, if we put 6 = 0, we
obtain the DO in a magnetic field in the ordinary space, more than this, we notice that
(B=60=0), it gives us the DO energy spectrum in the commutative space[56].

The non-relativistic limit is obtained, as in the usual case, by settingFE = mc? + E,,
with the assumption that mc? > E,,, the first-order approximation of Taylor expansion is

given as

2 ~2 0
E" = (2n—|—l+1)h\/(w2+&2+2w@7)1“g—(l+7’)h<@+m(w;};w) )

—wh(1+17)T (3.49)
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Now we can write the general form of the wave function V:
2\ (i—3) 2 2
—of (T r -1 (T :
U (ryp) =C% <a2> exp <_M> L, <a2> exp (ily) x (3.50)

where C?Y is the normalization constant.

3.3 DKP oscillator in a magnetic field in NC space

The free DKP equation of massive scalar and vector particles m in the NC space has the

following form

0 0 _ _
{c/B- (p—iB x <r+2><hp> — imuwn® <r+2><hp>> —l—mcz} U = B0 (3.51)

iFy

where W (r,t) = ¢~ & W (r)

3.3.1 Scalar particle case

The wave function is a vector with five components for a scalar particle of spin 0, which is

written as follows.

v
~ d & !
V(r) = with ® = and P = [ ¢, (3.52)
U X
V3

We replace eq.(3.52) with eq.(3.51); we get the coupled system that follows.

mc2p = Ex +icpT -, (3.53)
mcp = icp o, (3.54)
mc*x = B¢ (3.55)

with p™ and p~ defined in eq(3.10)
At this point, the problem can be solved directly by the two-dimensional deformed
Klein-Gordon Oscillator in a constant magnetic field with the same differential equation

(3.12) when the system is uncoupled in favor of ¢.

PP+t =L, - =0 (3.56)
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where the parameters have the similar definitions in eq (3.13)
Taking the identical method as in the KG case, the exact solution of the scalar DKP is

taken the following expression

2wh 2h ~
E,; = +mc? {1—6‘)2T+2{(2n+l+1) (w2—|—w2) e
me me

(st

And to write the general form of the wave function ¥(r, ) as follows:

7"2 2

+3
U(r, ) = Clr3e 242 (2) 3 <—n, I+1, ;) exp (ilp) (3.58)

Here C? noted as the normalization constant

3.3.2 vector case

We continue in the same manner as in the preceding one. In this case, the wave function
of spin 1 is a vector with ten components noted by ¥ (r)” = (ip, A (r),B (r), C (1)) with
A;, B; and C; (i = 1,2, 3) being ,respectively the components of the vectors A (r),B (r),C (r) .The

equation (3.51) is reduced to the following system:

mc*o = —cp” -B (3.59)
mc?A = EB —cp" x C (3.60)
mc’B = FA 4 cpTo (3.61)
mc?C = —cp~ x A (3.62)

To decouple the system above , we eliminate ¢,B and C in terms of A and we get:

(E2 — m204) A = c?pt (p* . A) —?pt x (p* X A) — %p* [pf . [p+ X (pf X A)H

(3.63)

which can be rewritten in the following form:

(B* =m*c)A=c*[(p*-p7) A~ (p" xp") x A] - %P* - [p" x (p” xA)]]

(3.64)
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By a direct calculation, the evaluation of the first two terms of eq.(3.64) gives,

+ TTL(T)Q 2 m2w202 2 2 2 ~92 2
(p -p)A = <1+ 2h> + 12 p+(m (w +w))r
2
_ <€B L2 +w2)> L. — 2mwh — m“’eBe] A (3.65)
c h c
and
2e B mw eB  m?%0 2mw  eBOmw
+ - A = S ) o = (WP R L
(P xp7) x [( . h>r+<c+h(w+w)+<h+ch2>z)
0 eBO\ ,
—mwﬁ <2+ ch> P } S.A (3.66)

then we inset these results(3.65,3.66) in eq (3.64),we obtain :

| Mo 2+m2w292 e (1 BN 6 ) 2
2 An2 n e )77 P

mweB 2
hc

— <<ef + m;Q (w? +a2)) +2 (272(” + eiigbw) Sz) Lz:| A
L pt b [pt x (p x A)]] (3.67)

~ (me)

!
A =

+ <m2 (w2 —i—fu?) +2

with
: B 29 - B6
& =t 2 <€C+mh (w2—|—w2)) S, + (3.68)

The z-components of the orbital angular momentum and the spinor are respectively L,
and S,.

This last expression (3.67) is equivalent to the behavior of the DKP equation in a
commutative space, which describes the movement of a vectorial boson (spin-1) subjected to
the action of a constant magnetic field along the z-axis with additional interaction correction
that depends on the noncommutativity parameter 6, i.e.: (S x P) (6 x P). As a result, this
correction results from the effect of space deformation on the physical system with spin
as the Dirac oscillator case in noncommutative space[35], which can be understood as an
interaction between the electric dipole moment and magnetic moment.[33][35][71] We see
that, unlike the Klein-Gordon case, the initial case of DKPO in noncommutative space of

spin 0 (3.56)lacks this correction..
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With direct methods, the exact resolution of equation (3.67) remains almost impossible.
Therefore, we will restrict ourselves to the analysis of the non-relativistic case, where, since
it is of the order m =3, the last term in (3.67) is negligible.

Eq. (3.67)becomes similar to both eqgs. (3.12) and (3.56)corresponding to the KG case
and to the scalar DKP particle, respectively, we find

! ! ~ B
A = [F9p2—|—<m2(w2+w2)+26 mw>7“2

¢ h

eB m?*0 , , 2mw  eBOmw

C

By introducing the eigenvalues of S, and L., we obtain the final expression of the

spectrum energetic

2 ~2 0
(2n+141) h\/(w2 + & F daw) <F9 + 2’%‘”%) —hl (a L Couls L ZwT)

Em“ =

2h
_ <m+mwaeih <w+ W))] (3.70)

The outcome clearly demonstrates the contributions of each term in equation (3.69),

particularly those resulting from the coexistence of spin and deformation. It also includes

the additional spin-orbit term 28?5?” S. L., which can be interpreted as resulting from the

interaction between the two.

3.4 Thermodynamic Properties of KG and DKP oscillators

in NC space

In this section, we study the thermodynamic properties of the KG and DKP oscillators in
a magnetic field under the influence of NC space. The energy eigenvalues of the KG and

DKP oscillators in a magnetic field in NC space are:

E, =+mc*\/ugn + g, n=0,1,2,... (3.71)
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with
4h o m?2 (w2 + @2) 62
2wh 2h 9 m?2 (w2 + @2) 62
A@—l—?T—i—? (1+1) | (w>+2%) [T+ e

_l (a Nl L ") } (3.73)

Since all thermodynamic quantities can be obtained from the partition function Z, first

of all,we calculate the partition function of the system defined under the temperature T" as

Z(V,T) = exp(—f(En— E)), (3.74)
n=0

where = 1/kpT , kp is the Boltzmann constant and Ej is the ground state energy.For
body systems with no internal interactions, the corresponding partition function of the KG
should be (Z )N . Here, for simplicity, we focus only on the case N = 1.

Then, the thermodynamic properties of the physical system, such as free energy, mean

energy, specific heat and entropy, can be calculated using the following expressions [37]:

F:_;m@; (3.75)
 om(2)

U= -5 (3.76)
U LU

C = G = —kuB g (3.77)
__OF _ 0F

§= g7 = ks 55 (3.78)

For negative energy states, the partition function Z of the finite temperature KGO T
has the form
o0 o0
7 — Z 65m62 (\/ /‘6"4’)‘07\/%) — efﬁmCQ\/E Z eﬁmczy/,ugnJr)\@ (379)
n=0

n=0

We apply the integral test to analyze the convergence of the partition function above.
From equation (3.78), it can be seen that the function f(x) = Pme*V/ieT+20 i an increasing

positive function and the integral is

/f(w)da: = /eﬁmcz\/“”Jr)‘@d:C (3.80)
0

0
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is not convergent.This means that according to the criterion of the integral test, the
numerical partition function Z does not converge, and for the positive energy state, the
corresponding numerical partition function Z obviously converges.

Based on the above analysis, we can assume that only particles with positive energy can
establish a thermodynamic ensemble.

Now we continue with the main object that interests us. Substituting (3.71) in (3.74),

we obtain the partition function of the KG in the NC plane as

o0 oo
7 — Z efﬁmc2<\/ M9n+)‘07m) — eﬁm02mze—ﬁmc2\/ugn+)\g (381)

n=0
To calculate (3.81), we use Euler-Mclaurin formula
00 1 )
Z fn 0+ [ @) m&pf@p D (0), (3.82)
0 p=1 PV

with By, being the Bernoulli numbers and
f(z) = e Pme*Vior+do (3.83)

So we have

o0

/f )da = / —Bmc? 4 /“@I+)‘9dl‘ _ (Bmc2\ﬁ+ 1) —pmc? \/7
0

o3 m204

£10) = ”;fﬁmc o BmeR s
_5 3
f3 (O) = _,ueﬁsmc |:3)\9 2 4 3,6’mc2)\;2 + 52 (mc2)2 )\0 2:| 6_5m02m

Up to By, with By = %,34 Combined with (3.84), we obtain the partition function

307
at a finite temperature 1" of
2v/Ng 1 51 51
Z:5 ket 22y - S — R G5
Ho Ho VA9 19204/a3 ) B 19200587 5760, /A3 K
where Kk = Bmez Next, we briefly describe the numerical results of the evaluation of

thermodynamic functions (that is, free energy, average energy, specific heat, and entropy)

through the numerical distribution function Z .
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In this section, all profiles of the thermodynamic quantities as a function of dimensionless
temperature variable x for different values of the NC parameter 6 , that is, 8 = 0,0.5, and
0.9, are plotted in Figures . In these figures, the Hartree atomic units (h =c=kp =m = 1)

are employed and we set B =w = 1.

.rl

— 2=0.9
g=0.5
g=0

Figure.3.1 The free energy F' function of T for different values of the NC

parameter 6.

155
i C g=0
; — g=0.5
C g=0.9
gL
25k
4o E

Figure.3.2 The mean energy U function of T for different values of the NC

parameter 6.
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Figure.3.4 The specific heat U function of T for different values of the NC

parameter 6.

a3

ra
T

0.5 1.0 1.5 20

Figure.3.4 The entropy S function of T for different values of the NC

parameter 6.

Figure 3.1 depicts the Helmholtz free energy F. For a fixed value of T, we can see
that the profile of the curves reduces monotonically with temperature and the free energy
increases with increasing NC parameter 6.

In Figure 3.2, we plot the mean energy U versus for various values of the NC parameter
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0, and the results reveal that all of the curves have comparable linear behavior and have
extremely similar profiles. Furthermore, we can observe that for a constant value of T, the
mean energy diminishes as it expands.

The heat capacity C profile as a function of T for various NC parameters Figure 3.3
depicts a set of values 6. It is discovered that the heat capacity increases initially and then
takes a linear behavior as the literature as 7" increases.(C = 2kp)

Figure 3.4 displays the curves of the numerical entropy S versus for different values of
the NC parameter 0 It shows that the entropy rapidly decreases at first for for a fixed value
of T" and then slowly grows for large values.of T" For a fixed value of T', the entropy decreases
when NC parameter 6 grows

As a conclusion,we found that the statistical qualities are only slightly affected by NC
settings. However, the outcomes can be regarded as a suitable tool to investigate many

connected issues.

3.5 Thermodynamic Properties of Dirac oscillators in a mag-

netic field in NC space

In this section, we analyse the thermodynamic properties of the DO in an external magnetic

field in NC space.The energy eigenvalues of the DO in NC space are:

E, =+mc* /pg.n+ -, n=0,1,2, .. 3.86
0,7 y

with
4k m?2 (w2 + @2) 02  mwr mwb
Hor=—3 (w? + &% + wm)( + e = < + 57 )9 ; (3.87)
2% m? (w? + @2) 0> mwr mwb
=14+ — 1 242+ 2007) | Y — 1
No.r s (1+1),| (w?+&%+ wwr)( + e = < + 57 )9
(3.88)

~2
—(+7) (@—FW) —w(1+l7')T}



Alike the KGO case in NC space ,and using the partition function ,
1
Z

64
- - 2 )\9,7' 2 /§,2+ MG,T :U’G,T 1
2 /’[’9,7' I’LQ,T
Mor 1

24/ Mo 19200/03, ) ®
- 1 My 1
192005 5% 5760, /a3

(3.89)
we can plot the thermodynamic features of our system for the free energy, the mean
energy, the capacity heat and the entropy as follow

efor 7 = +1

g8=0
g=0.1

6=0.4
Figure.3.5 The free energy F' function of T for different

values of the NC parameter 6 for 7 = +1.

s :
- |
1
g |
=04
4 5 — =01
M o B0
2 o
0.5 1.0 15 2.0 2
- 1II H\x
= 1
_4 I'.

Figure.3.6 The mean energy U function of T for

different values of the NC parameter 6 for 7 = +1.
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Figure.3.7 The specific heat C' function of T for

different values of the NC parameter 6 for 7 = +1.
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Figure.3.8 The entropy S function of T for different

values of the NC parameter 6 for 7 = +1.
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Figure.3.9 The free energy F' function of T for different

values of the NC parameter 6 for 7 = —1.
u
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Figure.3.10 The mean energy U function of T for

different values of the NC parameter 6 for 7 = —1.
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Figure.3.11 The specific heat C' function of T for

different values of the NC parameter 6 for 7 = —1.

=0
&=0.1
£=0.4

(4=}

Figure.3.12 The entropy S function of T for different

values of the NC parameter 6 for 7 = —1.

As a discussion to all the figures and taking into consideration that we have plotted the
graphs for both values of 7 = +1;

Figures (3.5-3.9) depict the Helmholtz free energy F. For a fixed value of T', we can see
that the profile of the curves reduces monotonically with temperature and the free energy
increases with increasing NC parameter 6, also, for 7 = +1, there is an influence shown
in curves at increasing of the value of the deformation despite the fact in 7 = —1,which is
remarked in all the other figures too.

In Figures (3.6-3.10), we plot the mean energy U versus for various values of the NC
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parameter 6, and the results reveal that all of the curves have comparable linear behavior
and have extremely similar profiles. Furthermore, we can observe that for a constant value
of T', the mean energy diminishes as it expands.

The heat capacity C profile as a function of 1" for various NC parameters.Figure (3.7-
3.11) depict a set of values 6. It is discovered that the heat capacity increases initially and
then takes a linear behavior as the literature as 7" increases.(C = 2kp)

Figures (3.8-3.12) displays the curves of the numerical entropy S versus for different
values of the NC parameter 6 It shows that the entropy rapidly decreases at first for for
a fixed value of T" and then slowly grows for large values.of T For a fixed value of T, the
entropy decreases when NC parameter 6 grows

As the previous comments on the KG thermal properties in NC space, we discovered
that NC parameters only have a minor impact on statistical quality on DO in NC space.

However, the findings can be used to study a variety of related concerns.



Chapter 4

Relativistic oscillators in a
magnetic field in AdS and NC

spaces

4.1 Introduction

The purpose of this chapter is to investigate the formulation of a two-dimensional studied
relativistic oscillators in the presence of a magnetic field by solving fundamental equations
in the framework of relativistic deformed quantum mechanics with EUP and the NC space
To do this, we start with KGO in a uniform magnetic field into combination of the AdS and
NC spaces,and the same to do with Dirac and DKP equations, and we use the NU method
to solve the systems for obtaining the energy eigenvalues and the wave functions.

In the end, we treat the thermodynamic properties of these systems to see how much

could be the results influenced by the two spaces.

4.2 KG oscillator in a magnetic field in AdS and NC spaces

We contemplate the stationary relativistic equation with a constant magnetic field in the

KG harmonic oscillator bi-dimensional space

? (p — ZA + imwr) . (p - SA — imwr) U = (E? —m?c*) 0. (4.1)

69
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We use the Anti-de Sitter and NC algebra definitions from eqs(2.6,2.7 and 3.7),respectively,

we can rewrite this equation in the deformed momentum space

AptpT)¥ (r) = (B2 —m?c)¥ (r) (4.2)
where;
pt = p/iimw <\/1jw+0>< ;};ATQP>,
with p’ — mp_im(ﬂjmwwﬁp) )

Taking a straightforward computation, we get exactly the following equation:

2

<1+m&39>2+m2w292 (1= Ar2)p? +i ‘ 20,2 ~2y r
r)p° +ihA(r - p)) + (m® (w* + &%) — mwhAT)

2h 4h? 1—M\r2
eB m20 , , o eB6*mw mweB0
—(C+mw)\9+h( +w)+46h>\)Lz}\IJ(r)—<s+ - >\Il(r) (4.4)
with
E? — m2A
€= (CQmC) + 2mwh (4.5)

Eq(4.4) could be take the form

2

[(1 = Xr?)p® + 17 L oz A p) = Byl — g5 | W (r) =0 (4.6)
with

m = ;9 (m? (w? + &%) — mwhAT) (4.7)

53 = Oic) (a + mwceB9> (4.8)

ay = (1 + ”;ief + m24°;92; (4.9)

By = a16 <ef + mwAd + m;e (w? + &) + eie;m‘)A) (4.10)

We can test the shape of this differential equation (4.6)as follows:
o0 = 0 (without the deformation of NC space), we obtain the KG equation in AdS space

shown in eq(2.22)



71

o)\ = 0 (without the deformation of AdS space), we obtain the KG equation in NC space
shown in eq(3.12)
To get the exact solution of eq(4.6), we use the polar coordinates in position space

(r,¢),and we used a seperate form containing the azimuthal quantum number [
U (r,p) = exp(ilp)R(r), 1=0,1,2,..... (4.11)

So, the expression of the equation (4.6)will be such

SN R V2 12 (1= A\r? A2
[<\/1—/\r2$> ploare LN mr + €

R(r)=0 (4.12)

r o dr 72 h? (1 — Ar2)
with:
1 € mweBO
A A
_ b 41
" e <h2 g T hﬁg) (4.13)

In the interest for solving eq.(4.12), we use the transformation as it mentioned in eq
(2.26).To solve the differential equation, we use the same steps as the transformations and

the Nikiforov Uvarov approach that were covered in chapter 2.and we consider the conditions

l 1
A, = k:g2:n<n+u)\79+l+2>,n:0,1,2,... (4.14)
1 1
and py o = 3 + 1 + h2§\2 (4.15)

To procure the energy spectrum of KG oscillator in both deformations as

2 2
Eni (N, 0) = +mc? [1 - LZTJF —Z {(2n+l+ 1) Vero+
mc mc
1
b 0 N m(w2+@2)0 w 2
%(4n(n+l+l)F +2l+1>—l<w+2h+2T)\0 (4.16)
With
e — (v m? (w? + &) 67 N PR 417
= + 12 ;T = + - (4.17)
A% M 2 4 5%) A%0?
= (w——) +& -0 (w—= )\9+—(w ) (4.18)
2m m 16

The energy spectrum depends, as it should, on the deformations parameters 6 and A

which add contributions coming from the interactions of the noncommutativity with the
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angular momentum and the oscillator with the AdS deformation’s parameter A\. These
additional contributions are similar to those coming from the interaction of the system with
the magnetic field

We can see that the presence of both parameters A\ and 6 with a magnetic field breaks
the degeneracy of the spectrum of energy. In addition, the presence of a term on n? shows
the existence of hard confinement.

We can analyze the shape of the energy spectrum as follows:

eWhen 6 = 0, It corresponds to same spectrum of the deformed 2D KG oscillator under
a uniform magnetic field with Snyder-de Sitter algebra if we ignore the effect of Snyder
algebra (ag = 0 and a3 = A)[30] and, if we study the limit A — 0, we obtain the exact
result of the 2D KG oscillator under a magnetic field without deformation. We also note
that the result is strictly consistent with the usual KG oscillator when both the deformed
parameter and the magnetic field are absent (i.e. A\ = B = 0) [52], besides, when the
deformation’s parameter of NC space goes to zero, we obtain the energy spectrum in our
contribution|[72].

eWhen A = 0,we get the exact energy spectrum of the 2D KGO in a magnetic field in
NC space.Moreover, if we put (# = B = 0),it gives us the 2D KGO spectrum in the ordinary
case.

we compare our result with the previous ones (chapter 2 and 3) and discuss the corre-
sponding special cases. It shows that the energy eigenvalues increase monotonically with
the magnetic field variable for the AdS parameter and the NC space parameter, respec-
tively, and for one principal quantum number, the energy increases with the increase of the
azimuthal quantum number.

To deduce the complete expression of the wave function W (r,p),we take the similar
procedure as in KGO in a magnetic field in AdS space,and in terms of the variables r and

p, we can write the general form of the wave function U:

HX,0

W (rp) = CM251 (1 - nr2) 5 (Ar2)2 P2 (1 - gp2) (4.19)

C’,i"g the normalization constant.
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The nonrelativistic spectrum is obtained using the usual approximation, to deduce

2
nr(N6) = [h(2n+l+1)\/¢1“9+)2\h (4n(n+l+1)r9+21+1)
’ m
2 ~2 0
In (@ + m(w;ffl“) + ‘;m9> —WAY (4.20)

The effect of the noncommutative space is also able to counteract the effect of the
magnetic field in the case of anomalous Zeeman effect when L, is equal to zero.

Here we obtain another critical magnetic field value as (we put L, = 0 in eq(4.4))

2, ,202 2 2
BC:_@ 1_\/1_mw9 _mw)\é? <1+mw)\9) _mwc)\H (4.21)

h? 2h 8h 2e
We can remark that the first two terms into the root are similar to the critical magnetic
field value in NC space as it mentioned in eq(3.39), and the additional terms are coming
from the combination of both spaces AdS and NC.
For small values of 6,we get

m2w2ch _ mwed

B=-—

(4.22)

eh e

we can notice that the first term is related to the NC space at it mentioned in [35], and
the combination of two deformed spaces comes in the additional term.And the minus sign

— —
indicates that €)0, B and 6 have inverse directions.

4.3 Dirac Oscillators in a magnetic field in AdS and NC

spaces:
We consider the stationary Dirac oscillator equation of particle of nonzero mass m
ca.(p + imwBr) +Bmc®| U = EV, (4.23)

By taking account of the definition of the anti-de Sitter and the noncommutative alge-

bras from eqs(2.6,2.7 and 3.7),respectively, the two dimensional deformed stationary Dirac
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oscillator equation can be put then,
co.pty, = (B —mc?) v, (4.24)
co.p v, =(E+ ch) Uy (4.25)
After simplifications, we write
A((ptp) +ig.(pt xp)) Y, = (B — m?c?) ¢, (4.26)

here p™ and p~ have the definitions in eq(4.3) .

By calculation ,we procure:

2
[((1 — Ar?)p? +ihA(r - p)) + Ug,eﬁ — Bl — 5?\,0} () (4.27)

With the abrreviations;

1 B
e = 075 [mg (w? +c~u2) — <e glnw +mwh> A
eB eB m2w?0
- 1 (eB m20 , , o  eB6*mw
ﬁ)\’g = ;70_ <C+mw)\0+h (w +w ) +W)\

eB eBOmw  m202\ , 5
+ (Ah+269/\+2mw+ iy Tl CRR )) az> (4.29)

1 Bo Bh ~
o = — (5 4 ety <e +m20 (w? + w2)> O‘Z> (4.30)
’ ap c c
- mw mwb

To solve the eq.(4.27), we use the ansatz v, (r) = €'Y R,;(r)x,, where n is the radial
quantum number, [ and 7 = +£1 are, respectively, the eigenvalues of angular momentum
and spin operators, and XL = (1,0), le = (0,1) are the spin functions.

Using the polar coordinates of the position and momentum operators, we obtain the

following differential equation for the radial part of the wave function:

2 2 (1 _ Y2 T g2
[( %1—)\7’261[) _l (1 )\1") 0" —|—e§\’9

dr r2 B2 (1—Xr2)

Ru(r) =0 (4.32)

with

€

1 g mweBH GB m 9 l
A 2 ~2 A
9 <;2 + 67’2 <C’ + 7;2 (W +w )> T+ ;ﬁ9> (433)

Qg
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As in chapter 2,we apply the steps in using the transformations and the NU method for

finding the energy spectrum as:

i (A 0) = +mc?

2h (A @A\ w0 ]

%(4n(n+l—|—1)97—|—(2—7)l+1)—wT(lT—I—l) (4.34)
1
—(+7) (a + W + ;TAO> } 2 (4.35)
with
O = (1‘9 + m;‘” (1 + W;?) 0) (4.36)
d = (w—£)2+@2—&<w—)$>)\0+w;))\292 (4.37)

Where T? defined in eq (4.17)

The energy spectrum depends, as it should, on the deformations parameters 6 and A
which add contributions coming from the interactions of the noncommutativity with the
angular momentum and the oscillator with the AdS deformation’s parameter A. These
additional contributions are similar to those coming from the interaction of the system with
the magnetic field

We can see that the presence of both parameters A\ and 6 with a magnetic field breaks
the degeneracy of the spectrum of energy. In addition, the presence of a term on n? shows
the existence of hard confinement.

We can analyze the shape of the energy spectrum as follows:

eWhen 6 = 0, It corresponds to same spectrum of the deformed 2D DO under a uniform
magnetic field with Anti-de Sitter algebra as in eq(2.77)

eWhen A\ = 0,we get the exact energy spectrum of the 2D DO in a magnetic field in
NC space illustrated in eq(3.47).Moreover, if we put (6 = B = 0),it gives us the 2D DO
spectrum in the ordinary case

In terms of variables r and ¢, we deduce the general form of the wave function;

-
HX,0

U (r,p) = 03792%&“0 (1 22 (W)é P,Sl’“;‘f%) (1—2x%) x, (4.38)
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T _ 1 1 730 \ . .
where me=31t\Vitiee and C’/\ﬁ presents the normalization constant.

For the nonrelativistic limit, we set E = mc?+ E,,, with the assumption that mc? > E,,,,

so,we write the nonrelativistic spectrum of the deformed DO in AdS and NC spaces as

~ 2
ET (\60) = h@Hl+DVK¢+<%(w;Z%?)ﬁng)W
AR? .
+%(4n(n+l+1)9 +2-7)l+1) (4.39)
2 ~2 0
—a+ﬂh<w+mﬁf;w)+;TM>—wmwh+n

4.4 DKP oscillators in a magnetic field in AdS and NC spaces:

The DKP equation of massive scalar and vector particles m in the AdS and NC spaces has

the following form

VI = N2
[(C,B' 1—)\r2p—iB><< r +9>< 1 )\TP>

V1—Ar? 2h
0 x VI — A2 ~ ~
i) <m+ TR p)) +mé® | ¥ = EG°¥ (4.40)

iBy ~

where U (r,t) = e % ¥ (r)

4.4.1 Scalar particle case

The wave function is a vector with five components for a scalar particle of spin 0, which is

written as follows.

G
~ P o '
U (r) = with & = and ¢ = | 4, (4.41)
i X
V3

After replacing eq.(4.41) with eq.(4.40); we get the coupled system that follows.
2, _ P
mc ¢ = Ex +icp™ -, (4.42)

mc) = icp” &, (4.43)

me*x = B¢ (4.44)
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with p* and p~ defined in eq(4.3)

At this point, the problem can be solved directly by the two-dimensional deformed
Klein-Gordon Oscillator in a constant magnetic field with the same differential equation
(4.6) as the previous case in this chapter, when the system is uncoupled in favor of ¢.

7,2

1—\r2

[(1 —Xp? +ihA(r-p) — By L. — sg‘] $»p=0 (4.45)

Hence, the energy spectrum could be such:

2wh 2h A
EM = +mé? 1—LT+—(2n+l+1)\/¢>F9+—<4n(n+l+1)1“9+2l+1>
e mc2 mc? 2m
1
~ m(w2+c~02)0 w
N CHW)O vy 4.4
l(w—l— o + 5 /\9> (4.46)
And
2 2 ~2\ p2 ~
0 m (w +w)9 - mwb
- <T+ o e
2 2, ~2\ \242
40
o — <w—)\h> +w2—a<w—m>w+(w+°") (4.47)
2m m 16

In terms of the variables r and ¢, we can now write the general form of the wave function

J3
2

U (r,p) = Cu226? (1= \r?) (W)é PLr=1/2) (1 — 22r%) (4.48)

4.4.2 vector case

We continue in the same manner as in the preceding one. In this case, the wave function
of spin 1 is a vector with ten components noted by ¥ (r)’ = (ip, A (r),B (), C (r)) with
A;, B; and C; (i = 1,2, 3) being ,respectively the components of the vectors A (r) ,B (r), C (r) .The

equation (4.40) is reduced to the following system:
mc*p = —cp” -B (4.49)

mc?A = EB —cp" x C (4.50)

mc®B = EA 4+ cpTo (4.51)
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mc’C = —cp~ x A (4.52)

To decouple the system above , we eliminate ¢,B and C in terms of A and we get:

(E2 — m2c4) A =cPpt (p_ . A) —pt x (p_ X A) — #p"‘ [p_ . [p+ X (p_ X A)H

(4.53)

which can be rewritten in the following form:

1
(B2 —m*c) A= [(p"-p)A—(p" xp ) x Al - —p" [p~ - [P x (p” x A)]]
(4.54)
which can be rewritten in the following form: The evaluation of the first two. (4.54)

terms gives by a direct calculation,

(p" p)A = |y e\ e (1= Ar2)p? + ihA(r - p))
P P = on aR2 p p
2
9 T mweB0o
+ (m? (w? + @°) — mwhAY) v 2mwh — .
eB m26 9 9 eBO*mw
— <c + mwd + - (w +w ) + MA) LZ] A (4.55)
and
B 2mw  eBO) m2w?0 r2
txp)xA = [[Z(r- A
(p ><p)>< [(c( h Jr4071)Jr h >1—)\r2
0 BO
- <mwh (2 + ech) (1+ )x)) (1 = Ar®)p* +ihA(r - p))
126L.] S.A (4.56)
where

e—(at 2mw n eBOX N eBOmw n m26?
- h 2ch ch? 4h2

A(w? + aﬂ)) (4.57)

After inserting both (4.55) and (4.56) into eq(4.54),and in order to explore the nonrel-
ativistic limit of equation (4.54) despite the fact that there is no known analytical method
to solve equations of this type. To do this, we treat the last term as unimportant as it is of
order m™3, which allows us to study the nonrelativistic limit.

This approximation causes the following equation 4.58 to resemble both (4.6and4.45)
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corresponding to the KG case and the scalar DKP particle, respectively. We discover

/ moo\?  m2w26? 0 eBo INE I
ExpA = <(1 + o > T Ty <2 + ch> (1+ A)) (1 = Xr*)p” +ihA(r - p))
2 2 ~2y (B[, 2mw  eBOA m2w?0 72
+ ((m (w +w ) mwﬁ)\’f) < - <)\ 3 + ich + 3 A S, T u2
eB m20 , 5 o eBO*mw
where

eB  m?26

~ Bo
5/97>\ :€+2 <C+h (w2+w2)> Sz+ mee

(4.59)

C

By introducing the eigenvalues of S, and L., we obtain the final expression of the

spectrum energetic

En = |@n+il+1)n <¢¢<4&<w—m>+(‘”2+m>>rw

2m 4
+5 (4n(n+z+1)r +2z+1) —Hl <w+2h+2’f)\9j:@
0 2 ~2
- <m+mwaeih <a+ W))] (4.60)

2 (.2 1 52\ p2 -
O m? (w? 4+ &%) 0 2mwb mwo
r = (T + e + - 1+ W (14+A)

2mowl  mh? 9 9
- +E)\(w + &) (4.61)

o - 2<w+m>+m0+
2m

The outcome clearly shows the contributions of all the terms in eq.(4.61) and especially
those due to the presence of both the spin and the deformations, as well as that of the
additional spin-orbit terms in 2£S5, L, which can be interpreted as due to the interaction

between the two.

4.5 Thermodynamic Properties of KG and DKP in AdS and

NC spaces

Let us focus on the thermodynamic properties of the system.The partition function at finite

temperature T is:
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7 = nZ:;Je_ kT = nzz;)exp <—IZ§T\/&1 + asn + a3n2> (4.62)

Here kp is the Boltzmann constant and the expressions of the other parameters obtain from

the energy spectrum eq(4.16):

2h AR
al—l—l—(V(I)F +2—wT)

c2 m

4 2
<\/<I>I‘ + — > and az = all rf (4.63)

m2c?

In order to evaluate this function, we use the Euler-MacLaurin formula:
Z fo =580+ [ f @) ﬁ Bay f& D (0) (4.64)

Bo), are the Bernoulli numbers, f 2r—=1) is the derivative of order (2p — 1) and the integral

term is given by:

2n — N 4ayas
\/a2 4a1a3 Z (2n)! (a% - 4a1a3>
{I‘ (2n +2) e X
X2”+2 (2n 4+ 2)

¢ (1,2n+ 2,)0} (4.65)

where we have used y =

a1, \/1 +a2n+ 32 n2and the power

series of the square root of the integral:

2a1 /+°° ( daqas3 2)
I= exp 1+ —5———y* | yd 4.66
\/m (=xy) F—daray? ) VY (4.66)

At high temperatures, we can ignore the first and the third terms in eq.(4.64) and keep

(2n+2)

only the integral. Similarly, we neglect the e™X term beside the x~ one in eq.(4.65).

Therefore, the partition function becomes:

7 (kBT>2 2 — (_1)nMF(2n + 2)o™ (4.67)

me? )\ /a2 — 4ayas = (2n)!
with:
2
4
o — (BT a3 (4.68)
mc2 (a% — 4a1a3)

We restrict ourselves to the first order in A,and we neglect the (kT )_2 term in parentheses

and we obtain the high-temperature expansion of the partition function:

T)? T)? o
7~ (k8T) -2 (kfiQ) A mwy (4.69)
2hme2\/ & + w? m2c? (&° +w?) 20
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The first term is the usual partition function for a 2D scalar bosonic oscillator with a
uniform magnetic field in the r-representation. The second and third terms express the
contribution that comes from the space deformation through the AdS and NC algebras

At this stage, we can evaluate all the thermodynamic properties of our system (free

energy F', mean energy U, specific heat C' and entropy S) using their definitions [37]:

,0InZ oU OF

F=—kgTnZ,U = kgT - - 1.
kgTlnZ,U = kg 5T ,C 5T and S 5T (4.70)
(kpT)* 2
F=—kgTln 1— 0 (kpT)? — » (4.71)
<2hm02\/ % 4 w? ( >
1
U=4kpT |1— (4.72)
2 (1 — 0 (kpT)? - %)
2 J—
C = apy |1 LFOBT) =5 (4.73)

2 (1 — 9 (kpT)? — %)2

S =kp — <9 (b )" - %) +1In ( (ks T (1 — 0 (kgT)? — %)> (4.74)

1-0 (kiBT)2 —x 2hme2\/ & + w?

3\ mw g

where we have used the parameters 6 = m,% = o

We can simply check these expressions in different manners. We use the limit w — 0
(i.e. B — 0) and » = 0, we obtain the thermodynamic results of the deformed 2D scalar
bosonic oscillator with AdS commutation relations[72].If we use the limit A\ = 6 = 0, we
obtain the thermal properties of the ordinary 2D bosonic oscillator for both KG and scalar
DKP particles in a uniform magnetic field.

We show in figures 4.1 to4.4, the dependence of these thermodynamic properties with

the temperature T' for different values of the deformation parameters Aand 6. We chose
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Figure.4.1 The free energy F' function of T for different values of the AdS

and NC parameters A, 6.
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Figure.4.2 The mean energy U function of T for different values of the

AdS and NC parameters A, 6
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A=0.1.8=0.9

Ky

A=0.6=0.9

- - i=0,6=0

A=0.01,=0

Figure.4.3 The specific heat C' function of T for different values of the AdS

and NC parameters A, 6

A=0.6=0.9
A=0,5=0

A=D.1,8=0.9

Figure.4.4 The entropy S function of T for different values of the AdS and

NC parameters A\, 6

We clearly remark that the influence of the NC space deformation has a smallness effect

on all the curves.

Fig.4.1, for the free energy,shows that it grows rapidly in the deformed cases (A, 6 # 0)

unlike the normal case where it continues its decrease to infinity; this after a small increase

followed by a decrease common to both cases. For a fixed value of T | the free energy
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increases with the deformation parameter A.

Fig.4.2 shows that there is a discontinuity in the mean energy U at a certain temperature

T. =1/ 1+§ )\@ where it decreases rapidly in the vicinity of 7T, and then it grows slightly as
in the ordinary case.

In Fig.4.3, we see that the specific heat C decreases until the discontinuity point T,
then it increases. On the other hand, it is constant for A\, = 0 (namely, C' = 2kp).

For the entropy function S, we see in Fig.4.4 that it grows to a maximum value then
decreases to infinity and this contrasts with the ordinary case where it has a continuous

growth with T

4.6 Thermodynamic Properties of Dirac in AdS and NC

spaces

Let us focus on the thermodynamic properties of the DO in AdS and NC spaces system.The

partition function at finite temperature 7T is:

_ _En_ ’I?’LC2
_ _ 2
7 = nE Oe kpT = nE Oexp < 2 \/al + asn + aszn > (4.75)

Here kp is the Boltzmann constant and the expressions of the other parameters obtain from

the energy spectrum eq(4.34):

2h A WO 26 AR

= 2 2
agzﬂ O+ (2w w—&—@ —w—e)\ T QT—i—&QT andagz;l)\h Qr
mc2 2m 4 2 m m2c?

(4.76)

We restrict ourselves to the first order in \,and we neglect the (k BT)f2 term in parentheses
and we obtain the high-temperature expansion of the partition function:

2 2 ~
7z~ (k5T) 1- SkpT) A m@ten),) )
hme2V @2 + w? + 2w m2c? (&° + w? + 2wwT) 2h
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The first term is the usual partition function for a 2D fermionic oscillator with a uniform
magnetic field in the r-representation. The second and third terms express the contribution
that comes from the space deformation through the AdS and NC algebras

At this stage, we can evaluate all the thermodynamic properties of our system (free

energy F', mean energy U, specific heat C' and entropy S) using their definitions [37]:

,0InZ oU OF

F=—kgThZ,U = kpT - -4 1.
kgTlnZ,U = kg 5T ,C 5T and S 5T (4.78)
2

F=—kpTl (ksT) (1 — 07 (kpT)® - %T> (4.79)

2hmc? \/(:22 + w? 4 2wt

1
U =4kpT |1 - (4.80)

2 (1 — 07 (kpT)? — %T)
T 2 T

C =ty |1 L0 RBT) =% (4.81)

2 (1 9 (kpT)? — %T)Q

24 (97 (kpT)? - %T)

kpT)?
S =kp - 5 +1In (ksT) (1 — 07 (kpT)? — %T>
1 =07 (kpT)" — 5" 2hme2V &% + w2woT
(4.82)
where we have used the parameters §7 = —— (523’3‘) Tra50) S m(%;w)

We can simply test these expressions in different manners. We use the limit @ — 0 (i.e.
B — 0) and € = 0, we obtain the thermodynamic results of the deformed 2D fermionic
oscillator with AdS commutation relations.If we use the limit A,0 — 0, we obtain the
thermal properties of the ordinary 2D DO in a uniform magnetic field.

We show in figures 4.5 to4.12, the dependence of these thermodynamic properties with
the temperature T for different values of the deformation parameters Aand 6. We chose

w = B =1 and we use the Hartree atomic units (h =c=kp =m =1).
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Figure.4.5 The free energy F function of T for different values of the AdS

and NC parameters A, 6 for 7 = +1.
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—A=0.1,8=0.9

—A=0,8=0
A=0,e=0.9

Figure.4.6The mean energy U function of T for different values of the AdS

and NC parameters A, 6 for 7 = +1.
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Figure.4.7 The specific heat C' function of T for different values of the AdS
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and NC parameters A, 6 for 7 = +1.

A=D.1,6=0.9

Figure.4.8 The entropy S function of T for different values of the AdS and

NC parameters A, 6 for 7 = +1.
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A=0.6=0.2
~ A=0.8=0

Figure.4.9 The free energy F function of T for different values of the AdS

and NC parameters A, 6 for 7 = —1.

Figure.4.10 The mean energy U function of T for different values of the

AdS and NC parameters A, 0 for 7 = —1.
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Figure.4.11 The capacity heat C' function of T for different values of the

AdS and NC parameters A, 0 for 7 = —1.

bt
A=0.,6=0.9
A=0,8=0
A=0.01.8=0
—A=0.1,8=0.9

Figure.4.12 The entropy S function of T for different values of the AdS

and NC parameters A, 6 for 7 = —1.
We obviously notice that the influence of the NC space deformation has a smallness

effect on all the curves.

Figs.(4.5-4.9), for the free energy,shows that it grows rapidly in the deformed cases
(A, 0 # 0) unlike the normal case where it continues its decrease to infinity; this after a

small increase followed by a decrease common to both cases. For a certain value of T, the

free energy increases with the deformation parameter .
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Figs.(4.6-4.10) shows that there is a discontinuity in the mean energy U at a certain

1402 : S L .
temperature T, = +3 = Where it decreases rapidly in the vicinity of 7, and then it grows

slightly as in the ordinary case.
In Figs.(4.7-4.11), we see that the specific heat C' decreases until the discontinuity point
T., then it increases. On the other hand, it is constant for \,§ = 0 (namely, C = 2kp).
For the entropy function S, we see in Figs.(4.8-4.12) that it grows to a maximum value
then decreases to infinity and this contrasts with the ordinary case where it has a continuous

growth with T



General Conclusion

In this thesis, we mainly studied the relativistic quantum mechanics of Klein Gordon,
Dirac, and Duffin Kemmer Petiau equations following two different deformation
formalisms.

In the first chapter, we have presented the three-based equations and their properties
inqatim mechanics.

In the second chapter, we investigated the exact solutions of the KG, Dirac, and
DKP (scalar and vector cases) equations for the 2D oscillator with an external uniform
magnetic field within the framework of deformed quantum mechanics with anti-de Sitter
commutation relations. The minimal uncertainty in the measurement of the momentum
is nonzero as aresult of the AdS deformations. By using the Nikiforov-Uvarov method, we
were able to derive analytical expressions for the bound state energies and the system s
wave functions. With additional corrections based on the deformation parameter Z, we
analytically expressed the system s eigenfunctions in terms of the Jacobi polynomials and the
corresponding eigen-energies in each case. Our findings demonstrate that even for large
values of the principal quantum number, the deformed spectrum maintains its discrete
nature, and the EUP de- formation thus eliminates the degeneracy of the spectrum found
in the conventional case (without deformations). We were able to determine an
experimental limit deformation parameter using this. We focused our study on the
nonrelativistic limit of the vector DKP oscillator because it was nearly impossible to come
up with an exact solution to the problem. In this instance, the spin s nonzero value led to
the presence of corrective terms in addition to those resulting from the deformation. Thus,
we were able to obtain the corrective terms that represented the effects of the spin and

its interactions with the magnetic field( which is similar as in the literature), with
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the orbital moment (the typical spin-orbit term), and with a new "spin-orbit" term that
represented the interaction of the spin with the orbital moment and the space deformation
at the same time. A contribution proportional to the deformation parameter A\ is made to
the spin-orbit term by the EUP as a result of this new interaction.

We also looked at how our system’s thermodynamic characteristics were impacted by the
space deformation. The graphical displays of our findings demonstrated that the effects of
EUP on the statistical properties are significant only in the high temperature regime; these
findings are consistent with those for graphene in Snyder-de Sitter curved space.[73] This
difference is more pronounced for the free energy, which rises in the deformed case while
falling in the ordinary case, and the entropy, which decreases when there is deformation
present but increases when there is no more deformation.

In the third chapter, we generalized this same relativistic equations in noncommutative
space, dealing with the problem of the oscillator of KG,Dirac and DKP with the interaction
of a magnetic field given by the non-minimal substitution in noncommutative space.The
calculation was performed by a direct method for all cases of and was compared with the
cases in ordinary space. For the case of spin 1 in DKP equation, we found that the problem
is equivalent to the case of a DKP vector boson moving in a constant magnetic field with an
additional term that depends on the parameter of noncommutativity. According to thorough
and precise calculations, the Landau problem in commutative space and the relativistic
oscillator in a uniform magnetic field exhibit behaviors that are similar to each other.

We then used the Euler-MacLaurin method to investigate the system’s thermodynamic
characteristics, and we visualized our numerical findings by evaluating the thermodynamic
functions using the associated partition function Z. Additionally, the impact of the NC
parameter on thermodynamic characteristics was covered. We demonstrate an explicit
dependence between the energy spectrum and related thermodynamic functions on the NC
parameter 6, which describes the noncommutativity of the space. It is also noted that
even though the NC parameter is small, the impact of NC space on the thermodynamic

properties cannot be ignored.
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In fourth chapter, the KGO,DO,and DKPO in two dimensions with an external magnetic
field has been precisely solved using relativistic quantum mechanics with AdS and in the NC
space.We compared our result to the previous chapters and discussed the special cases that
arise. It demonstrated that for the AdS parameter and the NC space parameter, the energy
eigenvalues increase monotonically with the magnetic field variable, and for one principal
quantum number, the energy increases with the increase of the azimuthal quantum number.

In the end, we analyzed the thermodynamic properties of each system in both spaces
at high temperature regime,according to the results, we found that the systems have been
affected by the deformations of spaces and we remarked that the influence of AdS is con-

siderable than the NC in all findings.
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Abstract

In this thesis, we conducted an analytical study at the atomic scale of two-dimensional
relativistic deformed bosonic and fermionic oscillator equations for charged particles subject
to the effect of a uniform magnetic field. In the first stage, we consider the presence of a
minimal uncertainty in momentum caused by the anti-deSitter space model and we use the
Nikiforov Uvarov method (NU) to solve the system. The exact energy eigenvalues and the
corresponding wave functions are obtained using Jacobi polynomials, and we find that the
deformed spectrum remains discrete even for large values of the principal quantum number.
In addition, after evaluating the thermal properties, we find that they have been affected by
the deformation of the space at high-temperature regime. In the second stage, we solve the
same equations in the non-commutative space using a direct method to obtain the energy
spectrums and the wave functions, we detect that the study has similar behaviors to the
Landau problem in commutative space. Then, the outcomes of the thermal properties show
that the systems have been influenced by the NC space. At the last stage, we generalize both
deformations in the relativistic equations, and we solve the systems using the NU method
hence we obtained the exact energy spectrums and the wave functions by applying the Jacobi
polynomials; in the end, we examine the thermal properties which have been influenced by
the two deformations.

Résumé

Dans cette these, nous avons mené une étude analytique au niveau atomique des équations
d'oscillateur relativiste bosonique et fermionique déformées bidimensionnelles pour des
particules chargées soumises a I'effet d'un champ magnétique uniforme. Dans la premiére
étape, nous considérons la présence d'une incertitude minimale sur la quantité de mouvement
causée par le modele spatial anti-deSitter et nous utilisons la méthode Nikiforov Uvarov (NU)
pour résoudre les systémes. Les valeurs propres exactes de I'énergie et les fonctions d'onde
correspondantes sont obtenues a l'aide de polyndémes de Jacobi, et nous constatons que le
spectre déformé reste discret méme pour de grandes valeurs du nombre quantique principal.
De plus, aprés évaluation des propriétés thermiques, nous constatons qu'elles ont été affectées
par la déformation de I'espace au régime de haute température. Dans la deuxieme étape, nous
résolvons les mémes équations dans I'espace non commutatif en utilisant une méthode directe
pour obtenir les spectres d'énergie et les fonctions d'onde, nous détectons que I'étude a des
comportements similaires au probléme de Landau dans I'espace commutatif. Ensuite, les
résultats des propriétés thermiques montrent que les systemes ont été influencés par I'espace
NC. A la derniére étape, nous généralisons les deux déformations dans les équations
relativistes, et nous résolvons les systémes en utilisant la méthode NU, nous avons donc
obtenu les spectres d'énergie exacts et les fonctions d'onde en appliquant les polynémes de
Jacobi. En fin, nous examinons les propriétés thermiques qui ont été influencés par les deux
déformations.
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