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Résumé

ette theése se concentre sur la résolution de deux sujets de recherche dans des con-
textes distincts en utilisant des méthodes de contrdle stochastique. Le premier sujet
développe une théorie traitant d’une large classe de problemes de contréle stochastique
inconsistant dans le temps, caractérisés par des équations différentielles stochastiques avec
retard (EDSD), indiquant I’absence d’un principe d’optimalité de Bellman. L’approche
consiste a situer ces problemes dans un cadre de théorie des jeux et a rechercher des
stratégies d’équilibre de Nash parfaites en sous-jeu. Pour un processus général controlé
avec délai et une fonction objective raisonnablement large, nous étendons 'équation de
Bellman standard dans un systeme d’équations non linéaires. Cette extension facilite la
détermination de la stratégie d’équilibre et de la fonction de valeur d’équilibre. Pour
illustrer 'applicabilité de la théorie, nous approfondissons un exemple spécifique d’un
tel portefeuille a variance moyenne avec un probleme d’aversion au risque dépendant
de I'état avec un délai. En élargissant les fondements théoriques , cette analyse four-
nit des informations sur la facon de traiter et de résoudre les inconsistances temporelles
dans un exemple pratique. Dans le deuxieme théme, qui étudie une stratégie d’équilibre
investissement-réassurance /nouvelle entreprise et de placement pour les assureurs a vari-
ance moyenne ayant une aversion au risque dépendant de I’Etat, les assureurs sont au-
torisés a acheter une réassurance proportionnelle, a acquérir de nouvelles entreprises et a
investir sur un marché financier, ou ’excédent et le processus de tarification des stocks a
risque des assureurs sont supposés suivre un processus de prélevement géométrique. Sous

L’influence de I’entrée/sortie de capitaux liées a la performance sur le processus de richesse



de l'investisseur est modélisée par une équation de retard différentiel stochastique (SDDE).

Mots clés: Inconsistance temporelle, variance- moyenne, equations HJB étendues, réas-
surance et investissement, assureur, stratégie d’équilibre, équation différentielle stochas-

tique avec retard.



Abstract

his thesis focuses on solving two research topics in distinct contexts using stochas-
tic control methods. The first topic develops a theory addressing a broad class of
time-inconsistent stochastic control problems characterized by stochastic differential de-
layed equations (SDDEs), indicating the absence of a Bellman optimality principle. The
approach involves framing these problems within a game theoretic framework and seeking
subgame perfect Nash equilibrium strategies. For a general controlled process with delay
and a reasonably broad objective functional, we extend the standard Bellman equation
into a system of nonlinear equations. This extension facilitates the determination of both
the equilibrium strategy and the equilibrium value function. Importantly, to exemplify
the theory’s applicability, we delve into specific example such mean-variance portfolio with
state dependent risk aversion problem with delay. By extending the theoretical founda-
tions, this analysis provides insights into addressing and resolving time inconsistencies in
a practical example. In the second topic studies an equilibrium investment-reinsurance
/new business and investment strategy for mean-variance insurers with state dependent
risk aversion, the insurers are allowed to purchase proportional reinsurance, acquire new
business and invest in a financial market, where both the surplus and the price process
of risky stocks of the insurers are assumed to follow geometric Levy process. Under the
influence of performance-related capital inflow /outflow, the wealth process of the investor
is modeled by a stochastic differential delay equation (SDDE).
Keys words : Time inconsistency, Mean-Variance, Extended HJB equations, Reinsur-
ance and Investment, Insurer, Equilibrium Strategy, Stochastic Differential Equation With

Delay.
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Symbols ix

Symbols
In this thesis we use the following symbols:
e S" : the set of n x n symmetric real matrices.
e C'T : the transpose of the vector (or matrix) C.

e (-,-) : the inner product in some Euclidean space.

For any Euclidean space H = R", or S™ with Frobenius norm |-|, and p,l,d € N we let
for any ¢ € [0, T

o« LP(Q,F,P;H)={(:Q— H | is F; — measurable, s.t. E[|¢]"] < oo},

for any p > 1.

o L?(R,B(RY),0; HY) = {r () : R = H'|r () = (s ()yeyn, s 1
!
B (R*) —measurable with Z/ Ire (2))7 0 (dz) ds < oo} :
k=1"R"

e SETH)={Y(): [ET)x Q= H | Y(-) is (Fo) ez — adapted,
< oo} .
e C%(t,T;H) = {y() (LTI x Q= H | V() is (Fs)sepr — adapted,
< oo}.

e LH(tTH) ={Y(): [t,T) x Q= H | V() is (F),cpq — adapted,

s+ Y(s) is cadlag, with E l sup |V (s)|* ds

s€t,T]

s +— Y(s) is continuous, with E l sup | (s)]> ds
se(t,T]

s Y(s), with E [ sup |V ()" ds

s€t,T)

< oo} Jfor any p > 1.

o L3 (6T HY) = {Y () [, T) x Q= HY (-) is (Fu) e — adapted,

<oo}.

o L3, (T H) = {V(): [t,T] x Q= HY () is (F),epq —predictable,

<oo}.

with E [/tT|y(s)|2ds

with E VtT\y(s)fds

iX



Symbols

Acronyms

e a.e: almost everywhere.

e a.s: almost surely.

o e.g: for example.

e i.e: that is.

o SDE: Stochastic differential equations.

o SDDE: Stochastic differential delayed equations..
e BSDFE: Backward stochastic differential equation.
e PDE: Partial differential equation.

o HJB: Hamilton-Bellman-Jacobi

e ODE: Ordinary differential equation.

0
. —f, fz : The derivatives with respect to x.

or
e fuz : The second derivative with respect to x.

o P®dt : The product measure of P with the Lebesgue measure dt on [0,77].

o W(-) : Brownian motion.




Introduction

ver the past two decades, numerous scholars have delved into stochastic control prob-

lems involving delays and explored their applications in diverse fields such as life
science, engineering and financial mathematics. Notable contributors include researchers
like [24], [28], [30], [33], [45], [56], [63], [66] and [68]. Stochastic models incorporating
delays capture phenomena characterized by past-dependence, where their behavior at the
present time t relies not only on the situation at t but also on a finite portion of their past
history. These models are often denoted as stochastic differential delayed equations (SD-
DEs). In the work by Chang et al. [23], a portfolio management problem akin to Merton’s
type was considered, incorporating a risky asset return linked to the return history. Using
the dynamic programming approach, they derived an explicit solution for the CRRA util-
ity case. Shi [66] extended this work to a recursive utility framework. However, there is
limited literature addressing the mean-variance portfolio problem with delays. David [28]
pioneered the investigation of the optimal investment problem for a single-objective mean-
variance scenario under a jump-diffusion delayed system. Employing a sufficient maximum
principle on the quadratic loss minimization problem associated with the single-objective
mean-variance problem, he obtained an optimal investment strategy in closed-loop form.
Shen et al. [68] established two versions of sufficient maximum principles for a stochas-
tic optimal control problem with delay and mean-field characteristics. By applying the
second version to the mean-variance portfolio problem with delay, they derived efficient
portfolios and efficient frontiers based on solutions to two systems of linear ordinary dif-

ferential equations. In another work [69], Shen and Zeng explored an optimal investment

1



Introduction 2

and reinsurance problem with delay for an insurer under the mean-variance criterion.
The game-theoretic approach to addressing time inconsistency, utilizing Nash equilibrium
points, has a longstanding history. Notably, when the discount function deviates from
exponential discounted utility models lose their time-consistency, meaning they no longer
adhere to Bellman’s optimality principle. Consequently, the classical dynamic program-
ming approach cannot be directly applied to solve these problems. Given this limitation,
there are two primary methods for addressing time inconsistency in non-exponential dis-
counted utility models. The first approach involves considering naive agents, who make
decisions without accounting for potential changes in their preferences in the near future.
At any given time t € [0, 7], the agent solves the problem as a standard optimal control
problem with the initial condition X (¢) = z. If we assume that the naive agent at time 0
solves the problem, their solution corresponds to the so-called pre-commitment solution.
This pre-committed strategy remains optimal as long as the agent can commit to their
future behavior at ¢ = 0. The second approach involves formulating a time-inconsistent
decision problem as a non-cooperative game among different instances of the decision
maker at various points in time. Nash equilibrium strategies are then considered to define
a new concept of solution for the original problem. Strotz, as referenced in [70], was
the first to propose a game-theoretic formulation to address dynamic time-inconsistent
optimal decision problems, specifically focusing on the deterministic Ramsey problem,
as mentioned in [60]. By introducing the concept of non-commitment and allowing for
an infinitesimally small commitment period, Strotz provided a primitive notion of Nash
equilibrium strategy. Subsequent research along this line, in both continuous and discrete
time, has been conducted by Pollak [58], Phelps and Pollak [57]. Continuing with the
game-theoretic approach, Ekland & Lazrak [31] and Marin-Solano & Navas [71] addressed
the optimal consumption problem in a deterministic framework where the utility func-
tion incorporates a non-exponential discount function. They characterized equilibrium
strategies using a value function that must satisfy an "extended HJB equation," a non-
linear differential equation with a non-local term dependent on the global behavior of
the solution. In this scenario, each decision at time t is made by a t-agent, represent-

ing the controller’s incarnation at that time, referred to as a "sophisticated t-agent" in

Mohamed Khider University of Biskra.
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[71]. Bjork & Murgoci, as referenced in [15], extended this idea to the stochastic setting,
where the controlled dynamics are driven by a general class of Markov processes and a
general objective function. Yong, in [74], studied a class of time-inconsistent determin-
istic linear quadratic models by discretizing time and deriving equilibrium controls via a
class of Riccati-Volterra equations. In [77], Yong investigated a general time-inconsistent
stochastic optimal control problem with discounting, also by discretizing time, and char-
acterized a feedback time-consistent Nash equilibrium control using the "equilibrium HJB
equation”.

Regarding equilibrium strategies for an optimal consumption-investment problem with
a general discount function, Ekeland & Pirvu [32] were the first to investigate Nash
equilibrium strategies, where the price process of the risky asset is driven by geometric
Brownian motion. They characterize the equilibrium strategies through the solutions
of a flow of backward stochastic differential equations (BSDEs) and demonstrate, for a
special form of the discount function, that the BSDEs reduce to a system of two ordinary
differential equations (ODEs) with a solution. In [77], Yong discussed the case of a time-
inconsistent consumption-investment problem under a power utility function.

The aim of this thesis is to investigate a category of stochastic control problems in
continuous time characterized by time inconsistency, meaning they lack adherence to a
Bellman optimality principle. This property introduces challenges to defining optimality,
as a strategy deemed optimal at a specific time and state may not retain optimality when
observed from a later date and different state. The approach to addressing this class
of time-inconsistent problems employs a game-theoretic framework. Instead of seeking
optimal strategies, we focus on identifying subgame perfect Nash equilibrium strategies.
This thesis extends the continuous time theory developed in [15] to a general controlled
system with delay, building on the foundational concepts established in the earlier work.

In contrast to Bjork et al.[16], we expand the scope of the state-dependent risk aver-
sion mean-variance optimization problem to include delays, where the state system is
governed by a stochastic delay differential equation. Our primary focus is on the com-
bination X (T") + ©Y (T'), referred to as terminal state and everage of terminal wealth

where the state-dependent risk aversion is including. By employing stochastic control

Mohamed Khider University of Biskra.
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theory with delays, we derive extended Hamilton-Jacobi-Bellman equations. However,
the solution to the mean-variance optimization problem with state-dependent risk aver-
sion is not fully explicit, requiring the construction of an exponential martingale process
related to the wealth evolution process. Since the wealth process in this thesis is described
by a stochastic delay differential equation, constructing the exponential martingale us-
ing the approach in Bjork et al.[16] is not feasible. Consequently, we transform the
wealth process X (¢) into the combinatorial wealth dynamic X (t) + ©Y (¢) described by
a stochastic differential equation. Subsequently, we construct the exponential martingale
over X () + ©Y (t) and seek the optimal strategy based on historical performance over a
the time. Formulating our problem within a game-theoretic framework, we establish gen-
eral sufficient conditions for Nash equilibrium strategies, in the extended HJB equation

sense. This thesis is organized as follows:

» Chapter 1: In this introductory chapter, we give a short introduction to stochastic

control problem and the principal concepts used in this thesis.

» Chapter 2: In this chapter, we develop a theory addressing a broad class of time-
inconsistent stochastic control problems characterized by stochastic differential de-
layed equations (SDDEs), indicating the absence of a Bellman optimality principle.
The approach involves framing these problems within a game theoretic framework
and seeking subgame perfect Nash equilibrium strategies. For a general controlled
process with delay and a reasonably broad objective functional, we extend the stan-
dard Bellman equation into a system of nonlinear equations. This extension fa-
cilitates the determination of both the equilibrium strategy and the equilibrium
value function. Importantly, to exemplify the theory’s applicability, we delve into
specific example such mean-variance portfolio with state dependent risk aversion
problem with delay. This analysis not only extends the theoretical foundations but
also provides insights into addressing and resolving time inconsistency in a practical
example. It is worth mentioning that the content of this Chapter is the subject of

our paper Bahlali et al [5]

» Chapter 3: In this chapter, we study the equilibrium investment-reinsurance /new

business and investment strategy for mean-variance insurers with state dependent

Mohamed Khider University of Biskra.
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risk aversion, the insurers are allowed to purchase proportional reinsurance, acquire
new business and invest in a financial market, where both the surplus and the price
process of risky stocks of the insurers are assumed to follow geometric Levy pro-
cess. Under the consideration of the performance related capital inflow /outflow, the
wealth process of the investor is modeled by a stochastic differential delay equation
(SDDE). The insurers aim to optimize the mean-variance utility of the combina-
tion of terminal wealth and average performance wealth. We formulate the op-
timal investment and reinsurance mean-variance problem within a game theoretic
framework, seeking subgame perfect Nash equilibrium then applying the stochas-
tic control theory with delay. Next by solving the extended HJB equation and
constructing the exponential martingale process the explicit- form solutions of the
optimal investment-reinsurance strategy and the corresponding equilibrium value
function are derived. It is worth mentioning that the content of this third Chapter

is the subject of our working paper .

Mohamed Khider University of Biskra.
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CHAPTER 1

Preliminaries in Classical Stochastic Control Problems

1.1 Introduction

In this chapter, in the first section we give a preliminaries in the classical stochastic control
problems and the principle methods of solving optimization problems, then, in the second

section, we give the major approaches to handle time inconsistency problems.

1.2 Classical Stochastic Control Problems

The mathematical optimization discipline known as optimal control theory concentrates
on identifying a control for a dynamical system over time that maximizes an objective
function. It possesses multiple applications in operations research, engineering, and sci-
ence. One of two approaches can be used to determine the optimal control: Pontryagin’s

Maximum Principle or Bellman’s Dynamic Programming

1.2.1 Formulation of the control problem

This subsection presents two mathematical formulations (strong and weak) of stochastic

optimum control problems in the subsequent two subsections.

Strong formulation

Let (2, F,P) be a probability space with filtration {F3},.(, 7, satisfying the usual con-
dition, on which an d-dimensional standard Brownian motion W (-) is defined, denote
by U the separable metric space and 7' € (0, +o0) being fixed. Consider the following

controlled stochastic differential equation

dX(t) = b(t, X(t),u(t))dt + o(t, X(t), u(t))dW (1),
X(0) =z € R",

(1.1)
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where b: [0,T] x R" x U — R" and o : [0,T] x R" x U — R™*%

The process u(-) is called the control expressing the action of the decision-makers
(controller). At any time instant the controller has some information (as specified by the
information field F;) of what has occurred up to that moment, but not able to predict what
is going to happen afterwards due to the uncertainty of the system (as a consequence,
for any t the controller cannot exercise his/her decision u(t) before the time ¢ really
comes). This non anticipative restriction in mathematical terms can be expressed as "u(+)
is {Fi},>o —adapted".

The control u(-) is an element of the set
U0, 7] = {u 1[0, T] x Q@ — U such that u(-) is {Fi},o — adapted}.
We define the cost functional
J(u()) = E VOTf(t,X(t),u(t))dt " h(X(T))] | (1.2)

where f:[0,T] xR" x U — Rand h: R" — R.

Definition 1.1
Let (2, F,P) be a probability space with filtration {F;},o 7y, satisfying the usual con-

ditions and let W (-) be a given d-dimensional standard {F;},c, ;1-Brownian motion.

A control u(+) is called an s-admissible control, and (x(-),u(+)) an s-admissible pair, if
1. u(-) € U[0,TY;
2. z(-) is the unique solution of equation (1.1)

3. f(-,X(),u(:)) € LL(0,T;R) and h(X(T)) € L' (Q, Fr,P; R).

We denote by U;,[0,T] the set of all admissible controls. Our stochastic optimal control
problem under strong formulation can be stated as follows:

Problem 1.1
Minimize (1.2) over U;,[0,T]. The goal is to find 4(-) € U:,;[0,T] (if it ever exists),
such that

J@) = inf  J(u(). (1.3)

Mohamed Khider University of Biskra.



1.2. CLASSICAL STOCHASTIC CONTROL PROBLEMS 10

Any 4(-) € U;,[0,T] satisfying (1.3) is called an s-optimal control. The corresponding
state process X (-) and the state-control pair (X (),ﬂ()) are called an s-optimal state

process and an s-optimal pair, respectively.

Weak formulation

We note that in the strong formulation the filtered probability space (Q, FAFt} =0 ,IP’)
along with the Brownian motion W(-) are all fixed, however it is not the case in the weak
formulation, where we consider them as a parts of the control.

Definition 1.2

A 6-tuple m = (Q,f, {Fitiso  PsW () ,u()) is called a w-admissible control, and
(X(-),u(-)) a w-admissible pair, if

1. (Q, F, {]:t}tzo ,IP’) is a filtered probability space satisfying the usual conditions;
2. W (-) is a d-dimensional standard Brownian motion defined on (Q, FAFt} 0 ,IP’) ;
3. u(-) is an {Fi},5q-adapted process on (2, F,P) taking values in U;

4. X (-) is the unique solution of equation (1.1) on (Q,]—", {]—“t}tzo ,]P) under u ()

and some prescribed state constraints are satisfied;
5. f(,X(),u(-)) € Ly (0, T;R) and h(X(T)) € L' (Q, Fr,P;R).

6. The spaces L% (0,T;R) and L' (Q, Fr,P;R) are defined on the given filtered
probability space (Q, F A Ft} 0 ,]P’) associated with the 6-tuple 7.

7. The set of all w-admissible controls is denoted by U,4[0, T.

8. Sometimes, might write u (-) € U0, T] instead of (Q, F{lFitiso  BW (), u ()) €
2al0, .

The following is a statement of our stochastic optimum control issue under weak formu-
lation:
Problem 1.2

The objective is to minimize the cost functional given by equation (1.2) over the set

Mohamed Khider University of Biskra.



1.2. CLASSICAL STOCHASTIC CONTROL PROBLEMS 11

of admissible controls U.5[0,T|. Namely, one seeks 7 (-) € U5]0,T] such that

J@() = nf J(x().

(-) €U, [0,T]

1.2.2 Methods to solving optimal control problem

Pontryagin’s maximal principle and Bellman’s dynamic programming method are two

major approaches for studying an optimal control.

Dynamic Programming Method

In this subsection, we study an approach to solving optimal control problems, namely,
the method of dynamic programming. Dynamic programming, originated by R. Bellman
[11] in the early 1950s, is a mathematical method for making a sequence of interrelated
decisions. It is applicable to a wide range of optimization issues, including optimal con-
trol issues. When applied to optimal controls, the fundamental idea is to take a family
of optimal control problems with various initial times and states and use the so-called
Hamilton-Jacobi-Bellman equation (abbreviated HJB), a nonlinear first-order (in the de-
terministic case) or second-order (in the stochastic case) partial differential equation,
to establish relationships between these problems. By maximizing or minimizing the
Hamiltonian or generalized Hamiltonian involved in the HJB equation, one can obtain an
optimal feedback control if the equation can be solved analytically or numerically. The
so-called verification technique is this. pointing out that a full family of problems (with

various initial times and states) are truly solved by this method.

The Bellman principle Let (£, F,P) be a probability space with filtration {‘Ft}te[o,T]7
satisfying the usual conditions, 7" > 0 a finite time, and W a d-dimensional Brownian
motion defined on the filtered probability space (Q, F AT e ,]P’) .

We consider the state stochastic differential equation

dX(s) =b(s, X(s),u(s))ds + o(s, X(s),u(s))dW(s),s € [0,T]. (1.4)
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The control u = u(s)o<s<r is a progressively measurable process valued in the control
subset U C R, satisfies a square integrability condition. We denote by A the set of control
processes u. The Borelian functions b : [0, T]xR"xU — R™and ¢ : [0, T|xR"xU — R™*¢

satisfying, for some constant C' > 0 the following conditions:
|b(t7 T, u) - b(tu Y, U)‘ + |O-(t7 L, U) - U(ta Y, U’)| < C|ZL’ - y|7 (15)

|b(t, x,u)| + |o(t,z,u)] < C[1+|z|]. (1.6)
Under (1.5) and (1.6) the SDE (1.4) has a unique solution z.

The cost functional associated with (1.4) is the following:

J(t,z,u) = B, VtTf@,X(s),u(s))ds v h(X(T))] , (1.7)

where E, , is the expectation operator conditional on X (t) =z, f:[0,7]xR"xU — R

and h : R"™ — R, be given functions, we assume that
Ft x| + b)) < C 1+ ]af?], (1.8)

for some constant C'. The quadratic growth condition (1.8), ensure that .J is well defined.

The objective is to minimize the cost functional
V(t,z) = 125 J(t,z,u), for (t,z) € [0,T] x R", (1.9)

which is called the value function of the problem (1.1) and (1.2). In the theory of stochastic
control, dynamic programming is a key idea. We offer a variant of the stochastic Bellman’s
principle of optimality.

Theorem 1.1

Let (t,z) € [0,T]x R" be given. Then we have

t+h
V(t,x) = irel(f]Et,x [/ f(s, X(s),u(s))ds+V(t+hX({t+h)|, fort <t+h<T.
u t
(1.10)

Proof: The dynamic programming principle is demonstrated by Yong and Zhou [76]. |
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The Hamilton-Jacobi-Bellman equation The HJB equation is the infinitesimal ver-
sion of the dynamic programming principle. It is derived under smoothness assump-
tions on the value function. We define the generalized Hamiltonian V(t,z,u,p, P) €

[0,T] x R" x U x R™ x R™*4
1
G(t,z,up, P) = gtr (o(t,wwo(t,e,u) P+btz,u)p+ f(tew),)  (L11)

We also need to introduce the second-order infinitesimal generator £* associated to the

diffusion x with control u
L% (t,x) = b(t, z,u).Dyp (t, ) + ;tr (J(t, z,u)o(t,z,u) D3¢ (t, x)) . (1.12)
The classical HJB equation associated to the stochastic control problem (1.9) is
—Vi(t,z) — 11Lr€11f4 [L*V (t,z) + f(t,x,u)] = 0,0n [0,T] x R". (1.13)

We give sufficient conditions which enable to conclude that the smooth solution of the
HJB equation coincides with the value function this is the so-called verification result.

Theorem 1.2
Let W be a C**([0, T],R")NC([0, T],R™) function. Assume that f and h are quadratic

growth, i.e. there is a constant C' such that
£t 2,u)| + |h(x)] < C [1+|al?], for all (t,2,u) € [0,T) x R" x U.
1. Suppose that W(T,.) < h, and
Wi(t,z) + G(t,x, W(t,x), D,W(t,z), D2W (t,x)) > 0, (1.14)
on [0,T) x R", then W <V on [0,T) x R".

2. Assume further that W (T, -) = h, and there exists a minimizer 4(t, z) of L*V (t, x)+
f(t,z,u), such that
0 =W(t,x)+G(t,z, W(t,x), D,W(t,x), D2W (t,z)) (1.15)
= Wit x) + LEDOW (t,2) + f(t,2,u), '

the stochastic differential equation

dX(s) =b(s, X (s),a(s,x))ds + o(s, X(s),u(s,x))dW(s),
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1.3. TIME-INCONSISTENT PROBLEM 14

defines a unique solution X (t) for each given initial data X(t) = x, and the
process (s, ) is a well-defined control process in U. Then W =V, and 4 is an

optimal Markov control process.

Proof: The proof of this verification theorem is found in the book by Yong and Zhou [76]. H

1.3 Time-inconsistent problem

In a typical dynamic programming issue situation, a controller just needs to choose his
current course of action if he wants to maximize an objective function by selecting the
optimal plan. This is due to the dynamic programming principle, also referred to as Bel-
man’s optimality principle, which makes the assumption that the controller’s subsequent
iterations will resolve the lingering issues from today and behave optimally in the future.
In many cases, however, the DPP does not hold, therefore an optimal control selected at
any initial pair (of time and state) may not continue to be optimal over time. In these situ-
ations, the controller’s subsequent incarnations might behave as opponents of their current
self by having altered tastes or preferences or choosing to base their actions on other goal
functions. Dynamic inconsistency is the term for the aforementioned conundrum, which
economists have long noted and researched, particularly in relation to non-exponential (or
hyperbolic) type discount functions. In [70] Strotz demonstrated that when a discount
function was added to consumption plans, a person can initially choose one plan but then
switch to another. With the exception of exponential discount functions, this would be
true for a wide variety of discount functions. The majority of literature, however, uses
exponential discounting by default because none of the other types could provide clear
solutions. A hyperbolic discount function would be more realistic, according to experi-
mental research findings that contradict this assumption. For instance, Loewenstein and
Prelec [48] suggest that the discount rates for the near future are significantly lower than
the discount rates for the time farther in the future. Another significant example of time
inconsistent problems is the mean-variance optimization problems, which were introduced

by Markowitz [55], in addition to the non-exponential discounted utility maximization.
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The mean-variance criterion’s concept is that it quantifies risk using variance, enabling
decision makers to determine their acceptable risk level and then maximize return. How-
ever, the iterated expectation property is absent from the mean-variance criterion since
the objective functional contains a non-linear function of the expectation. Consequently,

multi-period and continuous-time mean-variance problems are inconsistent with time.

1.3.1 Approaches to handle time inconsistency

Given the inapplicability of standard DPP on these problems, there are three approaches

of handling various forms of time inconsistency in optimal control problems.

Pre-committed optimal strategies

One possibility is to investigate the pre-committed problem: we fix one initial point, such
as (0, ), and then try to find the control process @ (.) that optimizes J (0, zo, .). We then
simply ignore the fact that at a later points in time like as (s, X (s;0, 2o, (.))) the control
u (.) will not be optimal for the functional J (s, X (s;u(.)),.). Kydland and Prescott [35]
argue that a pre-committed strategy may be economically meaningful in certain cases.
In the context of MV optimization problem, pre-committed optimal solution have been
widely investigated in different situations. [62] is probably the first paper that studies a
pre-committed MV model in a continuous-time setting (although he only considers one
single stock with a constant risk-free rate), followed by [6]. In a discrete-time setting, [52]
developed an embedding approach to change the originally time-inconsistent MV problem
into a stochastic LQ control problem. This approach was extended in [82], together with
an indefinite stochastic linear— quadratic control approach, to the continuous-time case.
Further extensions and modifications are carried out in, among many others, [51] and [14].
Markowitz’s problem with transaction cost has recently solved in [26]. For general mean
field control problems, Andersson & Djehiche [4] and Li [47] proposed a mean field type
stochastic maximum principle to characterize "pre-commited" optimal control when both
the state dynamics and the cost functional are of a mean-field type. The linear-quadratic

optimal control problem for mean-field SDEs has been investigated by Yong [74]. The
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maximum principle for a jump-diffusion mean-field model have been studied in Shen and

Siu [67].

Game theoretic approach

We use the game theoretic approach to handle the time inconsistency in the identical
viewpoint as Ekeland et al. [31] and Bjork and Murgoci [15]. Let us briefly explain the

game perspective that we will consider as follows:

o We consider a game with one player at every point ¢ in the interval [0,7). This
player corresponds to the incarnation of the controller on instant t and referred to

"player t".

o The t — th player can control the scheme just at time ¢t by taking his/her policy
w(t,-): Q—R™

o A control process u(-) is then viewed as a complete explanation of the selected

strategies of all players in the game.

o The reward to the player ¢ is specified by the functional J (¢,&;u (+)) .

The dynamic optimality approach

The dynamically optimum strategy is an alternate method for the mean-variance portfolio
selection problem that was put forth by Pedersen and Peskir [49]. Although Karnam et al.
[22] have analogous work, this is an innovative technique to treating time inconsistencies.
Although it differs from the subgame perfect equilibrium method, the strategy proposed
by Pedersen & Peskir [49] is time-consistent in that it is independent of the initial time
and initial state variable. The behavior of an optimizer who continuously reassesses his
position and solves an unlimited number of issues in an instantaneously optimal manner
is also described by their policy, which is intuitive and formalizes a very simple approach
to time inconsistency. The continuous variant of the naive individual proposed by [58] is

comparable to the dynamically optimum individual. The dynamically optimal investor is
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the reincarnation of the precommitted investor at each time t. This is because at time
t, he adopts the same strategy as the time-t precommitted investor, disregards his past
and future, and immediately departs from it by dressing like the time t+ precommitted
investor. Powell [59] notes that the dynamically optimal approach shares similarities with
the well-known methods of repeated optimization along a rolling horizon for engineer-
ing optimization problems with an infinite time horizon, such as the receding horizon

procedure or the model predictive control known as rolling horizon procedures.
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CHAPTER 2

A General Time-Inconsistent Stochastic Optimal Control Problem with

Delay

2.1 Introduction

In this chapter, we develop a theory addressing a broad class of time-inconsistent stochas-
tic control problems characterized by stochastic differential delayed equations (SDDEs).
Importantly, to exemplify the theory’s applicability, we delve into specific example such

mean-variance portfolio with state dependent risk aversion problem with delay.

2.2 Model and problem formulations

Throughout this chapter (€2, F, (ft)te[O,T] ,P) is a filtered complete probability space on
which a one dimensional standard Brownian motion W is defined, whose natural filtration
is (‘Ft)te[o,T} such that Fy contains all P-null sets and Fr = F for an arbitrarily fixed
finite time horizon 7" > 0. Given a closed subset U C R, let b : [0,7] x R® — R,
b:[0,T] xR2x U = Rand o :[0,7] x R? x U — R, be a deterministic functions. We
consider on the time interval [0, 7] the following controlled SDDE

dX4 (s) = {b(s, X5 (s), Y7 (5), 27 (5)) + b (5, X7 (5), Y7 (5) 7 (s)) } ds
0 (5, X5 (5), Y57 (s) 7 (5)) dW (s), s € (0,71,

X8 (s) = £(s), s€[=6,0],
(2.1)

where 7 : [0,7] x Q — U represents the control process, £ is the initial path, Y (s) =
/05 X (s+7)dr and Z(s) = X (s —6) are some functionals of the path segments
{jX (s +7)} el 0 A € Ris a given averaging parameter and § > 0 is a fixed delay. As
time evolves, we need to consider the following controlled stochastic differential equation

with delay starting from the situation (¢,¢) € [0,T] x C ([—0,0]; R)

18
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dX*™ (s) = {b(s,Xﬁﬂr(s),Y£7r ), Z5™ ( S)) b( X ( ),Yg’”(s),ﬂ(s))}ds
o (£, X5 (s), Y57 (s) 7 (s)) dW (s), 5 € [t, T

X8 (s)= E(t—s), s€t—6,1].
(2.2)

For any initial state (t,£) — [0,7] x C ([—0,0];R), in order to measure the performance

of a control process m we introduce the following payoff functional by
J(t,&m) = Epe [F (& X7 (1) + OYS™ (1)) +G (§ Eeg [ X4 (T) + OV (T)]), (2.3)

where, E,¢[-] is the conditional expectation, given that the initial path of X is £, F
R®> - R, G : R*> — R are a deterministic functions, © € R is the weight between
X (T) and Y (T). The terms in the payoff functional J are unconventional. Specifically,
G (§,Eie [X (T)+©Y (T)]) which can be motivated by the variance term in a mean-
variance portfolio problem with delay model [68].

Definition 2.1 (Admissible control)

An admissible control T over [t,T] is a U-valued measurable (Fs), ¢, 7} adapted process

such that

1. For each initial state (¢, (t)), the SDDE (2.2) admits unique strong solution
denoted by X such that X& S%(t, T, R).

2. Boe [F (& X7 (1) + OV ()] + G (&, B [ X (T) + OV (T)] ) < 0.

Remark 2.1
In the rest of this chapter we denote by U [t, T] the set of all admissible control over
[t, 7.

The stochastic optimal control problem can be stated as follows:
Problem 2.1 (V)
For any given initial pair (t,&) € [0,T] x C([~9,0];R), find a # € U [t, T] such that

J(t,&7) = min J(t,& 7). (2.4)

weU[t,T]
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.

Remark 2.2
For given initial state (¢, (t)), any admissible strategy 7t satisfying (2.4) is called a

pre-commitment optimal solution to Problem 2.1 at (t,& (t)).

In general, the above control problem is infinite-dimensional since the objective function
may depend on the initial path in a complicated way. Inspired by [45] to make the problem
finite-dimensional, it is required that the objective function depends only on the initial

path & through the following two functionals

r=£0), y=[ e(ryar (2.5)

Consequently, in the sequel, we will work with a new objective function which is, by
hypothesis, only depending on = and y instead of the whole initial path. More precisely,

we assume that

J(t.&m) =J(twy,7)
= Et,r,y [F (l’, Y, Xﬂf,y,ﬂ' (T) + ®Yx7y7ﬂ- (T))] (26)
+G (2,y, By [X07(T) + OY T (T)]),

where E, ., [[] = E[- | X(¢) = z,Y(¢) =y

2.3 Optimal time-consistent solution

The dynamic optimization problem (2.6) exhibits time inconsistency due to the non-linear
term in the objective functional J, which depends on the combination of terminal wealth
and average performance wealth. Recognizing the significance of time consistency for ra-
tional decision-making, our objective throughout this study is to characterize the optimal
time-consistent solution (also referred to as equilibrium) to Problem 2.1. To achieve this
goal, we will leverage the extended Hamilton-Jacobi-Bellman (HJB) equations, following
a methodology similar to Bjork et al. [15]. It’s worth noting that in [15], the authors
assumed that the state variable is controlled through general stochastic differential equa-

tions without delay. Therefore, we must adapt their definition of equilibriums and their
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extended HJB equations to align with our specific problem, which involves past depen-

dence. To articulate the definition of feedback equilibriums, we first need to introduce

the class of admissible feedback controls (also known as control laws in [15]).

Definition 2.2

An admissible feedback strategy is a map 7 : [0,T] x R* — U such that, for any
(t,€) € [0,T] x C (|~6,0]:R), the SDDE

dXS™ (s) = {b(s, X5 (s), Y7 (5), 257 (s)) + bs, X4 (5),Y*7 (s) 7 (s) } ds
+o (s, X5 (s), Y5 (s5), 7 (s)) dW (s), s € 10,17,
X ()= () =n y=[ ME(r)dr
(2.7)
has a unique strong solution denoted by X such that X& S¥(t,T,R).

We denote by U” [t, T] the set of all admissible feedback control. In addition, we will
sometimes use the notation 7 () instead of 7 (¢, z,y) .

Remark 2.3

It is crucial to note that our assumption entails that the feedback controls are inde-

pendent of z. This assumption can be broadly understood through the representation

(2.6) , which stipulates that the objective function J is solely dependent on x and y.

We refer the readers to [15] and [32] for the the intuition behind this definition.
Definition 2.3 (Feedback Equilibrium control)
An admissible feedback control # € U* [0,T) is a feedback equilibrium control if the

following condition holds
1
B €
where for any € € [0,T —t],

(s, x, for (s,z,y) € [t,t + €] x R,
I RS AR e
#(s,x,y) for (s,m,y) € [t +¢&,T] x R%.

The deterministic function V : [0,T] x R* — R,
V(t7$>y) :J(ta%%ﬁ), (2].0)

is called the equilibrium value function of the Problem (N).
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Remark 2.4

We remark also that the equilibrium value function V do not depend on z, which is

due to (2.6).

Before giving the extended HJB equations and the associated verification theorem for
equilibriums, we define the infinitesimal generator associated to our model [33]. For any

feedback control m € U* [t,T] the operator A” is defined for any ¢ € C'*! ([0, T) x RQ)

as follows
Ao (t,2,y)
0 0 -
= a(f (t,z,y) + ai) (t2,9) {b(t,2,y,2) +b(t,2,9,7)} (2.11)
¢ A, 10°f 2
+@(t,$,y) {JZ‘ € z Ay}+§w (t,ﬂ?,y)a' <t7$>y727ﬂ-)'

Inspired from [15], we formulate the extended HJB equations as follows,
Y (t,7,y) € [0,T] x R?, we have
sup {A™V (t,z,y) = A"f (¢, %y, 2, y) + ATf" (t, 2, y)
—AT(Gog) (t,z,y) +H g (t,2,y)} =0,
Aﬁfxl7y1 (t7 ./,U7 y) = 07
ATg (t,z,y) =0, (2.12)
V(T,z,y) = F (z,y,x+ Oy) + G (z,y, 2 + Oy),
T,z y) = Fay,y, z + Oy),
g9(T,2,y) =z + Oy.

Where V, g, ¥ € 01! ([O,T] X RQ) and f € Cb3h21 ([O,T] X R4> are deterministic
functions, with 7 is the feedback control which realizes the supermum in the V-equation
ie V(tz,vy)€[0,T] x R?
7 (t) = arg sup {A™V (t,z,y) — A" f (t,z,y,z,y) + A" f5Y (t,x,y)
—A"(Gog) (t,z,y) + Hg(t,z,y)},
1. The function f*“¥'is defined by

(2.13)

fxl,yl (t,.T,y) = f(thay;mlayl)? v(taxyyaxbyl) € [OaT] X R4'
2. The function G ¢ g is defined by

(Gog)(t,z,y) =G (z,y,9(tz,y), V(tzy) €0,T] xR
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3. For any m € U

oG
Hg (t,z,y) = 39 (2, 9,9 (t,z,y) A"g (t,z,y), ¥ (t,z,y) € [0,T] x R

Remark 2.5

In this context, the operator A" exclusively operates on variables within parentheses.
Consequently, the expression A™ f (t, x,y, x,y) is interpreted as A"h (t, x,y), where h is
defined by h(t,z,y) = f (t,z,y,x,y). For the expression A" f*"¥' (¢, z,y), the operator
does not act on the uppercase index (x1,y;), considering it as a fixed parameter.
Similarly, in the expression A" f*¥ (t,x,y), the operator solely affects the variables
(t,z,y) within the parentheses and does not operate on the uppercase index (z,y). In
cases where F' is independent of (z1,y;) and there is no G term, the problem simplifies
to a standard time-consistent problem. The terms f™ (t,z,y) + f (t,x,y,x,y) in the

V —equation cancel out, leading the system to reduce to the standard Bellman equation

A"V (t,z,y) =0,
V(T,z,y) =F(r+0y).

(2.14)

2.4 Extended HJB equations and verification theo-

rem

Theorem 2.6

We assume that there exist four functions V, f**¥' f and g which have the following

properties conditions
1. Vv, f*+% f and g do not depend on z.
2.V, f®¥ and g solve the extended HJB system (2.12).
3.V, fru g e L ([0,T) x R?) and f € Cp»2 ([0, 7] x RY) .

4. # € U" [t,T) realizes the supermum in the V-equation.

Then, 7 is an equilibrium control law and V' is the corresponding equilibrium value
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function i.e
V(t,2,y) = Bigy |F (2,9, X7 (T) + OY™ (1)) | + G (2,9, Biay [ X (T) + Y™ (T)]).
(2.15)
Furthermore, g and f have the following Probabilistic representations
f (ta x,Y,T1, yl) = Et,x,y {F <x17 Y1, Xﬁ (T) + @Yﬁ (T)>} 5 (216)
and
g(tx,y) =By [ X™(T) + Y™ (T)] . (2.17)
From this, it follows that
Vit,z,y)=f(tzy2y) +G(y9tzy). (2.18)

Proof: We suppose that V, g, f*''"¥! and 7 satisfy the conditions in this theorem, we start by
showing that g , f*"Y'have the Feynman-Kac representation and that V' is the equilibrium
value function corresponding to #, (i.e. that V (¢t,x,y) = J (t,x,y;7)). Then, we will
prove that 7 is indeed a feedback equilibrium control.

Step I) To show that g has the interpretation (2.17), we apply the It6 formula See [33]
to the process 7 — g (7‘, XT (1), Y™ (7‘)) , we obtain

dg (7,X7(7),Y" (1)) = A%g (7,X7 (1), Y (7)) dr
o N .
+ 52 (X (1) YT (D) o (1. X (7)Y (7) 7 (1) dW (7).
(2.19)
From the third equation in (2.12) and from the boundary condition for g, it follows that
the process g (T, X*(r),Y* (7')) is a martingale, so we obtain our desired representation

of g as

g (t7 xz, y) = Et,x,y [Xﬁ (T) + @Yﬁ— (T):| .
Now applying It6 formula to 7 — f*1 ¥ (T, X*(r),Y* (7’)) , we obtain that
dfrrv (7‘, XT (1), Y™ (7‘)) = Afrov (7‘, X*(r), Y™ (T)) dr

o friv
ox

+ (7 X7 (), Y7 (1)) o0 (7, X (7)Y (7) 7 (7)) AW (7).

(2.20)
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From the second equation in (2.12) and from the boundary condition for f*%¥! it fol-
lows that the process f*¥ (T, X*(r),Y" (T)) is a martingale, so we obtain our desired

representation of f¥1'¥! as
FV(ta,y) = By [F (21,90, X7(T), Y7 (D))
To show that V (t,z,y) = J (t,x,y; ), we use the first equation in (2.12) to obtain

Aﬁ—v (t7 w? y) - 'A'ﬁ—f (t7 x’ y’ x? y) —i—Aﬁ-fw/y (t7 w? y)
— AT (Gog)(t,z,y) +H gt z,y) (2.21)
— 0.

From the second and third equations in (2.12), then (2.21) takes the form

ATV (t,2,y) — AT f (2,9, 3,y) — AT (G o g) (t,2,y) = 0. (2.22)

We now apply the It formula to the process V (T, X7 (1) YR (7')) Integrating and

taking expectations we get

By [V (T, X7 (1), Y*(1))] =V (t,,9)

(2.23)
+Etay [ /t C v (r. X7 (1), Y7 (7)) d’i‘] .
Using (2.22) thus, we obtain
Eiay [V (T, X7 (1), Y™ (T))] = V (t,2,9)
= Biay [{A7f (X7 (7), Y7 (7), X7 (7),Y7 (7)) (2.24)

+AT (G og) (r, X7 (1), Y7 (7)) }dr].
In the same way we obtain
Bty | f (T. X7 (1), Y™ (T), X" (1), Y™ (D)) = f (t, 0., 7,y)
T A A ~ A A
—Eyoy l | AT (7 X7 () YT () X7 (). Y7 (7)) dT] ,
and
Bty [(Gog) (T.X7 (1), Y7 (1))] = (Gog) (t,2,9)

=Ezy [ATAﬁ (Goyg) (7’,)(7AT (1) ,Yfr (1) ,AX'TAr (1) ,Yfr (7-)) dT] ,
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using the two later inequalities and the boundary conditions for V, f and g we get

V (t2,y) = Buay [F (2,9, X7 (1), Y* (1)) | + G (2,9, Bry [ X7 (1) + OYF(T)]) .
(2.25)

using the two later inequalities and the boundary conditions for V, f and g we get

V (t2,9) = By [F (2,9, X7 (T), Y™ (T))] + G (2,4, By [XT(T) + 0¥ (T)]).
(2.26)
Step II) The purpose of the second part of the proof is to emphasize that 7 is an
equilibrium strategy. For any admissible strategy 7, we define f™ and g™ by

fﬂ(taivayaxlayl) = Et@,y[xla yl,Xﬂ—(T) + eoYy” (T)]v

(2.27)
9" (t,2,y) = Biay[XT(T) + OYT (T)],

Noting that f = f* and ¢ = ¢* for # = #. For any ¢ > 0 and for any admissible
strategy, we move to construct an admissible strategy as in definition 2.2.
By Lemma 3.3 in [15] applied to the points ¢ and t + € , we get

J(t,z,y, )

=iy [J (t+8 X" (t+2), Y™ (t+2),7°)]

- (Et@?y [f“s (t 46, X" (t+¢e), Y™ (t+e)t+e, X" (t+¢e),Y™ (t+ e))} (228

“Epay [T O+, X7 (t+2), Y™ (t+2).t,2,7)|) '

~ (Biay |G+, X7 (t4), Y™ (t+ ), 0™ (46, X (t+2), Y™ (t+2))]

—G(t+e,2,9y,Eay {g’ra (t+e, X™ (t+e), Y™ (t + E)D .

It is easy to remark that for any € € [0, — ]

f R?
WE(S,.T, y) — {W(S,l',y) or (87‘7:7 y) e [t7t + E] X 9 (229)

H(s,2,y)  for (s,0,9) € [t +e,T) X R?,
and by continuity, we have X™ (t+¢) = X"(t+¢) and Y™ (t+¢) = Y™(t +¢). Then we
get that

J(t+e X" (t+e), Y™ (t+e),7°) =V (t+e X (t+e),Y(t+e)), (2.30)

and
Fo (4 e, X7 (), Y™ (t+e), X™ (t+2), Y™ (t+2))
= (e, XT(t+e), Y™ (t+e), X (t+e),Y™(t+¢)), (2.31)
Fo (e X740 YT (4 ) wy) = F (146, XT(t42),YT( +e),z.y),
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and

g’rE (t+¢, X”E(t +e), y™ (t+e)=gt+e, X" (t+¢),Y"(t+¢)).
Consequently

J(t,z,y,m°)

=Eiay[V(+e, X (t+e),Y(t+¢))]

—(Etaoy[fTt+e, XT(t+e),Y (t+e),t+, X (t+¢),Y" (t+¢))]
—Eppy [T+, X" (t+¢), Y™ (t+¢€),t,2,y)])

—(Etpy [Gt+e, X" (t+2), Y (t+¢€), 9" (t+&, X" (t+¢), Y™ (t+¢))]
—G(t,2,y,Braylg" (t+e, X7 (t+2), Y™ (t+2))])),

(2.32)

furthermore, including to the extended HJB equation we have that

va(ty €, y) - Aﬂf(ta z,Y,T, y) + AﬂfLy(t) €z, y)
—ATN(Gog)(t,x,y) + Hg(t, z,y)
<0,

which implies that

EiayV(t+e, X (t+e),Y™(t+¢))] - V(L z,y)

—(Etay[fTt+e, X"(t+e),Y (t+¢e), X (t+¢), Y (t +¢))]

—ft oz y, tx,y) + By [T+, X™(t+6), Y™ (t +¢),2,y)]
—f(tz,y,2,y)

—(Etaoy [Gt+e, X (t+¢e), Y (t+¢),g" (t+&, X" (t+¢),Y"(t+¢)))]
G (t,2,y,9(t,2,9)) + G (t, 2,9, Eruy [§7 (t+6, X (t+), YT (t +¢))])
—G(t,z,y,9(t,2,9))

< o(e).

(2.33)

After numerous simplification, we get

V(t,z,y)
>EipyV(E+e, X" (t+e), YT (t+¢))]
“Eiay [T+, X (t+e),YT(t+e), X (t+¢), Y™ (t + ¢))]
FEi oy [T (t+e, XT(t+€), Y™ (t+¢),2,y)] (2.34)
—Epy G+, X (t+¢), Y (t+€),9" (t+e, X (t+¢), Y (t+¢)))]
+G (t, 2,y Eipy lg" (t+2, X (t+€), Y™ (t +€))]) + o(e),
= J(t,x,y,7°) + o(e).
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We have already proved in the first part that V (¢, z,y) = J(t,z,y,7). So,
J(t,x,y,7) — J(t,x,y,m) > o(e), hence

J(t,z,y,7) — J(t,:c,yme)} >0 (2.35)

lim inf {
€

el0

As a result, 7 is an equilibrium strategy. |

Remark 2.7
Given that the infinitesimal generators A™incorporates coefficients from the SDDE

(2.7) that depend on z, it follows that the coefficients of the extended Hamilton-Jacobi-
Bellman (HJB) system (2.12) are also contingent on z. Consequently, we cannot a
priori anticipate solutions to the extended HJB equations to be independent of z in
the general case. However, the following theorem outlines necessary conditions on the

functions b, b, o, F, G for verifying condition (1) in the precedent theorem .

Theorem 2.8
If the extended HJB system (2.12) has a solution V', f and g which are independent

of z. Then the following conditions have to be verified

b(t,z,y,2) = a(t,z,y) + 28 (t,z,y), (2.36)
and that
06 o .06
5 (L) = A (231)

where & (t,z,y) = a (t,2,y) — \By

and

ob )
ay(twr?y”z)_e Bax(tix7y7z)7
ob . s ob N
gy(t7x7y7w(t))_€ ng(tax7y77r(t))7
Tty 7 (1) = €MB o (fay, 7 (1),
dy Oz (2.38)
© a—F(:c :c—l—@)—l—a—G(x x + Oy)

8y 7y7 y ay 7y7 y

oF oG

_ A i -
=€ 5(837 (x7y7x+@y)+ 5:5 (x7y7w+@y)>a
O = .
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Proof: According to the infinitesimal generator given in (2.11), we get

A"V (t,2,y)

%‘tf (t,x,y) + (z‘; (t,z,y) (b (t,z,y,z) +5(t,x,y,7r (t)))

oV _5) 10%V
+ 5y Bon{e =My S () o (twwT (1),

for f

‘Aﬂ-f (t x? y? m? y)

_of

0 0
=5 Loy, 2,y) + <8f(t T,Y,T,Y) + 5 ! (t,z,y,z, y)> {w—e"”z—ky}

oyt
+<g£(t,x,y,x,y)+ txy,xy)( (t,z,y,2) (twy, (ﬂ))

0% f 82f 0% f 9
ZJ 9~ J
+5 (a 5 (LY, @,y) + 922 (t,z,y,7,y) + 9205 (tz,y,2,y) | o (tz,y,7(t)),

fOI' fxl Y1

‘Aﬂ—fxlhyl (t7 :L" y)

O frLyL O frLyL _
- fat (t,x,y) + fa (ta x,y) {.’IJ — € 6)\2 - )\y}
o fru - 192 friy
+ 2 ) (b (6,,2) B w (0) + 50 () (7 (1),
for Gog,

A™ (G og) (t,z,y)
= AﬂG(x7 y7g(t7 &, y))

oG g
- j(x’yag(tvxay))a (tal‘ay)

0
0
+(5
0
iy
1

G oG 0 _
y (ﬂ?,y7g(t,$,y)) + ag('r7yag(taI’y))az(t7$7y)> {JJ —€ 6)\2 - )‘y}
S eglte ) + 5 gt G tn) (bt w02) + 5 (6o (1)

ox
aQG 82G 829
5 (ala(l‘ayag(tvxay)) + Tf(x’yag(tax?y))a 2(t X y)

+
aG 82g 892G g )
il 9~ =
+ g (.9, 9(t,2,9)) 55 (t,2,y) + axag(%y,g(t,x,y))ax(t,fc,y) o (t,x,y,m(t)),
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2.4. EXTENDED HJB EQUATIONS AND VERIFICATION THEOREM

and

H"g(t,z,y)
= —G(x (t,z,y)A"g(t,x,y)
- ag 7y>9 b 7y g b 7y

= (Zj(fc,y,g(t,x,y)) (gt (t,z,y) + %(tw,y) (b (t,2,y,2) +5(tv$7i‘/v”(t)))

g e, 1 9%
+ 5, b {e =M dyb ot s on e ey (0) )

Next, substituting the above results in the extended HJB equations (2.12), the extended

HJB system becomes

i
ot
{x —e P Ayt 4+ btz y, 2

1% f
(5 ) - 55 (. o0) - a8 ()

oV of oG dyg )
t = (¢ 2 = =2 (¢
(7x?y)+(8y(7x?y) 8y1(’x7y,x’y) 8y(7z’y) 8y(7m’y)
)

0
ov o ) )5
wsup { (5o (o) = 51 () = o (o) g (o)) Bt
1 [(0*V 0% f 0% f 0’G
+§ W(vay)_aix%(tal‘)ghxvy)_za 8 (t,x,y,x,y)—w(t,x,y)
e - e dg ,
_TQ(tw’y)aTc%(t’x’y)_233389@’95’9)87(75 T y) g (taxvyaﬂ(t)) _O>
8.]"11»111 8 x1,Y1 - N
gfm y(t,:v,y) + =5 t2y) (b, 193812/} 2) : b(t,,y,7 (1))
Y1 Y 1 T1,Y1 9 R _
+ 8y (t,x,y) {ZL‘ € y—= )‘ } + 2 8 2 (t,:z:,y)o’ (t,l',y,ﬂ'(t)) - 07
99 (1 2.4 (t,,y) (b(t,,y,2) +b(t,2, ) I (t,z,y)
o\ Y) ) Y,z Y, T y Yy
g

fo—e zfAy} 2 ) o? (A () =,

V(T,z,y) = F(z,y,x+0y)+ G (2,y,2+ Oy),
ffﬂl,yl (Tvxay) :F($1791a$+@y)a

g(T,z,y) =z + Oy.
(2.39)

We wish to obtain necessary conditions on b, g, o, F, G, for ensuring that the system of

equations (2.39) has a solution independent of z. So, differentiating the equations of the
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system (2.39) with respect to z we obtain

B1% of aG g >
Ay — L " ¢
<8y(,x,y) ayl(,x,y,m,y) ay(,w,y)ay(,w,y)

ov of oG dg b
_ 0
=e€ <a$ (ta ay) (t z,y,x, y) 61‘ (taxay)ax (t7$ay)) 82 (t,l‘,y,Z),

oy
of of b
By (t,z,y,z,y) =€ ?(’ Y, T, y)6 (t,x,y,2),
99 _ 99 b
6 (t,:r,y) =€ ax (t7x7y> 82’ (tax7y7 Z)a

dg

af 0G af
(t,m,y) 87y1(t’x7y7$7y) 8y<t7x7y)ay(tux7y)> ) aiy(tvxuyaxluyl)

Replacing <(9V
dy

and ? (t,z,y) in the equations of the system (2.39) we get
Yy
ov o (OV of g >
7 (tay) + {P (G0 () = 57 (tayoy) = 5 ()5 (o)
a—(t,x,y,z) z—e P2y
z
oV 0 0
+ (ax (tvxay) 7f (taxay) - (taxvy) ag (t,x,y)) b<t7x7ya z)
oV f e
+sup { (T tag) = 5 (b = G ta) 22 () Dt )
1, 82V 0 f o2 f
t50 (t,z,y,2,7(t)) w(t,%y) Tx%(t’x’y)_zaxﬁx (t,z,y)
0*G %G 0? %G 0
B 61»2( ) 7y) aig(ta:l%y)aix% (t,:v,y) - 283}8g(t’x’y)8 (t,x,y))} - O’
of ax0f ob o,
5 (b2 Y2 y) + e o0 (t2,y,2,y) o (6 2,9, ) {z—e Py -2z}
of
+os Ly ) { (t,,,2) + b(t, 29,7 (1)}
1
+50° (6o, 7 ()) (t:ry,xy)—()
dg x99 ob o
¢ (Lo y) T e o (G a,y) o (e, y, ) {z—e 2=y}
+99 4 0 ) {b(tw,y,2) +b (L2 ﬂ())}+102(t z,y, 7 (1)) 9 (t,z,y) = 0,
8w 7 7y ) 7y7 ) 7y7 2 ) 7y7 8 2 y
(2.40)
We take
(2.41)

b(t,z,y,2) = a(t,z,y)+ 28 (t,x,y).
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We obtain

oV oV of a6 g )
at (t x y)+ <8£L’ (t,m,y) Tm(tax7y7'r7y) ox (t7x7y)8x (t,m,y)

B (t,z,y){z — Ay} + a(t,z,y)

ov oG 0
(55 (o) = 5 (tp.9) — () 52 (120)
Tl 8f Xz 89 B
s { (5 <uay»;a%(ux4hagw—a@nawaxaiaw)buﬂa%wu»
1, 82V 2 f o2 f
+§U (tvxayaﬂ-(t)) (81‘2 (t,x,y) Tﬁ(tmvyvxuy) 28$8(E1 (t,x,y,x,y)

0*G oG 0%g 0*G dg
_W(tax7y) - Tg(t’x’y)ﬁix% (t,x,y) - 2@(@%3/)% (t,x,y) - 07

%th%myn++eéfax%xmmﬁawwnm—w}
+ (0 () 4B (0,7 (1)) 2 (0,y.21,m)

12 o P
+§0— (t7m7y77r(t)) ox 2 (t x y>$17y1) - 0

0

ot
( (t,z,y) +b(t,x,y,# ()))—I—%UQ(t,a:,y,fr(t))gZ(txy)—O

aaxm+W®awamemwm+ﬁm%w

(2.42)

Which does not contain any z. The last step is to ensure the equalities

o O LT T,
(G (o) = o (b p) = y (b0, (o0
9

oV f oG ob
_ 0 _ _ -7 _
gfe (81’ (t,:r,y) a (ta'xayaxay) 8$ (tvxay) 8.%' (tax7y)> 82 (t,.’L‘,y,Z),

af
oA
t,x,y,x1, =e
93/( Yy lyl)

@ . (5/\69 (9b
ay(tax7 )—6 ax(a 7y)8 (t.ﬁ(}y, )

z (2.43)
(t x yaxl’yl) Oz (t x,y,z),

If we introduce a new variable ¢ such that

0 _ 0

0
— e — 2.44
ag 8y € ﬁ(t7$7y) 81” ( )

then (2.43) states that

oV of oG 99 _
a~ (t7x7y) 8g (t7x7y7m7y) 89 <t7x7y) ag (tvxay) - Y

(t €T yamlayl) O (245)

9

8~(lt:vy)—O
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Hence, V , f and g have to be independents of §. Consequently, differentiating the
equations in the system (2.39) as well as the terminal conditions of this system, we find

that our conditions which are supposed in the beginning must be verified. |

In the next section we will apply the above theory in a mean variance portfolio problem

2.5 Application in mean-variance portfolio with state

dependent risk aversion with delay

In this section, we assume that an investor can invest in a financial market, in which
two securities are treated continuously, one of them is a bond with price Py(s) as time

s € [0,T] governed by
dPo(S)
Fo(s)

where ro : [0,7] — (0,400) represents a deterministic function denoting the risk-free

= ro(s)ds, Py(0) =po > 0, (2.46)

rate. The additional asset, termed as risky stocks, is characterized by its price process P;

which follows the following stochastic differential equation

dPl(S)
Pl(S_)

where r; : [0,7] — (0,400) and o : [0,7] — R represent the appreciation rate and

= 71(s)ds + o (s)dW (s), P(0) = py >0, (2.47)

the volatility of the risky stock, respectively. W is a one-dimensional standard Brownian

motion.

2.5.1 Wealth process

Starting from an initial zo > 0 at time 0, a trading strategy is one-dimensional stochastic
process denoted by 7, which represents the amount invested in the risky stock at time
s € [0,T]. The dollar amount invested in the bond at time s is given by X**7(s) — m(s),
where X*®™ is the wealth process associated with the strategy 7w and the initial capital

Zo. So, the evolution of X**™ can be described as
dP()(S)

dXIOJr(S) = {Xl‘oﬂl'(s) - W(S)} Po(S)

Pi(s)” 0.7} (2.48)
Xxo’ﬂ(O) = Zg.
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Accordingly, the wealth process solves the following SDE

AXT(5) = {ro(5)X77(s) + pl(s)(s)) ds + m(s)o()dW(s), s € 0.7,
X*™T0) = o,

(2.49)

where p(s) = r1(s) — ro(s).

Noting that the wealth process of the investor is traditionally formulated as in (2.49) is
the stochastic differential equation without delay. We refer readers to [16] for the optimal
time-consistent solutions of the above model.

In this formulation, we define a wealth process with delay, influenced by instantaneous
capital inflow or outflow from the investor’s current wealth, as discussed in [68] and [69].
Still denoting the investor’s wealth process by X™, we introduce the processes Y7 (s) =
/06 e’ X™(s +7)dr and Z™(s) = X"(s — ), where A > 0 is an average parameter and
5_6 R represents the delay period. The process Y™ (s) denotes the average of the wealth
over the past period [s — 4, s|, while Z™(s) provides point wise delayed information about
the wealth at time s € [0, 7T].

We consider a function h(s, X™(s) — Y™ (s), X™(s) — Z"(s)) representing the amount
of capital inflow/outflow. Here, X™(s) — Y™ (s) signifies the average performance of the
wealth in the delay period [s — , s], and X" (s) — Z™(s) represents the absolute perfor-
mance of the wealth throughout the delay period [s — ¢, s]. Such capital inflow /outflow,
linked to the past performance of the wealth, can manifest in various scenarios. For in-
stance, favorable past performance may lead to increased gains, enabling the investor to
distribute dividends to stakeholders. Conversely, poor past performance may necessitate
seeking additional capital injection to cover losses, ensuring the achievement of the final
performance objective. As in [69], taking into account a capital inflow /outflow function

h, we suppose that the insurer’s wealth process is governed by the following SDDE
dX7(s) = {ro(s)X"(s) +m(s)p(s) — h(s, X"(s) = Y™(s), X"(s) = Z7(s)))} ds
+o(s)n(s)dW(s) , for s € [0,T]

X"(s) = &(s), s €[=0,0], {(s) € C([—6,0];R).
(2.50)

To make the problem affordable, we assume that h has a linear structure as follows

h(s, X™(s) =Y7(s), X™(s) = 27(s)) = a(s)(X"(s) = Y7(s)) + 5 (X7 (s) = Z7(s)), (2.51)
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where « : [0, 7] — R, is a deterministic uniformly bounded function, 8 > 0 is a constant
such that r79(s) — a(s) — f > 0. Invoking (2.51) in equation (2.50) we obtain the wealth

process should satisfies the following SDDE

dX™(s) = {u(s)X™(s) + p(s)m(s) +aY7(s) + BZ7(s)}ds + o(s)n(s)dW (s), s € [t,T]

X"(s) = &(s—t), for s e[t —4,t,
(2.52)

where £ € C([—6,0];R) and pu(s) = ro(s) — a(s) — 8. According to Lemma 2.1 in [68], for

any admissible strategy 7, the state equation (2.52) has a unique solution X7 .

2.5.2 Equilibrium investment strategy solution

For any fixed initial state (t,£) € [0,T] x C([-9,0];R), the purpose is to choose an in-
vestment strategy m by maximization of the conditional expectation of terminal wealth
and average wealth over the period [t — §, 7], while trying at the same time minimize
financial risk. Interpreting risk as the conditional variance. So the optimization problem

is therefore to maximize the following utility

J(t,& 1) = J(t,z,y,m) (2.53)

= By [X™(T) + OY™(T)] - ’V(‘; Wyar, , [X7(T) + OYT(T)],

where E, , ,[-| = E[- | X(t) =z, Y(t) = y] and Var,,,[-] = Var[- | X(t) =z, Y(t) = y],
subject to U [0,T], where X™ satisfies (2.52), © € R is the weight between X (7T') and
Y (T). As in Bjork et al. [16], let the deterministic function

v
Y(z,y) = P (2.54)

as a state dependent risk aversion where v > 0. Consequently, in this subsection, we
interest by an objective function which is only depending on = and y instead of the whole
initial path. More precisely, we suppose that The mean-variance optimization problem

becomes

V(t,z,y) = sup {Etvx,y[X”(T) +OY™(T)] — ’V(Q;y)Varmvy[X”(T) + @Y”(T)]} . (2.55)

Before formulating the extended HJB equations and the associated verification theorem

for the equilibrium, we give firstly the infinitesimal generator corresponding to the above
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model.
For any feedback strategy 7 the operator A™ is defined for any function
d e CH*([0,T] x R?) by

T _ oo aiq) =6,
ATO(t,x,y) = %g z.y) + 5. (tay) {z—ez - My}
+o (o y) e+ m()p(t) + alt)y + fz} (2.56)
102 2
302 (B0 (1)
By (2.54) , we get the following derivatives @(a:, y) = —%,
Oz (z + Oy)

0 ) 0? 2
l(m, y) = — 7 5 and Z(x, y) = 773, where the value function V' which is
y (x + Oy) Ox (z + Oy)
given by
7
V(t,]},y) :f(tvxayvxay)+mgz(t7xay)' (257)

its derivatives are the following

oV f v dg
— (2 = —(t t
g‘é(,x,y) g}(w,yw,yH%}r@y 9t z,y) 5 (t,2,y),
i 2
—(t = —{(t —(t S
ax ( ,ZE,y) ax( 7xay7xay)+gx (,:E,y,x,y) 2($+@y)29 ( ,x,y)
Y g
Ay gt z,y)5 (¢ 2, y),
o2V 02 f 02 f 2 f
81'2 (tal‘yy)_ a 2<t$y,x y) 8 2(tZEy7$ y)+28 0x(;t’x’y’x’y)
i 2 i g
+— Py —2———g(t,x tx
($+@yg);g( y) (=1 Oy )29( aQy)a (t,2,y)
Y g i g
—(t t t
B% g$+@y8x2(’x’y)+ F oyt W gt oy B
Y g
o (t,z,y) 8y( ,fv,éy,x,y) * o (t,z,y,7,y) + $+@y9(t,x,y)ay( ,T,Y)
i
_2($+@y)292(t7:€,y>’

(2.58)
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where f and it’s derivatives are evaluated at (¢, x,y, x,y) while g and it’s derivatives are

evaluated at (¢,z,y). Substituting the above expressions into (2.39) , we get

of dg
E(tvw7yvm7y)+ (t T y)at(tvxay)

Y
:B—i—@y
of v dg —5A
+Sl:_p { <8y1<t7way7$7y) + T+ @y9<t7$;y)ay(t7$,y)> {I — € Z — )\y}

+ gi(t,x,y,x,y) + - +7®y g(t,x y)gg (t,x y)> {ut)z +7(t)p(t) + a(t)y + Bz}
by (Gt + ot a0 (1000 @) | <0

0 0 _
éf(t%%%@ + é;(t’xvyaxvy) {ZL’ —€ 6>\Z - )‘y}

+gf (t,z,y,x,y) {pt)r + 7(t)p(t) + o(t)y + Bz}

by 00 y.) GO0 () =0,
Zi(t, y) + gz (tz,y) {z — ez = xy} + gi(t, z,y) {u(t)z + 7 (1)p(t) + alt)y + pz}
b 080 2,) (D)o (1) =0
(2.59)
Remark 2.9

For finding explicitly the equilibrium investment strategy we consider the following

theorem .

Theorem 2.10

For the mean-variance problem (2.55), we assume that the equilibrium investment

strategy is given by
#(t,x,y) = c(t)(x + Oy) + k(t), (2.60)

T T

p(t) /—n(t)du /(A(U)—W(U))du
t t

2 (tW e + e

c(t) =

-7

k(1) = /”“d“/ /A(““ 9+ ds— e o

(2.61)
Where A(t) = u(t) + © + p(t)e(t), 1u(t) = rols) — a(t) — 8, B(t) = p(s)k(t),
C(t) = ot)e(t) . x(t) = o(t)k(t) and n(t) = A(t) + C*(1).
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Proof: By assuming that 7 (¢, z,y) = c(t)(z + Oy) + k(t), where ¢ and k are a deterministic
functions, by substituting the value of 7 (¢, z,y) into (2.52) , we derive the following
wealth process

AX7(5) = {u(s)X*(s) + p(8)els) (X*(s) + OY7(5)) + p(s)k(s) + ()Y (s)
+B27(s) } ds + {o(s)e(s) (X7 (s) + OV (s)(s)) + o (s)k(s) } AW (s) -

(2.62)
Noting that from Theorem 2.8 the following conditions hold
0 =B, a(t)— A0 = (ro(s) — a(t) — B+ 0)0, (2.63)
where a(t) = B (u(t) + e + ), u(t) = ro(s) — a(t) — B
and Y™ () = (X7(t) = AY(t) — e~ 27 (1)) dt,
Hence, we get
d(X*(s) +0Y7(5)) = {A(s) (Xﬁ(?) + eyﬁ(f)) + B(t) } ds .6
+{C(s) (X7 (5) + OV (5)) + x(1) } AW (5),

where A(t) = pu(t) + © + p(t)c(t), B(t) = p(s)k(t), C(t) = o(t)c(t) and x(t) = o(t)k(t).
3 3 R 3 2
Next, we calculate E [X“(T) + @Y’T(T)] and E [(X”(T) + @Y“(T)) }here
X™(s) = z and Y™(s) = y. To calculate those we construct the following exponential

martingale
AM(t) = M(2) ({—A(t) + 02(t)} dt — C(t)dW(t)) ,
this implies that
M(t) = M(0) exp {/Ot <{—A(s) + ;02(3)} ds + C(s)dW(s)) } ,

then

//\\4/1((751}) = exp {/tT <{A(s) - 302(3)} ds + C(s)dW(s)> } ) (2.65)

Moving now to apply Itd’s formula to (Xﬁ(s) + @Yﬁ(s)) M(t) we get
d ((X7(t) +OY (1)) M(1)) = M(t) {(B(t) + C()x(t)) dt + x(H)dW ()} .

Next we take expectations, integrating from ¢ to 7" on the above equation then rearranging

it, we get
X*(T)+OY*(T) = (z+ Oy) A/‘:l‘((;))
T S
+/t { (/\A//ll((T))> {(B(s) +C(s) x(s)) ds + x(s)dW(s)}} ,

(2.66)
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With X™(s) = z and Y™ (s) = y.
Consequently,
E [X7(T) + Y™ (T)| = Pi(t)(z + Oy) + Qi (1),

E [(Xﬁ(T) 4 @Yﬁ(T))Q] = S(t) (x+ Oy)> + Po(t)(z + Oy) + Qs (1),

T
A(u)du
and noting E {ﬁg})] = e/t . So, we obtain

T
/ A(u)du
Pyi(t) = e/t , (2.67)

and T
_ /t Te/s A B (5) 1 C (5) x(s)) ds. (2.68)

By (2.66) we can derive
R ) 2
(x*(1) + @W(T))

= (z + Oy) (

) + ( tT Mis { (s) + C (s) x(s)) ds + TX<3>dW(S)}>

(/:T {M 18“)) {(B(s) +C(s)x(s)) ds + x(s)dW(S)}}> ,

Hence, we get

T
Alu A(w)+C?(w)))du
S(t):e/t((”((” )

= (2.69)
where 7(t) = A(t) + C? (). And
Py(t) = 2E [ﬁg}) ( tTﬁ((S)) {(B (s) +C’(s)x(s))ds+/th(s)dW(s)}>1 -
2 o [ o (B(s) +C (5) x(s)) ds.
And ;
Q2 (t) =E l / ! /\A:((;)) (B(s) + C (s) x(s)) ds + X(s)dW(s)] . @)
We have already that
[t @,y 21, 91) (2.72)
= Epay [(X7(1) + OY*(1)))] - mﬂzt” [(Xff(T) + @Yﬁ(T)ﬂ
= PO +0) + Qut) = 5o [S(0) (o + 09)° + Pa(0)(w + 0) + Qa(0)]
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with
g(t, 3, y) = B0y [XT(T) + OY™(T)] = P1(t)(z + Oy) + Q1(1). (2.73)

As 7 is the feedback control which realizes the supermum in the V- equation . Let we

define
(r) = (gf (t,z,y,2,y) + x+7®yg(t x y)g (t,x y)> {x—e*&z_)\y} (2.74)
- (gf(t,a:,y,x,y) + a:J@yg(t z y)g t,a,y ) {ut)z +7()p(t) + a(t)y + Bz}

2 82
+35 (a J;(t T, Y, T, y) + :Cﬂ—’)/@yg(t’x’y)al‘g(t?x?y)) (ﬂ-(t7$7y)o-(t))2'

Let differentiating the function ¥ with respect m we obtain

o0 = (Gt + gt o) o) (2.75)

0% f vy d%g 2
+ (6 5t 2y, y)—i_mg(tawvy)W(tax?y) m(t)o=(t).

By the first order condition of optimum, we get

ot ) 22 0.0)) 1)

g(t,x,y)?é(t,m,y)) 7(t)o?(t) (2.76)

;
t , +
(toyy) + o

< (t,x,y,z,y) +

Y
x + Oy
=0.

Which implies that

of g g
p(t) %(tamaya'xay)+x+@ g(t,x,y)%(f,x,y)
#(t) = — 0 d - (2.77)
o?(t) O f gl 0g
52 b8y, Y) + x+@yg(t,w,y)a 5 (L T,y)
We move now to calculate the following derivatives
of gl gl
= (tx,y,21,y1) = —————S(t) (x + Oy) + P (t) — —————Py(t),
g (720 = S0 a0 0 gl
f gl
t ; ) 75 3 ’
g 7.2 BTy ey = @1 T 001 (t) (2.78)
agaxy> Pi(t),
8%9

Consequently, by substituting the derivatives in (2.78) , so, the equilibrium investment

strategy is given by

p(t) | (P1(t) —vS(t) +vPE(H) (x +Oy) L @Oh®) - 3D2(1)
o?(t) —S5(t) —5(t)
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Hence, by comparing with our assumption we find finally the values of the functions c

and k as following

()= PO | Pilt) —a5() +PE(t)
o?(t) =S (t)1 ’
i — p(t) Q1(t)Pi(t) — §P2(75) (2.80)
= o Ssw |
Where
Pi(t) —yS(t) +yPE(t) _ P(t)  PE(t) 1
—75(t) yS(@t)  S()
T T
_ ;16 ; —n(wydu e/t (A(u)—n(u))du 1
Y
T T
_ -1 e/t —n(u)du n 76/t (A(uw)—n(u))du .
~
and
T /T
Q1(t)Pi(t) — 5 P(t) - | nwdu (T A(u)du
= — S B
e e T e (B () +C () x(5)) ds
T 7/ n(u)du
—/ e Jt ds
t
Thus, the proof is completed. |
Remark 2.11
The corresponding equilibrium value function is given by
x?

V(t,z,y) = f(t,z,y,z,y) + 7(2‘1/)92(75, ,y)

_ N 2

= Pi(t) (¢ +6y) + Qu(t) = 37—y [SO) (2 + 09 + Pt)(z + 6y) + Qa(t)]

v 2
—— (P .
ey (AT Oy) + Qi)

Remark 2.12

e From the precedent theorem, it is easy to see that the investment equilibrium

strategy does not have completely explicit expression because c(t) and k(t) satisfy
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integral equations (2.61).

 The existence and uniqueness of solutions for non linear integral equations (2.61)

will be discussed and proved in the next section .

e The equilibrium strategy is obtained by constructing exponential martingale.
Theoretically, it is difficult to find the martingale process for the wealth evolution
equation with delay . In the case of two conditions (2.63) we obtain the stochastic
differential equation corresponding to the terminal wealth X™ (t) +© Y™ (¢) ,on
the basic , we construct the exponential martingale corresponding to the terminal
wealth process X" (t) +© Y™ (t) , where the two conditions (2.63) play a key

role in seeking the equilibrium solution .

2.6 Existence and Uniqueness of solutions for inte-
gral equations

In this section, in the following theorem we prove that the system of integral equations
(2.61) has a unique global solution.

Theorem 2.13
The system of integral equations (2.61) admits a unique solutions c(t), k(t) € C(]0,T])

where C([0,T1) is the space of continuous functions defined on [0, T.

Proof: Firstly, we consider the integral equation for ¢ and constructing the following

sequence ¢;(t) € N;i € N

T T
pt) | - / M1 (w)du / (Aimt () =n—1 () du (2.81)
e Jt + yelt —

where
Ai—1(t) = p(t) +© + p(t)ci-a(t),

(2.82)
Ni1(t) = p(t) + O + p(t)ei_1(t) + o(t) e (t).
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Next, by the following (i), (i) and (iii) three steps, we show that the sequence {¢;(t)},cy
converge to ¢(t) in C([0,T7).

(7) Our purpose in this step is proving that ¢;(¢) is uniformly bounded in C([0,T7).
So, noting that
i1 (s) = Aimi(s) = 0%(s)ci_y (s),
and remarking that

ni—1(s) — Ai—1(s) >0,

for all i € N and for any s € [0,T], by applying Cauchy-Schwartz inequality hence,

T T
p(t) —/ (Ai—1(s)+mi—1(s)—Ai—1(s))ds / (Ai—1(s)—mi—1(s))ds
y< e Jt t

a2 (t)y e -7
(2.83)
T
— | Ai_i(s)d
< PO /t (s .
~ a3 (t)y
t
where 5213 is a deterministic positive and uniformly bounded function while
oe(t)y

p:10,T] — (0,400). Thus to prove that {c;(t)},cy is uniformly bounded in C([0, T7), we
T

only need to show that e~ i Aie1()ds upper bond for all i € N and for any ¢ € [0, 7.

Let A; (t) = p(t)ci(t), then we arrive at

T T
*/ ((8)+O+A 1 (s)+ni—1(s)—Ai—1(s))ds /(Ai—l(S)*m—l(S))dS
t)yqe Jt + velt

A (t) = r( (s

(2.84)

where k(t) = p(t) > 0. So, we have the inequality

T
_/ [Ai(s))ds T—t)y(T—t TN
—k(t)y < A; (t) < k(t)e Jt < k()M T=NT=D) < () TNT - (2.85)

for all i € N and for ¢ € [0,7] . That is

T
—/ Ai_l(s)ds N /t
e Jt =e

holds for any ¢ € [0, 7]

T
H(S)+9+P(S)Ci—1(3)> ds
< M, (2.86)

(1) We show that {c;(t)},cy is uniformly bounded in C([0,77]).Then according to the

definition of recursion, it is not difficult to see that ¢;(¢) is continuously differentiable for

Mohamed Khider University of Biskra.



2.6. EXISTENCE AND UNIQUENESS OF SOLUTIONS FOR INTEGRAL EQUATIONS 44

all i € N and we derive, we get

T
/ t _/ ni—1(u)du /(Ai,l(u)—ni,l(u))du
)= L9 we oy (i (8) — Ag (1)) e

(2.87)

T T
pl(t) _/ ni—1(u)du / (Ai—1(w)—ni—1(u))du
+ 3 |e 7t + yest -7

T T
20" (t)p(t) —/ ni—1(u)du / (Ai—1(uw)=ni-1(u))du
— t t —
O e !

Thus, because {c;(t)};cy is shown uniformly bounded on [0,T] in the precedent step.

Consequently, we conclude that{c;(t)} ,eNis uniformly bounded on [0,77] .

(747) In this step, we prove the existence and uniqueness for ¢(t), for any s,t € [0, 7]
and applying the result from step (ii), we obtain

1

d
/%Ci(S—FU(t—S))dU

0

ci(t) — ci(s)] =

SMO(t_S)¢

1
(t=5) [cils+ult = s))du
0

(2.88)
Where My is constant independent of i € N. Hence the sequence {c;(t)},cy is equicontin-
uous, since we have already proved uniform boundedness in step (i), The Arzela-Ascoli
Theorem implies that there exists ¢ € [0,7], and exists a subsequence{c;, } such that
¢i, — ¢ . Taking limit in (2.81) shows ¢ is a solution for the first integral equation in
(2.61). So, to prove uniqueness, assume that ¢, ¢* are two solutions to the first integral
equation (2.61). Noting that ¢, ¢* are both bounded and that the function J(x) = e* is

globally Lipchitz on any given bounded set, we can show easily that

T
et) = ()] < Mo [ le(t) — (1) (2.89)
t
The Gronwall inequality now implies that
c(t) = *(t), (2.90)

Now turn to the second integral equation of (2.61) specifically, we interest now by k(t)
which is a linear integral (or differential ) equation with respect to k(t) . According to

Standard linear integral equation theory See [34] , it is easy to see that the second
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integral equation of (2.61) has a unique global solution by fixed point Theorem or Picard

iteration method. Finally the proof is completed. |

Remark 2.14

From the proof above, for any subsequence {c;(t)} there is further subsequence that

converges to the same function ¢ which is the solution to the first integral equation
of (2.61). In fact, it provides a numerical algorithm for the determination of c(t).

Similarly, we have the following iteration schema to compute k(t) numerically

(0 = 2y A L o By (5) + Ciy (5) i (s)) ds

/ /ml(uu

(2.91)
where A;_1(s) = ro(s) — a(s) — B+ O + p(s)ci1(8), Bi—1 (s) = p(s)ki—1(s),
Cizi(s) = o(s)ci-1(s) , Xi-1(s) = 0(s)ki-1(s) and n(t) = A(s) + C7_, (s).
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CHAPTER 3

Equilibrium Reinsurance- Investment Strategies for Mean-Variance

Insurers with Delay

3.1 Introduction

In this Chapter, we study an optimal time inconsistent reinsurance-investment problem
under mean-variance insurers with state dependent risk aversion for SDDE with jumps-
diffusion.

Throughout this chapter (€2, F, (F;)ico,r); P) is a complete filtred probability space such
that Fy contains all P-null sets Fp = F for an arbitrarily fixed finite time horizon T" > 0.
(Ft)tepo,m satisfies the usual conditions, i.e. the filtration contains all P-null sets and is
right continuous. JF; stands for the information available up to time ¢ and any decision
made at time ¢ is based on this information. All stochastic processes in this chapter are

assumed to be well defined and adapted processes in this probability space.

3.2 Surplus process and financial market

We consider an insurer whose surplus process (without reinsurance and investment ) is

described by the following jump-diffusion model:
N(s)
dR(s) = cds + oodWo(s) —d{ > Y ¢, (3.1)
i=1

which describes an insurer whose surplus process ( without reinsurance and investment)
where ¢ > 0 is the premium rate, og is a positive constant, Wy(.) is a one dimensional

standard Brownien motion, N(s) is a poisson process with intensity Ay > 0, representing

the number of claims occurring up time s, Y; is the size of the i —th claims and {Y;}, eN—{0}

are assumed to be independents and identically distributed positive random variables with

46
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+oo
common distribution Py having finite first and finite second moments py = [ yPy (dy)
0

and oy = +fooyz}Py(aly) respectively. The term oodWy(s) can be regarded as the uncer-
tainty from Othe premium income of the insurer. We assume that the premium income c is
assumed to be calculated via the expected value principle, where ¢ = (1 + s)Aypuy with
safety loading > 0 . We refer the readers to [81] and [29] their references for more
information about the above model . Suppose that the insurer can purchase proportional
reinsurance or acquire new business ( for example acting as a reinsurer of other insurers,
readers can see Béuerle, N. (2005)[10]) , at each moment in order to contrél the insurance
business risk. Let mz(s) > 0 the retention level of reinsurance or new business acquired
at time s € [0, 7. when wg(s) € [0, 1], it corresponds to a proportional reinsurance cover
and shoes that the cedent should divert part of the premium to the reinsurer at the rate of
(1— 7Rr(s))(0o + 1) Ay py, where 6y is the relative safety loading of the reinsurer satisfying
0o > . Meanwhile, for each claim occurring at time s , the reinsurer pays 100(1—mg(s))%
of the claim, while the insurer pays the rest. The case where (s) €]1, 0o corresponds to
acquiring new business. The process mg(s) is called a reinsurance strategy. Incorporation
purchasing proportional reinsurance and acquiring new business into the surplus process,

then the expression becomes as follows

AR™) (s) = { (3¢ — Oy + (1 4 00)7r(5)) Anpy } ds + oomr(s)dWo(s) — mr(s)d {jgé) Y;} .
T 39
Readers can see [81] for more information about the above model.
Beside purchasing proportional reinsurance or acquiring new business, we assume also
that the insurers can invest in a financial market, in which two securities are trated

continuously, one of them is a bond with price Py(s) as time s € [0, 7] governed by

dPy(s)
Py(s)

= ro(s)ds, Po(0) =po > 0, (3.3)

where 7(.) : [0,7] — (0,+00) is a deterministic function which represents the risk-free
rate. The other asset is called risky stocks, which price processe P (.) satisfy the following
stochastic differential equation

dfﬁ(s)
}H(S_)

N(s)
= ri(s)ds+ o(s)dWi(s) +d { Z Zi} , P1(0) =p1 >0, (3.4)
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where () : [0,7] — (0,4+00) and &(.) : [0,T] — R? represent the appreciation rate
and the volatility of the risky stock, respectively. Wj(.) is a one-dimensional standard
Brownian motion, N (s) representing the number of the jumps of the risky asset’s price
occurring up time s is a Poisson process with intensity Ay > 0, Z; is the size of the i —th
jumps amplitude of the risky asset’s price and {Zi}z‘eN—{o} are assumed to be 7...d random
variables taking values in [—1, +oo[ with common distribution P, having finite first and

finite second moments py = [ 2Pz(dz) and oz = [ 2*Pz(dz) , respectively.
-1 “1

3.2.1 Wealth process

Starting from an initial state zy > 0 at time 0, the insurer is allowed to dynamically
purchase proportional reinsurance, acquire new business and invest in the financial market.
A trading strategy is a two-dimensional stochastic process n(.) = (mwg(.),7/(.)), where
7r(.) > 0 represents the retention level of reinsurance or new business acquired at time
s € [0, T] and 7;(.) represents the amount invested in the risky stock at time s € [0, 7.
The dollar amount invested in the bond at s is X*™)(s) — 7;(s), where X*™0)(\) is
the wealth process associated with the strategy 7(.) and the initial capital zo. Then the
evolution of X®™)(.) can be described as

dPy(s) dP(s)

By(s) ey TR for s € 0T

dx™mO(s) = {X70m0(s) —my(s) }

Xxo’ﬂ(')(O) = Zo.

(3.5)
Accordingly, the wealth process solves the following SDE with jumps, for s € [0, 7],
X0 (s) = {ro()X™"(s) + (= 0o + (1 + o)mr(s) Awpry
+mr(s)(ri(s) —ro(s))} ds
+oomr(s)dWo(s) + mr(s)o(s)dWi(s) (3.6)
V(

N(s) s)
—mr(s7)d { ZYZ} + W](S_)d{ 2 Zi} ;

XxO’W(')(O) = xo.
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N(s) N(s)

Note that, following [64] the compound Poisson processes ZY; and ZZZ- can also be
i=1 i=1

defined as follows

N(s) s N(s) S
MY = //yNo(dr, dz) and > Z;= //ZNl(dﬁ dz), (3.7)
=1 0 R* i=1 0 R*

where Ny(.,.) and Ny(.,.) are finite poisson are finite poisson random measures on the
space [0, 7] x R* endwed with its Borel o—field B([0,7]) ® B(R*)), with a compensators

having the form
vo(dy)ds = APy (dy)ds and vq(dz)ds = A\yPz(dz)ds, respectively.

We use the notations Ny(dr,dz) = No(dr,dz) — vo(dz)dr and Ny(dr,dz) = Ny(dr,dz) —
v1(dz)dr for the compensated jump martingale random measures of Ny(dr,dz) and

Ni(dr,dz), respectively. Obviously, we have
/ yvo(dy)ds = Ay / yPy (dy)ds = Ay iy ds,
R~ R*

/zyl(dz)ds = /\N/Z]P’Z(dz)ds = A\yizds.
R*

R*
Hence, the dynamics for the wealth process above can be rewrited as

dX*m0(s) = {TO(S)XIO’W(')(S) + (0 + bomr(s)) Anpy + /0(5)7T1(3)} ds
+oomr(s)dWoy(s) 4+ mr(s)o(s)dWi(s)

. T 3.8
—WR(S’)/ZNO(ds, dz) + m(s’)/le(ds, dz), (38)

X7m(0) =,

where p(s) =r1(s) —ro(s) + Agpz and 6 =n— 6.
Remark 3.1
Noting that the wealth process of the insurers is traditionally formulated as in (3.6)

or evantually (3.8) that is, the stochastic differential equation without delay. We refer

readers to [80] for the optimal time-consistent solutions of the above model.

Now, we formulate a wealth process with delay, which may be caused by the instan-

taneous capital inflow into or outflow from the insurers’s current wealth, see for example
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(68, 69]. Still denoting the wealth process of the insurers by X“™)(.), we introduce the

following processes

0
X7 0(s) = /ATX“:M()(S%—T)CZT and X3 (s) = X" O(s —5).  (3.9)
s

Where A > 0, is an average parameter and § > 0 represents the delay periode. X7 O’W(')(s)
represents the average of the wealth process in past period [s — 4§, s] where and X3 O’W(')(s)
is pointwise delay information of the wealth at time s € [0, 7.

We consider a function f(s, X700 (s) — X700 (5), X*070) (5) — X20™0)) which repre-

sents the capital inflow /outflow amount, where X*™0)(s) — X770 (g)

implies the average
performance of the wealth in the delay period [s — 8, s] and X*™0)(s) — X3 o:m() gives for
the absolute performance of the wealth between throught the delay period [s — §, s]. Such
capital inflow/outflow, which is related to the past performance of the wealth, may be
encontoured in various situations. For example, a good past performance may bring the
insurer more gain and further the insurer can pay a part of the gain as dividend to stake-
holders. Contrarily, a poor past performance forces the insurer to seek further capital
injection to cover the loss so that the final performance objective is still achievable.

Arguing as [69], taking into a account a capital inflow/outflow function f, we suppose

that the insurer’s wealth process is governed by the following SDDE with jump-diffusion

dXO(s) = {ro(s) X5 (s) + (6 + Oomr(s)) Axpy + p(s)mi(s)
— (5, X570 (s) = X7 (), X" (5) = X537 (s)) } ds
+oumR(s)dWo(s) + o (s)7r(5)d W1 (s) (3.10)
—WR(S_)JF({OOzNO(ds, dz) + 7r1(s_)+fjoz]§71(d$, dz), for s € [0, T,

XmO(s)  =¢(s), s€[=6,0], <(s) € C([—6,0];R).

Here X" (s) = ¢(s), for s € [—6,0], represents the initial path of wealth process on
time interval [—d,0]. To make the problem affordable, we assume that f(s, X™)(s) —

Xm0 (s), X7 (s) — X7 (s)) has a linear structure as follows

Fls X777 5) = X770(6), X770 (s) = X7 (9))

B o — (3.11)
= als)(X"(5) = X)) + 8 (X7 (5) = X5 (9))
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where «a(.) : [0,7] — R, is a deterministic uniformly bounded function, § > 0 is a

constant such that ro(s) — a(s) — 5 > 0 . Invoking (3.11) in equation (3.10), we obtain

the insurer’s wealth process should satisfies the following SDDE with jumps

dx0™O(s) = {u(s) X" (s) + (8 + bomr(s)) Awpy + p(s)mi(s) + a(s) X7 ™ ()
+8X,™ (5)} ds + oomr(s)dWo(s) + o (s)mr(s)dWWi (s)

+o00 ERC
—7r(s™) | 2No(ds,dz) + m;(s™) | 2N1(ds,dz),
0 -1

X“)’”(')(s) = <(s), s(s) € C([-9,0];R), for se€[=4,0],

(3.12)

where p(s) = ro(s) — a(s) — 8. As time envolves, we need to consider the controlled

jump-diffusion stochastic delay differential equation parameterized by

(t,50) € [0, T] x C([-6,0];R),

dx™(s) = {(u(s) X" (s) + (5 + bomr(s)) Awpty + p(s)m1(s) + a (s) X7 (s)
+6X;’W(‘) (S)} ds + oomr(s)dWy(s) + o(s)m(s)dWi(s)
400 +oo
—mr(s7) of 2zNy(ds, dz) + W[(S_)_j; 2Ny (ds,dz),

XomO(s) = (s —1), for s € [t — 4,t].
(3.1)

According to Lemma (2.1) in [68], since all the parameters are constants, for any

() = (mr(.),7(.) € E_me(t, T,R,)x Eivp(t, T,R), the state equation (3.13) has a unique
solution X (.) € 8%(¢, T, R).

Definition 3.1 (Admissible strategy)

An admissible strategy 7(.) = (ng(.),m;(.)) over [t,T] is a R®*—valued measurable ,
(Fs)sep,r)—predictible process, such that (wg(.), m7(.)) € L5, (£, T,Ry) x L% (¢, T, R)
and wg(.) > 0,Vs e [t,T].

Remark 3.2

In the rest of this chapter we denote by R*[t,T] x II*[t, T] the set of the admissible

reinsurance-investment strategies .
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3.3 Mean variance Criterion with state dependent
risk aversion

For any fixed initial state (t,<(.)) € [0,7] x C(|—6,0];R), the purpose of an insurer
is to choose a reinsurance-investment strategy m(.) by maximization of the conditional
expectation of terminal wealth and average wealth over the period [t — 0, T, while trying
at the same time minimize financial risk. Interpreting risk as the conditional variance. So

the optimization problem is therefore to maximize the following utility

J(t,s (), 7)) = E [ XmO(T) + 0X7™(T)] — wVart,g [XmO(T) + X7 (1)),

(3.14)
subject to RE[t, T] x TI*[t, T], where X(.) = X™)(.) satisfies (3.13). Here E; [.] and
Vary].] are the conditional expectation and conditional variance given that the initial
path of X(.) is ¢(.), © € R is the weight between X (7") and X, (7). Here, let the deter-

ministic function

Ui

_ 3.15
T+ Oz’ (3.15)

77(957 33'1) =

as a state dependent insurer’s risk aversion , n > 0, and it is more reasonable in finance
market than a constant risk aversion. It is known that g is a suitable choice of the state
dependent risk aversion function that is proposed by Bjork et al. [16]. Note that this
problem can be viewed as a dynamic optimization problem, since the objective of the
insurer updates as state ¢ (.) changes.

In general, the above control problem is infinite-dimensional since the objective func-
tion may depend in the initial path in a complicated way. Inspired by [28, 45] to make

the problem finite-dimensional; it is required that the objective function depends only on

the initial path < (.) through the following two functionals
0
r=c¢(0), x1 = / e (1) dr. (3.16)
-5

Thus, we will work with a new objective function which is by hypothesis, only depending

on z and x; instead of the whole initial path. More precisely, we assume that
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J(t,¢,m(.)) = J(t, z,xq1,7(.))
—Ey g0, [ XTO(T) 4057 (T — Vars g o, [X5™O(T)+057™(T))],

(3.17)

n(z, 1)
2

where

Eipu ] =E[ | X(t) =2, Xi(t) =21] and Vary,,,[.| =Var]. | X(t) =z, Xi(t) = 21].
(3.18)

3.4 Optimal time-consistent solution

The objective functional J involves a non-linear term of expectation on combination of
terminal wealth and average performance wealth. The optimization problem (3.17) is
clearly time inconsistent and we have a lack of time consistency, and Bellman’s stochastic
principle of optimality, which says that if a control law is optimal on the full time intervall
[0, 7] then it is also optimal for any subinterval [¢,T] fails in this case, so we can not
guarantee the optimality of J, since lack of time inconsistency, our objective through this
study, is to derive feedback equilibriums and the equilibrium value function to problem
(3.17) via an extended Hamilton-Jacobi-Bellman (HJB) in a similar way as Bjork et al.
[16]. In the aim to state the definition of subgame Nash equilibriums,we should introduce
the class of admissible control.

Definition 3.2

An admissible control law is a map 7(.) = (7z(.),7;(.)) : [0,T] x R* — R, xR, such

that the following SDDE with jump-diffusion

dX™O(s) = {u(s)X™(5) + (6 + Oomr(s)Awpy + pls)mi(s) + als) X7V (s)
—l—ﬁXg(')(s)} ds + oomr(s)dWy(s) + o(s)mr(s)dWi(s)
—7r(s™) Jrgooz]%(ds, dz) +mr(s™) +f:ozN1(ds, dz),

Xﬂ(')(s) = ¢(s)==x, and z; = _i exp(AT)s(T)dr , for s € [t — 9, t].
(3.19)

has a unique strong solution denoted by X(.) = X™(.) € S%(t,T,R)
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Definition 3.3 (Equilibrium control)

An admissible control law # = (7g, @) Is an equilibrium control if the following

condition holds, for any (mg,m7) € Ry x R

{J(t,x,xl,ﬁ) — J(t,x,xl,we)} >0

lim inf
el0 g

where for any ¢ € [0,T — t]
(s, x,x1) = (7R, 7)(s,x,21)

(mg,7r) (s,2,21) for (s,x, 1) € [t,t + €] x R?

(7R, 71)(s,m,01)  for (s,x,21) € [t +¢,T] x R

The deterministic function V : [0,T] x R* — R, defined by

V(t,J},ZEl) = J(txaxlaﬁ-) = sup J(tal'wrlaﬂ-(‘))
()

is called the equilibrium value function of the optimization problem (3.17) .

In order to solve the optimization problem, we will apply the game theoretic framework

as in [15, 16].

3.5 Extended HJB equations and verification theo-
rem

Before formulating the extended HJB equations and the associated verification theorem
for equilibriums, we give firstly the infinitesimal generator corresponding to the above
model. For any feedback strategy @ = (wg,7;) € RY[t,T] x IT*[t, T| the operator is
defined for any function ® € C*%( [0, 7] x R?) where ®;, ®,, ®,, and ®,, its derivatives,
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so, the generator A™®™) ig defined as following:

A(”R’”’)(P(t, x,x1) = Otz xq0) + Oy, (¢, 2, 21) {x — e Py — )\xl}
+&, (¢, z,x1) {pu(t)r + [0 + (1 + 6p) mr(t, x, 21)] Anpy

+7(t @, 21)p(t) + a(t)zr + Bra — mr(t) Agpz}
1

+§<I>m(t, T, x1) {(WR(t, x, 3:1)00)2 + (7 (¢, x, $1)a(t))2}

+ oo {P(t, x — mr(t, x, 1) 2, 1) — O(t, 2, 21) F p(d2)
+ 5Ptz + 7t x0)z, 1) — (L, 2, 21) } 1 (d2).

(3.20)

In this section and for the aim to establish explicitly the reinsurance-investment equilib-
riums for our optimization problem (3.17) according to its definition, we will formulate
the extended HJB equations and we derive the system with their corresponding theorem
verification. So, let V,¢:[0,7] x R®* = Rand h:[0,7] x R®> = R where (y,y1) € R?
, satisfying the following system of HJB equations

sup {A(“R’”I)V(t, x,x1) — A(”R’”I)h(t, T, T1,%,T1) + Almrmn) pra (t,x, 1)
()

—ATRTD (G o g)(t, x, 1) + DR g(t, x, xl)} =0, fortel0,T],

AFRFDpI (¢ 4 20) =0, for t € [0,T],

AFRTD (¢ 2 21) = 0, for t € [0, T, (3.21)
V(T,z,x1) = F(z,z1,x 4+ Ox1) + G(x, 21,2 + Ox1),

WM,z x1,y,51) = Fy, y1, 2 + O1),

g(T,x,x1) = x + Ou;.

We notice that

7(.,.) € argsup {A(”R’”’)V(t, z, 1) — ATRTOR(E 2wy, 2y) + ATRTORTE(E g ay)
(3.22)

_A(TFR,TI'I) (Gog) (t7 JZ,ZEl) + D(WR,TFI)g(t7 xyxl)} )

and that

(Gog)(trm) =Gl gltrm) = "2 0 )

DU gt w a) = Gy(x, w1, g(t, 2, 21)). AT gtz 27) (3.23)
=n(x,x1).9(t, z, xl).A(”R’”’)g(t, T, x1).

Mohamed Khider University of Biskra.



3.5. EXTENDED HJB EQUATIONS AND VERIFICATION THEOREM o6

Theorem 3.3

We assume that there exist four functions V, h¥¥*, h and g which have the following

properties
1. V, h¥¥ h and g do not depend on x,.
2. V, k¥ and g solve the extended HJB system (3.21).
3.V, v ge Oyt ([0,T) x R?) and h € Cp*2! ([0, T] x RY) .

4. 7 = (fg, #1) € RE[t, T] x I*[t, T] is an equilibrium control law and V' is the
corresponding value function which realizes the supermum in the V-equation.
Then, 7 is a feedback equilibrium control and V' is the corresponding equilibrium

value function i.e.

V(t,z,x1) = J(t, 2,21, 7), (3.24)
So,
V(t, X, xl)
= By po, [XTRA(T) + ©X 27 (T)] (3.25)
—n(méxl) Vary g o, [XTF0(T) + ©X{7(T)],

and h, g have the following probabilistic representations

h(taxaxhxvml)

= Eiy [(XFP™(T) + ©X{™7(T)) (3.26)
—W (X F=(T) + @X{ﬁR=ﬁf)(T))2]
and
g(t,2,01) = By g, [XF5(T) + ©X ()] . (3.27)
Thus
n(x,z1) ,

V(t,z,x1) = h(t,z,z1,2,21) + g (t,x, ). (3.28)

2

Proof: Similar to [5], we start by showing that V, h, g, have the Feynman-Kac represen-
tation and that V' is the equilibrium value function corresponding to & = (@ g, 71), (i.e.

that V (t,x,21) = J (t,z,x1;7)). Next, we prove that # = (g, 77) is indeed a feedback
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o7

equilibrium control.
Step 01. To show that g has the interpretation (3.27) , we apply the It6 formula (See
[33]) to the process T — ¢ (7‘, X*(r),Y* (T)) we obtain

dg (7‘, X (Fr.71) (1) ,Xl(ﬁR’ﬁI) (T))
= AGRE g (7, X E8 A0 (1), X[ (7)) dr
+00gs (7. XFRF0 (7), X{T (7)) g (7, XFRA (7), X[ (7)) AW (s)
7)gs (7, X TR (7), X770 (7)) ey (7, X TR (7). X“”“”) (7)) dWi(s)
+ / glt, XORA) — omp (7, XGRAD (), XA (1)) | x (P
( X @rdn) (), X{TRT (7))} No(dr, dz)
+ / (L, XERAD g 2y (7, XERAD (1) XFRFD (7)) x(Frn)
—g (7’, X(”R’”I) (1) ,X{ﬁR’ﬁI) (7‘)) } Ni(dr,dz).
(3.29)
From the third equation in (3.21) and from the boundary condition for g, it follows that
the process g (T, X*(r),Y* (7')) is a martingale, so we obtain our desired representation
of g as

g (2, 21) = By gy [XERT0 () + X0 (1)

Now applying Ité formula to 7 — A™"! (T,X(ﬁR’ﬁI) (1) ,Xfm’ﬁ]) (T)), (See [33]), we

obtain that

dhm (v, XA (1), X [T (7))

= AGRADpay (7, XERAD (1) X[ (7)) dr

t+oohs (7, XFRAD (7) XTI (7)) 7 (7, XERFD (1), X (TR (7)) AWy (s)

o (r)hy (7, XFRD (7), X[TTD (7)) ey (7, XERFD (7), X TRT (7)) AWy (s)

+/0°° {hx,:pl(t’X(er,frI) —rn (T7X(7?R,fr1) () 7X£er,fU) (T)> 7X§er,fn))

—hen (7, XERED (r) X (0T (7)) } Ny (dr, d2)

+/°1O {hac,a:1 (t, XFRAD 4 o, (T7X(7%R,fr1) (7), X (TR0 (T))  x (Fri)y

—pe (7, XFRAD (1), X TR (7))} Ny (dr, d).

(3.30)

From the second equation in (3.21) and from the boundary condition for A**!| it follows

that the process h**! (T,X(ﬁR’f”) (1) ,Xl(ﬁR’ﬁI) (7‘)) is a martingale, so we obtain our
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desired representation of h™*! as
hx,I1 (t7 xZ, ‘Tl) - ]Et T,x1 [F (3717 Y1, X(ﬁ-RﬁI) (T) ) X£ﬁ-R7ﬁ-I) (T)>]
= Fipa, [(X(er,ﬁ,)(T) i @Xfer,frI)(TD
i s N 2
A (i) + ox{T(1)]
To show that V(t,z,x1) = J (t,x,21;7), we use the first equation in (3.21) to obtain

A(ﬁR,fr[)V(t’ x, 1‘1) _ A(ﬁRﬁ'I)h(t’ T,x1,T, ;Ul) + A(ﬁ'R,fU)hm,Z‘l (t’ x, xl)
—AFRT) (G o g) (t,2,21) + DFRFDg (t, 2, 21) (3.31)
=0.

From the second and third equations in (3.21), then (3.31) takes the form
AFRTDV (¢ 0 a1) — ATRTOR(E 2, 20, 2, 21) — ATRTD (G o g) (L, 2,21) =0, (3.32)

We now apply the Itd formula to the process V' (T, XTRAD (1) XfﬁR’ﬁI) (7’)) . Integrating

and taking expectations we get

Etoa |V (T,X(er,frI) (T) 7X£er,fU) (T))}

T . - (3.33)
= V(t,2,21) + By g, / AGFREDY (7, X Frfn) (1) X {TRA0 (7)) dT].
t
Using (3.32), we thus obtain
Eiyee, |V (T, X870 (1), X (1)) | = V(t,2,21) (3.34)

=Et l /t ' {,A(er,fr]) h (T, X @A) () TR (1) xF () x TR (7))
+AFRT (G o g) (r, X Faf0) (1), X[ (7)) } dr|
In the same way we obtain
Eige, [b (T, X FnF0 (1), X (050 (1) X Grfn) (1), X (T)) | = Bt 2, 21,0, 21)
= Et .y VtTA(er,fn)h (T’X(fm,frl) (r), XFRFD (1) xGrAD) ()| x FroA1) (T)> drl

(3.34)

and
Bt |(Gog) (T, X0 (), X{TT(T) )| = (Gog) (t2,21)
T N N N N ~ A N ~ N
=Et 0, [/t A(TrRJrI) (Gog) (7—7X(7TR,7TI) (1) ’Xl(wa,m) (1), X" (1) ’X£7FR,7TI) (7.)) dT] 7
(3.35)
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using the two later inequalities and the boundary conditions for V', h and g we get

V(t,z,x1)

=By, [F (2,21, XFR5) (1), X (F070 (1))

+G (2,01, Bra 0, | X250 (T) + ©X777)(T)] )

M) gy, [X 0 7D(1) + OXT0 (1),
(3.36)

= Bt [XF07(T) + X% (T)] -

Step 02 . The aim of the second part of the proof is to emphasize that & = (&g, 77) is
an equilibrium strategy.

For any admissible strategies (g, 7r), we define RTETI) and g(TRTI) by

RRTD (4 2, 2, y,y1) = Bro [y, y1, X T0FD(T) + @ X7 (T)],

b - (3.37)
Q(WR’WI)(t, Z, 281) = Et,x,xl [X(FR’WI)(T) + @X{WRJI)(T)]’

Noting that h = hTR7™1) and g = TR for (R, 1) = (mR, 7). For any € > 0 and for
any admissible strategy, we move to construct an admissible strategy . By Lemma 3.3

in [15] applied to the points ¢ and ¢ + ¢ , we get

J(t,x, x1, )

= By [J (842 X (14 2), X{* (¢ 4 ), 77

— (Bt [RTRD (142, XCRAD (¢ 4+ 2), X{*D (¢ 4 €), t + 2, XTRTD (1 4 ),
X\ (4 +6))| = Bp, [BOR D (14, X7 (4 2), X (¢ +€), 8 7,1)]
~ (B, [Gl+ &, XD (1 4 2), X0 (4 2), g "Rt 4 2, X R (1 4 o),

Xfw%ﬂr?)(t + 6))} —G(t+e 2,21, Erpg, [g(ﬂfzﬂrf)(t + E,X(W%m;)(t + 6),X§ﬂ%m§)(t —{—6)} ‘
(3.38)

It is easy to remark that for any € € [0,T — ¢]

TR, 1) (s, x,x for (s,z,x1) € [t,t + ¢ x R?
(75, 75) (s, 2, 1) = (r, 1) (3,7, 71) (5,2,21) €] ] (3.39)
(7R, 71)(s,z,21)  for (s,z,21) € [t +¢,T) x R
and by continuity, we have X(T™) (¢ 4 ¢) = X(WR’ﬂI)(t + ¢) and Xlﬂ%m;)(t +e) =

XYR'W) (t +¢). Then we get that

J(t+e XDt 42), 7T (42 77) =V (442, X T (40), X7 (04 2)),
(3.40)
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and

B (¢4, XERmD (14 2), X0 (1 4 €), X TR (1 + ), X{TH T (¢ 1)
= b (t+ e, XTRTO(t 4 ), X (1 4 £), X TR (1 4 2), XM (1 4 ) )
hTR) (t + &, XU (t 4 ¢), Xiﬂ%’ﬂf)(t +e),z, ac1>
= h(t+e, Xm0t 4 o), X" (¢ 4 2), 2, 31)
(3.41)

and

TR (t 4 &, XTRT)(t + ¢), YR (¢ + ) = g(t + e, X (¢ + ), X (1 4 ¢)).

(3.42)
Consequently

J(t,z,x1,7%)

= By [V (¢4, X001 4 2), X[™ (¢ 4 ) )|

— (Et,zm [h(”R’m) (t +e, X (¢ 4 ¢), XYTR’W’)(L‘ +¢),
Xrm) (¢ 4 ), X{™ (¢ 4 ) )|

~Epaay [ROR (¢4 6, X (¢ 4 2), X(™ (¢ 4 €), 2,21 ) |)

— (Boa, [Glt+ 2, XTRTD( 4+ 2), X0 (1 + )

g "R (t e, X (¢ 4 2), X{THT (1 4 €))]

-G (t, z, 21, B g gy [g(”R””) (t +e, X™(t+¢), X{”R’M) (t+ E))} )) .

(3.43)

Furthermore, including to the extended HJB equation we have that

ATERTOY (¢ x 20) — ATRTOR(E 2 2y, @, 1) + ATETORSI(E 2 3y)
_A(TFRJI) (G < g) (tv €L, 1'1)) + lD(ﬂR’ﬂI)g(t xz, $1) (344)
<0,
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which implies that
Bt |V (¢ +2 X0t +¢), X (¢ +2))| - V(E2,21)
(Evaor [pFRmD (£4 2, XORD (8 4 2), X (¢ 4 €),

X R (4 2), XTI (4 €)) = h(t, @, 21,7, 21)|

+E¢ 224 {h(”R’”’) (t + e, XTRm (4 ¢), Xl(WR’WI)(t +¢e),z, 1:1)}

—h(t,z,x1,2,27)
 (Bgny [G (£ &, X0 (1 4 2), X (1 1) (3.45)
gm0 (4 g, XM (¢ 4 2), X (t 4 €)) )|

—G(t,z,z1,9(t, z,x1))
G(t, 0,21, By |90 (142, XTRT (1 4 2), Xt 4 ¢)) )

(
(
~G(t,z,21,9(t,z,11))
(e)-

After numerous simplification, we get

_l’_

<o

V(t,ZL‘,IL‘l)
> By, |V (t4 2, X (t 4 6), X
—Et 2 [h(“Rm) (t+s X" (t+e), X (WR’T”)(t%—e),

(t+e), X" (t +¢))]
(

X" (t+e¢), X(FRWI (t+¢) )}
(

+Et 0,2, [h“’R””) (t+e X™(t+e), X ﬂRv”f’(tH),x,xl)} (3.46)
~Eia |G (t+6, X7 (t+2), X ™ (t +e),
7rR,7r1) (t—{—s X" (t+¢), XYTR,WI)(t_FE))}
+G (t z, 21, Et g 2, [g(”R’”’) (t +e, X" (t+¢), XYTR’WI)(t + 6))}) + o(e)
= J(t,x,x1,7°) + o(e).
We have already proved in the first part that V (¢, z,21) = J (¢, x, 21, 7). So,
J(t,z,x1,7) — J(t,z,21,7) > o(e), hence
lim inf { T 21,7) = J(b @ 21,7 )} > 0. (3.47)
el0 £

As a result, & = (7R, #7) is an equilibrium strategy.

Remark 3.4
Since the infinitesimal generator A™®™) involves the drift of the SDDE (3.13)

which depends on x5 the coefficients of the extended HJB system (3.21) depends on
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xo .Consequently, we can not apriori expect the extended HJB equations to have solu-
tions independent on x5 in the general case. However , the following theorem provides
necessary conditions on the delay parameters u(t), a(t), 5,0, \ where the condition

V., h and g do not depend x5 .

Theorem 3.5
If the extended HJB system (3.21) has a solution V, h and g which are independent of

Ty and the equilibrium feedback strategies # = (#g,#7) : [0,T] x R? — R xR. Then

the following conditions have to be verified

0= B

(3.48)
alt) = B (u(t) + Be’ + ).

Proof: Noting that for brevity in this proof, we suppress the subscript (¢, x,z1) the func-
tions V (¢t,z,z1) , h(t,x,z1,y,y1) , g(t,x,21), n(x,z1) and all their derivatives with re-
spect t,x and x1. We know that if V', h and g only depend on ¢,  and x1, then, V, h
and g satisfy the following HJB equations

V,+ su Vi, — oy — 222U L ooy — Az b+ 4V — by — 12 g2
t p T T 2 g x € Z2 1 T Yy 2 g
(TR.71)
{nt)z + [0+ (1 + 00) TRIAN By + T1p(t) + ()1 + Bra — T Ag Lz}
1 Nzx 2

5 1 Ver =y = 2hay — 76" = mg; — 277359933} {(mro0)? + (wr0(1)?}

{V }1/0 dz) — / {V + 72792} v1(dz)
Ooo -1
+/ {V (t,x — Rz, 1) — WQQ(LZL‘ = ﬂ'Rz,xl)} vo(dz)

+

o0

0

oL

+ng/0 {9(t,x — TRz, 21) — g} vo(dz) + ng/_olo {9(t,x +mrz,21) — g} Vl(dz)} =0,
(3.49)

V(t,x +mrz,21) — %g%t,x—i—mz,xl)}yl(dz)

and

B+ oy { — e ™25 = A} + hy {p(®)z + [6+ (1+ 90) ARr| ANy + Arp(t)
. 1 .

+a(t)zy + fra — A gpz} + *hzz {(77300 (fro(t }

—i—/ {h(t,x — Rz, 21,y — ARz, y1) — h} vo(dz)

+/ {h(t,x + 7rz,y + 7rz,y1) — h}1r1(dz) =0,

(3.50)
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and

gt + gy {:U — e Py — )\xl} + g {p(t)x + [0+ (1 + 6p) Ar] ANy
A 1 A A
+A1p(t) + alt)er + Baz — TAguz} + S0 {(Rr0) + (Rr0(1)*}
+[ ot = frza = gltw, )} wo(d) + [ {alta+fuz2) - ghn(ds) =0,
0 -1
(3.51)

With the terminal conditions

V(T,z,21) = F(z, 21,2 + Ox1) + G(x, 21,2 + Ox1),
h(T7 $7l’17?/7y1) = F(y7 Y1, T + @1;1)7 (352)
g(T7x7$1) =x + Ox;.

We wish to obtain necessary conditions on u(t), a(t), 8, ©, A to guarantee that the above
equations have a solutions independent to xo. Differentiating the above equations with

respect to xo we obtain

Va:l - T];I 92 - (Vz - 7]29&92) /865)\7 (3'53)
ha:1 = hx/Beé)\v
9z, = gxﬁew\
remplacing hy,, gz, and V, — 7792019 in the equations (3.49), (3.50) and (3.51) we find
Vi + sup {{VgCl S 1 2} {z = Az} + { —hy — %92}
(mR,71) 2 2
{n)z+ [0+ (1 + 90) TRIAN Y + p(t) + a(t)z — T AR Rz
+5 Ve = hay = H24% = g2 - 2%99:,;} {(mro0)? + (m1o (1))}

1

2

e e

—i—/ooo {V (t,x — TRz, 1) — Wf(t,x - 7I‘RZ,1‘1)} vo(dz)

+/°O{ (x+72T[z,ac1)

+7791/0 {9(t,x — Rz, 21) — g} vo(dz) + 779/0: {9(t,x +7r2,21) — g} vl(dz)} =0.
(3.54)

V(t,x+mrz,z1) — G (t,x + mz,ml)} vi(dz)

and
he + hgy {z — Az1} + hy {u(t)z + [0 + (14 6o) Ar] ANy + 71p(t) + a(t)z1 — RN g1z}
1 . . . .
+§hm {(TFRO'())Q + (Trfa(t)) + /0 {h(t,x — gz, x1,y — TRrZz,y1) — h} vo(dz)

+/ {h(t,:z:—i—ﬁ'jz,y—i—frjz,yl)—h}V1(d2’):O,
-1
(3.55)
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and
9t + goy {0 — Az1} + go {u()z + [6 + (1 + 00) TR ANy + Frp(t) + at)z1 — RN gpz )
1 . . &0 A
+5 e {(WRUO)Q) + (TFIU(t))z} + /0 {9(t,z — TRz, 21) — g} vo(d2)
o
+/ {9tz + 71z, 21) — g} ri(dz) =0,
-1
(3.56)
which does not contain any zs, the last step ensures the following equalities:
Vay — %92 =V, — %92566/\, (3.57)
hay = he e,
9z1 = gzﬁea)\-
If we introduce a new variable & where
0 0 sx 0
— = — 3.58
5% oo ¢ o (3:58)
So, the equations of the system (3.52), (3.53) and (3, 54) state that
V>=0, (3.59)
hy =0,
9; =0
Hence V, h and g have to be independent of xs. Consequently, differentiating the equa-
tions (3.49), (3.50) and (3.51) and the terminal conditions in Z , we find that the
conditions (3.46) must be verified. [ |

Lemma 3.6

Let & = (7tg, ;) the feedback equilibrium control which realizes the supermum, we
suppress the subscript (t,z,x1) the functions V (t,z,x1) , h(t,z,z1,y,y1) , g(t, x,x1),
n(z,x1) and all their derivatives with respect t,x and x1.We know that if V', h and
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g only depend on t, x and xy,the HJB equations is reduced to the following

n —8A n
hy + H@x gg; + sup {{hxl + ngL@gclgggcl} {a: —e ry — Aa:l} + {hx + x+ex199x}

(mRs7r)

{,u(t)l' + [(5 + (1 + 90) 7TR] )\N/JJY + 7T[,0(t> + Oé(t>$1 + ﬂ%g — W])\Nuz}
; (s + otz } {rno0)? + (o)) = [“hwotdz) = [~ hun(az)
—I—/ (t,z — mRrz, 21, Y, Y1)V (dz) + /Oloh(t T+ 7z, 21,y y1)va(dz)

g ([ Hott.x = maz,a) = ghn(a) ) +ng ([ {olto +mzm) —ghia) )} =0,

hy + hy, {x — e Py — )\xl} + he {p(t)x + [0 + (14 6o) 7] Anpy + Frp(t)
Fa(t)r, + By — 7?1/\]\7/LZ}

+;hwm {(ﬁRao) (ro(t / {h(t,x — Frz, 21y — TR, 1) — b} vo(d2)
+ /_010 {h(t, o + 712,y + 712,91) — hyvi(dz) =0,

9t + G, {x — e Py — Aﬂfl} + g {p(t) + [0 + (1 + 00) Tr] Anpry + 71p(t)
+all)r + Bz — gz} + e {(Froo)? + (Rio(0)?)}
+/ {9(t,x — gz, — g} vy(dz) +/ {g(t,x + 71z,2) — g} i (dz) =0,

(3.60)

Proof: By applying the generator A™®™) and using (3.28). |

Remark 3.7

For finding explicitly the equilibrium reinsurance and investment strategies we consider

the following theorem .

Mohamed Khider University of Biskra.



3.5. EXTENDED HJB EQUATIONS AND VERIFICATION THEOREM 66

Theorem 3.8
For our mean-variance problem (3.17), we assume that the equilibrium reinsurance-
investment strategies are given by
Tr(t,x,21) = co(t)(x 4+ Oxy) + ko(t),
alt,2,20) = colt) (@ + O1) + ko(0) o)
7t x,x1) = 1 (t)(x + Oxy) + ki (1),
where
T T
90)\]\7#}/ / —o(u)du / (A(u)—o(u))du
t) = —————= t + t — 7
Rl & "
T T
90)\Nluy / —o(u)du / (A(u)—o(u))du
k(t) = ———— t + t _ 7
0= g aved] |© & !
t / —eo(u)du / (A(u)—o(u))du
ai(t) = o) 57 | ¢t el R
n {02(25) + )\NO'Z]
T T
t / —o(u)du / (A(u)—o(u))du
ki) = el T e
n {02(15) + )\NO'Z]
where
p(t) =ro(t) —alt) — B, 0(u) = A(u) + Ci(u) + C3(u),
A(t) = p(s) + © + p(t)er(t) + Anpyboco(t), Co(t) = ooco(t) (3.63)
Ci(t) = o(t)er(t), xo(t) = aoko(t), x1(t) = a(t)ki(?).

Proof: We assume that 7g(t,x,21) = co(t)(x +Ox1) + ko(t) and 77(t,z,z1) = c1(t)(x +

Ox1) + ki(t). where ¢, c1, ko and k; are a deterministic functions. we conjecture into
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the wealth process (3.13), we derive the wealth process, we get

dX (Fr71) ()

= {1(5)XFRF (5) + SAwpry + Awpry foco(s)(X TR (5) + ©X | (5))

+o(s)8o Ay + p(s)er (s)(XFRFD (5) + O X (5)) + p(s)k (5)

+a(s) X[ (s) 4+ BXTT (s)} ds + agc(s) (X TR (5) + OX [T (5))d Wy (5)
+o0ko(s)dWo(s) + o (s)er (s)(X TR (5) + O XD (5))dW (5)

0 (8)k1(s)AW1(s) — {eo(s) (X TR (s7) + O X[ T) (s7)) + ko(s7) | +OfOOzN0(ds, dz)

- {cl(s—)(xﬁmﬂ(s—) +OXFRAD (57)) + k:l(s_)} J:f:ozﬁl(ds, dz),
(3.64)

So, Noting that

0 =B, als) = B (u(s) + B + X),  u(t) =ro(t) — aft) — B

a(t) — A0 = u(s)O,

X[ () = (X FRAD (5) = \X[TRT (5) — e~ X [T (5) ) ds, (3.65)
A(t) = u(s) + © + p(t)er(t) + Anpyboco(t), Co(t) = opeo(t)

Ci(t) = o(t)ei(t), xo(t) = ooko(t) and xi1(t) = o(t)ki(t).

So (3.64) is rewritten as follow

d (X®RA0(5) + X[ (s))
— {A(s) (xR (s )+@X(ﬁ’*’ﬁ”<s)) B(t)} ds
Co(s) (XFRAD (5) + OX {70 (5)

(

(
e s)( XFrAD) (5) 4 ©X TR (5) (3.66)

+

+

{co(s (X TR (g —|—@X( 7rI)(Sf) —l—k:()(s*)} [ 2Ny(ds, dz)
+{al

+oo
(XWRFI) _|_@X(WR7”)( ) —|—k1(8_)} J zNi(ds,dz).
—1

dXYrR,m)(s) _ (X(WRJU)(S) _ )\XfﬁR’ﬁI)(s) — e_‘s)‘XQ(ﬁR’ﬁI)(SD ds.

(er,fr[) (ﬁR:ﬁ'I) (ﬁ'R,TAl'[) (ﬁ—RJArI) 2
Next, we calculate E {X (t) + 60X, (t)} and E (X (t) + 60X, (t)) .
We start by constructing the following exponential martingale process as follows
dr(t) =T(t) {(—A(t) +CR(t) + c%(t)) dt — Co((£))dWo(t) — C1((£))dW4 ()
—i—f {In(1 4 co((t7))2) — co((t7))z} vo(dz)dt — f In(1 + co((t7))2) No(ds, dz)

+f {In(1+ ex((#7))2) — e (7))} va(dz)dt — [ (1 + ex((¢7))2) Na(dt, d2) |
(3.67)
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implies that
eXp {/ [{ + CO + Cl( )) + Zo(h'l(]. —+ 60(37)2) — 60(87)2’) VO(dZ)
0

_/ (In(1+c1(s7)z) —e1(s7)2) Vl(dz)} ds + Co(s)dWy(s) + C1(s)dWi(s)
1

—Zfoln(l + ¢o(s7)2) No(ds, dz) + jfj In(1 + ¢1(s7)2z) Ny (ds, dz)]

(3.68)
Then
I'(t) T 1 o 1 _, o0 _ _
Fy = o] A6~ 5G8E) — 5CHE) — T (1 +eo(s7)2) — eals™)2) wold2)

+ [ (In(1+eci(s7)z) —ci(s™)z) Vl(dz)} ds + Co(s)dWp(s) + Ci(s)dWi(s)

] (14 eo(s7)z) No(ds. d2) of: In(1 + e1(s7)2) N (ds, d=)

(3.69)
Moving now to apply It6 formula to (X(ﬁR’f”)(t) + @XfﬁR’fU)(t)) ['(t) then, we derive,
we get
t
() = T(0) exp { J {46+ 5686 + 5636
0

o0

+;}o(ln(1 +co(s7)z) — co(s7)z) wo(dz) — / (In(1 +c1(s7)z) —c1(s™)z) vi(dz)

-1
00

_/ (In(1+ec1(s7)z) —c1(s7)z) Vl(dz)} ds + Co(s)dWy(s) + Ci(s)dWi(s)

—:foln(l +¢co(s7)2)No(ds, dz) + ij In(1 + ¢1(s7)2) Ny (ds, dz)]
(3.70)
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Hence, we find that

d (X T 70 (1) + X[ (1)) T(1))
= T(t) {B(t) + Co(t)xo(t) + C1(£)x1(t)} dt + T(t) {Co(t)xo(t) AW (1)
+C1 (B (AW (8)} + (X TR (1) 4 exfﬁm”u))

{ / {—In(1+co(t7)z) — co(t™)z — co(t™)zIn(1 + co(t)z) } No(dt,dz)

3.71
+/ {In(1 +c1(t7)z) —cr(t )z — it )zIn(l + e1(t7)2)} Ni(ds, dz) 8.71)
+/ {In(1 4+ ¢o(t7)2) — co(t™)z} vo(dz)dt

“+o0o
7/ {1n(1+cl(t_)z)cl(t_)z}yl(dz)dt}F(t).
21

We move to find E | X7+ #(T) + @ X[™*™)(T)] and E [((X(”R””)(T) +OX{™ () ] :
next we take expectations, integrating from ¢ to 7" in the above equation then rearranging

it. We pick out that

X (Fr, 7?1)( T) + @X(ﬁR ﬁ'I)(T)

T“@m( t/}rr; > ) (3.72)
+/<

) dst [ Coleha(edii(s) + xa(s)dma )
Where XFn70 (¢) = g | XTRA) (1) = 21 M(t) = B(t) + Co(t)xo(t) + C1(£)x1(t) and

t

+oo

y(t) = / (=In(1 4 co(t7)2) —co(t™ )z —co(t™)zIn(1 + co(t™)2)) No(dt, dz)
0

+ / (In(14+c1(t7)2) —c1(t7 )z — er(t)zIn(1 + c1(t7)2)) Ni(dt, dz)

—+00

+oo
+ / (In(1 4 co(t™)z) — co(t™)2) vo(dz) — / (In(1 4 c1(t7)z) — e1(t7)2) va(dz).
’ - (3.73)

Mohamed Khider University of Biskra.



3.5. EXTENDED HJB EQUATIONS AND VERIFICATION THEOREM 70

So E {X(ﬁR’f”)(T) + @X{ﬁR’ﬁI)(T)} is given by

E [ X2 #0(T) + X ("5)(T)]

T
= (z + Ox1) E{ } t/f:; ” (3.74)
E /P(;)M ds—l—/F ;% (s)dWoy(s )+X1(S)dW1(S))] -

We calculate the expectations we get

E [XF570(7) + 0 (70 (7)]

T T
(A(uw)+S(u))du T /(A(u)-‘rg(u))du +o0
=(x+0Oz1)<es +/ es [/ (In(1 + eo(s)z) — co(s)2) vo(dz)
t 0
T
oo T /(A(u)+3(U))du
/ (In(1 +c1(t)z) — 1 (t) )Vl(dz)]) ds} + /68 M(s)ds
1 t
(3.75)
Where
T
I‘(t) /(A(s)—l—%(s))ds
E 1= et .
[I‘(T)] e (3.76)
And

J(s) = / (—In(1 4+ co(s)z) + co(s)z) vo(dz) + / (In(1 4+ ¢1(s)2) — c1(8)z) v1(dz).
0
T

+oo
E [1(s)] = ( [ @+ co(t)2) — ol®)2) Vo(dz)) - ( [ @+ eawe) - a2 u1<dz>) .
0

-1

Hence
E [X(er,fU)(T) + @XﬁRm)(T)} =YP1(t) (x + Oxz1) + Q1(1). (3.77)
Where
T T
/ (A(w)+S(u))du T / (A(u)+S(u))du
Di(t) = et _ / e S(s)ds. (3.78)
t
And
T
T /(A(u)—l—%(u))du
Q1() 2/68 M(s)ds. (3.79)
t
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o o 2
Next, we calculate (X(”R’”I)(T) + @XYRM)(T))

(X (r) + @XWI’<T>)2
2

= (z + Ox)? /I‘ ]
. 2
N t/FF 5)ds +/r (s)dWo(s )+01(s)><1(s)dW1(5))] . (3.80)
+2(x + Ox1) /F ] t/ ;))M(S)ds

+/11:((T)) (Co(s)x0(s)dWo(s) + C1(s)x1(s)dWr(s))] .

" /TE E((;))] E [y(s)lds (3.81)

We have
T T
Ik )] as Ik )] as
T

T /(A(s)JrS(s))ds oo

— /et [( / (In(1 4 co(t)z) — co(t)z) Vo(dz)) (3.82)
t 0
+oo 2

- / (In(1 + c1(t)z) — c1(t)2) V1(dz)) ds]) .

-1
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And

=

T
() T(s)
6 6.
.y T {e/t A(u)duefsT(A(u)+c(u))du

<+({00 (In(1 4+ co(t)z) — co(t)2) I/O(dz)> - <+f:0 (In(14+¢1(t)z) — c1(t)z) g (dz)) } ds.
(3.83)

T
/(A(u) +o(u)+23(u))du

2
We note E [( I'(t) > ] = e , where ¢(u) = A(u) + C2(u) + C3(u).

Consequently,

E [(X<ffRfff>(T) + GXfﬁR’ﬁ’)(T))Q} = S() (3 + O+ v (£) (+Oz1) + Qo (1) . (3.84)

Where
T T
/(A(u)—i—,g(u)-‘,—?%(u))du T /Q(A(u)-‘r%(u))du
S(t) = e + / e $2(s)ds, (3.85)
t
and
[ T(s) [T(s)
S S
Q: (1) =E | [ooxM(s)ds + [ 12 (Cols)xols)dWos) + Cr(s)xa(5)dWa(s)? |
(T) / I(T)
t
(3.86)
And
T T
/(A(u)—&-%(u))du T /(A(u)—‘r%(u))du
ba(t) = 25 _ / e S(s). M(s)ds. (3.87)
t
Rendering , we have already that
h(ta Zr,Tq, y7 yl)
_ (ﬁR,ﬁ]) (ﬁRyﬁI)
=i, [(X (T) + 6X{"*")(1)))] (3.88)
n (RR,71) (R,71) 2}
R, |((xERAD(T) 00X ™) |.
g B | (X0(T) + 0X {0 (7)))
So
h(t,z,r1,y,91) = ¥1(t) (z + Ox1) + Q1(t)
. n 2
25 oy 15O @+ 020" +4a(t) (@ +6m1) + Qa(0)]
and

g(t,2,21) = B g [XTRA(T) 4 OX (T = 91 (1) (2 + Oz1) + Qu(1).  (3.90)
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Consequently, as 7 = (7g, 717) is the feedback control which realises the supermum in

V- equation in the first equation in (3.61) , Let ’s define the function A as follow

A(mg,mp)

:{hxl—l—ﬁggaﬁ}{x—e oA $2—)\IL’1} {h —i—%@xlggw}
{u(t)z 4 [0 + (1 + 0o) mr] Anpy + m1p(t ) a(t)ry + Brg — Tz}
1

+§ {ha;x + mggm} {(WRU()) (mro(t 2 / hvo(dz) / hvi(dz) (3.91)

+/ h(t,r — TRz, x1,y,y1)vo(dz) +/ h(t ,96+7TIZ,901,y,Z/1)V1(dZ)

0 -1

b ([ ot = mnltsmmn)zn) = g} (o))

g ([ ot mrzn) - ghna:))
We move now to calculate the following derivatives

n n

gt =V1(t) (2 +021) + Q1(t), g =11(t), Gaw = 0.

hz = - Ql(t)a h:m: = _ms’(t)a

(3.92)

While h and it’s derivatives are evaluated at (¢,z,x,21) and g and it’s derivatives are
evaluated at (t,x,z1).

Then, by the first order condition of optimality, let’s differentiating the function A

with respect mr and 7w we obtain

W - {—nS(t) + (1) + mw&) + i) + %@Mm (t)Ql(t)}
OoANpy — = (551 ﬁ@yl)S(t) {002 + )\NU%} R,
‘W - {—nS(t) + 1 (t) + mw(z&) +m(D) + e )}
p(t) - ;(yf@yl)sa) [o2(t) + A ;03] 71
(3.93)
So, the equilibrium reinsurance-investment strategies are
_ 2
Fr(ta,a1) = — [aoioiﬁ’ffgg] l(wl () ii“iJ M) (1 o)
N (PLHQi(t) = 3¢a(1))
S | (3.94)
) = P [0 —uS) tmd) o -
() = |02(t) + 2 0% l —nS(t) (o0
(PLHQi(t) — 3¢a(1))
* —S5(t) '
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Hence , we compare with our assumptions to find finally the expressions of ¢y(t), ci(t),

ko(t) and k1 (t) as following

o) = — Oodnpy  P1(t) —nS(t) + nyi(t)
0 03 + Ano% —S(t)n ’
ko(t) = OOANMY P1(t)Qu(t) — Fiba(t)
’ o+ 230 =S5(t) ’ (3.95)
NPT O OESE (G '
1 o2(t) + A0 S(t)n ¥ ’
_ p(t) ()@ ( ) — 3a(t)
0= 3 a0l T B
Where
(V1) =nSE) + i) i) ¥i) 41
—5(t)n oS S()
T
_;16,5 —s(u _e/ (A(u)—s(u))du 1
n
1 / R / ! sy
= | + e/t -nl,
and
wl(t)Ql_(t;(;) 22l _ |, / o / / W (B (s) + € (s) x(s)) d
_/Te—/:@( )d
t |
Eemark 3.9
The corresponding equilibrium value function is given by
V(t,x,z1) = h(t,z,z1, 0, 21) + n(xéxl)f(t,x, 1)
=y (t) (x4 Omy) + Qu(t) — W [S(t) (z + ©21) + ¥a(t)(x + O1) + Qs (t)]
n 2
+m (1(t)(z + Oz1) + Qu(t))”
(3.96)
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Conclusion

n this thesis, we have investigated about two stochastic optimal control problems
that, in various ways, are time inconsistent in the sense that they do not admit a
Bellman optimality principle. In the second chapter, we have developped a theory ad-
dressing a broad class of time-inconsistent stochastic control problems characterized by
stochastic differential delayed equations (SDDEs), indicating the absence of a Bellman op-
timality principle. The approach involves framing these problems within a game theoretic
framework and seeking subgame perfect Nash equilibrium strategies. For a general con-
trolled process with delay and a reasonably broad objective functional, we have extended
the standard Bellman equation into a system of nonlinear equations. This extension has
facilitated the determination of both the equilibrium strategy and the equilibrium value
function. Importantly, to exemplify the theory’s applicability, we have delved into spe-
cific example such mean-variance portfolio with state dependent risk aversion problem
with delay. In the third chapter, we have studied an optimal investment and reinsurance
problem, in stochastic delayed model incorporating jumps in the financial market and
the instantaneous capital inflow into or outflow from the insurers current wealth , under
mean- variance with state dependent risk aversion model. It is well-known that the op-
timal control problems with delay are complicated to solve in general since the objective
functional may depend on the initial path in a complicated way. So, inspired from the
previous literatures, we have made some restrictive conditions on the past dependence
of the performance functional. As well as we, on the delay parameters which reduce the
original problem from an infinite-dimensional to finite dimensional optimization problem.
Future work: Many interesting problems remain open. For example, Solving consumption-

investment time inconsistency problems in stochastic differential equations with delay.



Appendix

Theorem 3.10 (Feynman-Kac formula)

We consider the partial differential equation:

2

0 B 1, 9

+f(t,x) (A.1)
=0,

defined for all x € R and t € [0,T], subject to the terminal condition
u(T,x) = (), (A-2)

where p, o, f,1,V are known functions, T is a parameter and u : [0,7] x R — R
is the unknown. Then the Feynman-Kac formula expresses u (t,z) as a conditional

expectation under the probability measure ()

T T
—/ V(r,X:)dr T —/ V(s,Xs)ds
u(t,e) =E9 | Ji W(Xr)+ [ e f(X,rydr| X =z,
t

(A.3)

where X is an It6 process satisfying

dXy = p(t, X)) dt + o (t, X)) AW, (A.4)

where W2 a Wiener process (also called Brownian motion) under Q.

Proof: A proof that the above formula is a solution of the differential equation is long,

difficult and not presented here. It is however reasonably straightforward to show that,
if a solution exists, it must have the above form. The proof of that lesser result is as

follows: Let w (t,z) be the solution to the above partial differential equation. Applying

76



3.5. EXTENDED HJB EQUATIONS AND VERIFICATION THEOREM 7

the product rule for it6 processes to the process

Y (s) =exp <—/:V (1, X;) d7'> u (s, Xs) + /ts exp (—/:V (1, X;) d7'> f(r, X,)dr,
(A.5)

we get

dYs=d (exp (—/:V (1, X7) dT)) u (s, Xs) + exp <—/:V (1, X7) dT) du (s, Xs)

+d <exp (—/:V (1, X7) ClT)) du (s, Xs) +d (/ts exp (/:V (1, X7) dT) f(r,Xy) dr) .

Since

d (exp (—/:V (1, X7) ClT)) = -V (s, Xs) <eXp (—/:V (1, X7) d7'>> ds, (A.7)

the third term is O (dtdu) and can be dropped, we also have that

d (/ts exp (/:V (1, X;) d7‘> f(r,X;) dr) = exp (—/:V (1, X;) d7‘> f (s, Xs)ds.

(A.8)
Applying it6’s lemma to du (s, X;), it follows that
0¥, = a (exp (= [V X0 ) ) (2V (5. X0 . X0) + 1 (5:0) + 105 X) o
t
(A.9)
ou 1, 0? ou
—i—%—i-ia (s, X)8X2 u (s, X)ds) +exp< /V T, X; )d7'> (s, X)axdW

The first term contains, in parentheses, the above partial differential equation and is

therefore zero. What remains is:

v, = d <exp (/tv (. X,) m)) (s, X.) SX AW (A.10)

Integrating this equation from ¢ to T, we conclude that

Y (T) - Y (1) :/tTeXp (-/jvu,xgm) (5, X,) ngW (A.11)

Upon taking expectations conditioned on X; = x , and observing that the right side is

an it it6 integral which has expectation zero, it follows that

E[Y (T)| X, =2] =E[Y (t) | X; = 2] = u(t,z). (A.12)
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The desired result is obtained by observing that:
T
E[Y ()| X, =a] = E |exp —/ V(r, X,)dr | u (T, X7) (3.2)
¢

—l—/tTexp (/tTV(T,XT)dT)f(T,Xr) |Xt:$] ;

finally,

u(t,x) =E [exp (—/tTV (1, X7) d7'> U (Xr) + /tT (exp —/tTV (1, X7) dT) f(s,Xs)ds | Xy = :1:] .
(A.13) &

lemma (Gronwall’s lemma)
Let X (¢) and f (tf) be nonnegative continuous functions on 0 < ¢ < T, for which the
inequality

X(t)§c+/0tf(s)X(s)ds, te[0,7]

holds, where ¢ > 0 is a constant. Then

X(t)gcexp(/otf(s)ds>, te0,7]
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